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THE LOCALLY FINITE TOPOLOGY ON 2X

G. A. BEER, C. J. HIMMELBERG, K. PRIKRY AND F. S. VAN VLECK

ABSTRACT. Let X be a metrizable space. A Vietoris-type topology, called the

locally finite topology, is defined on the hyperspace 2X of all closed, nonempty

subsets of X. We show that the locally finite topology coincides with the supre-

mum of all Hausdorff metric topologies corresponding to equivalent metrics on

X. We also investigate when the locally finite topology coincides with the more

usual topologies on 2X and when the locally finite topology is metrizable.

1. Introduction. In a recent paper [HPVV] the authors proved a measurable

selection theorem for closed set-valued maps into complete, but not necessarily

separable, metric spaces. The set-valued maps were viewed as point-valued maps

into the hyperspace of closed nonempty sets endowed with the Hausdorff metric

topology. The measurability assumptions were the usual kinds of measurability of

point-valued maps in this setting rather than the more traditional lower or upper

measurability (cf. [H]). Since the Hausdorff metric topology is not a topological

invariant, the measurability of a given set-valued map depended on the particular

metric chosen. This is a somewhat less than desirable state of affairs. One way to

correct the situation is to endow the hyperspace with the supremum of all Hausdorff

metric topologies corresponding to equivalent metrics on the given complete metric

space. A result of this paper shows that the supremum topology is actually a

Vietoris-type topology, called the locally finite topology, which can be defined on

the hyperspace of an arbitrary topological space, not just for a metric space. We

also derive others properties of this topology.

Let X be a topological space and let 2X denote the hyperspace of closed non-

empty subsets of X. As is well known, it is possible to topologize 2X in many

different ways. First, when X is metrizable, we can endow 2X with Hausdorff metric

topology. Since we will be dealing with this topology extensively, we introduce the

relevant notation. If X is metrized by a metric d, set

d(x, A) = inf{d(x, y) \ y G A}.

Let

~6d(A, B) = sup{d(x,B) | x G A}.

The Hausdorff metric 6d, or just 6 if d is understood, is given by

6d(A, B) = max{~6d(A,B),~6d(B, A)}

for A, B e 2X.  The topology on 2X generated by this metric will be denoted by

T$d, or more simply r¿. (As we have defined 6d, it can be an infinite-valued metric.)
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It is well known that, in general, equivalent metrics d on X do not determine

equivalent Hausdorff metrics 6d on 2X. Thus conditions expressed in terms of the

topology Tf,d are not invariant under changes to an equivalent metric p on X. A

trivial way to avoid this situation is to endow 2X with a topology t that is finer than

any of the rg's. The smallest such topology is the supremum of all the Hausdorff

metric topologies on 2X. Denote this topology on 2X by rsup. Then

Tsup — sup{r¿d | d metrizes X}.

If the metric d metrizes X, then the metric p = min{l, d} is uniformly equivalent

to d and consequently 6P is equivalent to 6d. Thus the Hausdorff metric topologies

Tsp and rgd coincide on 2X and hence the supremum topology rsup on 2X can be

formed by taking the supremum of all the Hausdorff metric topologies corresponding

to bounded metrics that give the topology of X. Henceforth we will assume that

we are using only bounded metrics on X.

In order to intoduce the next two topologies we need some more notation. If A

is a nonempty family of subsets of X, let

A~ = {F G 2X | F n A ¿ 0 for each A G A},    A+ = {F e 2X | F C [J A}.

Note that A+ = {(J A}+ and so A+ is usually only needed when A — {A} for some

AC. X. In this case, i.e., when A = {A}, we abuse the notation slightly and write

A+ for {A}+ and A~ for {A}-.

The Vietoris (or finite) topology rf¡n on 2X has as a subbase all sets of the form

U~ and V+, where U and V range over all open subsets of X. It is easy to check

that all sets of the form V+ (1 U~, or the form U+ D U~, where V is open and U is

a finite family of open subsets of X, are a base for the topology. Basic facts about

the Vietoris topology can be found in the fundamental paper of Michael [Mi] or the

recent monograph of Klein and Thompson [KT]. Here we are primarily interested

in a finer topology, mentioned by Marjanovic [Ma] and by Feichtinger [F].

DEFINITION. The subbasic open sets for the locally finite topology on 2X are

all sets of the form V+ and U~, where V ranges over all open subsets of X and U

ranges over the locally finite families of open subsets of X.

We denote the locally finite topology on 2X by riocfin. Note that rf¡n = riocfin

if and only if each locally finite collection of open sets in X is finite. (Suppose

there exists an infinite, locally finite collection U of open sets. Then X G U~, and

each F G U~ must be an infinite set, while every V. G rf¡n contains finite sets.) In

particular, for X paracompact, rßn = T"iocfin if and only if X is compact.

In all that follows, if X is a given metrizable space with admissible metric d,

we write Bd(x,e) for the open e-ball with center x G X (omitting d if the metric

is understood). We also write Bd(A,e) for the union of all e-balls whose cen-

ters run over a subset A of X. As a result, if {A,F} Ç 2X, then 6d(A,F) —

inf{e: A Ç Bd(F,e) and F Ç Bd(A,e)}.

2. The results.  In this section we first prove the following theorem.

THEOREM 2.1. If X is metrizable space, then the locally finite topology on 2X

coincides with the supremum of all the Hausdorff metric topologies corresponding

to equivalent metrics on X.  That is, riocfin = rsup.

PROOF. We first show that, for any compatible metric d on X and the corre-

sponding Hausdorff metric 6 = 6d on 2X, rg C riOCfin.  Given A G 2X and e > 0,
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consider a locally finite open cover of X with mesh less than e, and let U be the

collection of all members of this cover that meet A. Let V = Bd(A,e). Then

A G V+ fl U~ Ç Bs(A,e). It follows that rsup Ç riocfin.

Conversely, let U = {Ui\i G /} be any locally finite collection of open sets in

X, and consider A G U+ (1 U~. For each i G /, pick al e AC\ Ui. The set

E = {cii\i e 1} is discrete, though not necessarily faithfully indexed. For each

e e E, set Ve = f]{Ui\e G Ui} — (E — {e}); note that Ve is an open set with

Ve fl E = {e}. Form the open cover

{Ve\eeE}u{Ui-E\ieI}\J{X- A}

of X, and choose a compatible metric p on X such that {Bp(x, 1) | x G X} refines

the above cover (cf. Chapter IX, 9.4 of [D]). Let 6 = 6P be its associated Hausdorff

metric on 2X. We claim that BS(A, 1) Ç U+ n U~. To see this, let F G BS(A, 1)

be arbitrary. Since F meets Bp(e, 1) for each e G E and Bp(e, 1) can only lie in Ve,

we have F eU~. On the other hand, for each x G F, the ball Bp(x, 1) must meet

A; so, Bp(x, 1) <£ X - A. As a result

xeBp(x,l)C [\JVe\ul\JUi-E] ç\JUi,
\eeE      J        Vt€/ / i€l

so that F e U+ and hence we see that Bs(A,l) C U+ DU~.   It follows that

^loc fin := T'sup •

Next, let {X, d) be a metric space. It is well known that the ¿¿-topology equals

the Vietoris topology iff X is compact. But much more is true (cf. Lemma 3.2 of

[Mi] and Theorem 2 of [B]).

MICHAEL'S LEMMA. Let (X,d) be a metric space. Then r¿d ç rfln iff X is

totally bounded. Moreover, Tfin Ç rgd iff whenever A and B are disjoint closed

subsets of X, then inï{d(a,b) \ a G A,b G B} is positive.

Those metric spaces X for which inf{d(a,6)|a G A, b G B} is always positive

for disjoint closed subsets A and B are precisely those on which each real valued

continuous function is uniformly continuous (cf. [A or B]). For this reason, they

are called UC spaces in the literature. Evidently a UC space is complete, for if

(x„) were a Cauchy sequence in X with distinct terms with no cluster points, the

closed sets {x2n \ n — 1,2,... } and {x2n_1 [ n — 1,2,...} would not lie a positive

distance apart. Perhaps the most visual internal characterization of a UC space

X is this: The set X' of limit points of X is compact, and for each e > 0, there

exists 6 > 0 such that whenever x and y are distinct points of X — B(X', s), then

d(x,y) > 6.

We next consider the relation t\oc f¡n = Tgd for some compatible metric d on X.

THEOREM 2.2. Let (X,d) be a metric space. Then rga — r]OCfin iff (X, d) is a

UC space.

PROOF. Suppose {X, d) is not a UC space. By Michael's Lemma, r¿d fails to

contain Tfin, ergo, riocfin. As a result, rgd / riocfin- Conversely, suppose (X,d)

is a UC space. Let p be another compatible metric. Since id: (X,d) —* (X,p) is

continuous, it must be uniformly continuous. As a result, id: (2x,6d) —y (2X,6P)
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is uniformly continuous, so that rgp Ç rgd. Thus, Tiocnn = rgup Ç rgd, and we have

T6d = ^loc fin-

Theorem 2.2 begs the question: Which metrizable spaces admit UC metrics?

This question has been answered in a number of ways by Rainwater [R]. Most

importantly, X admits a UC metric iff X' is compact. Next we consider the metriz-

ability of t\oc nil. It turns out that T\oc nn is metrizable if and only if X admits a

UC metric, and hence by Theorem 2.2, riocfin is metrizable if and only if it admits

a compatible Hausdorff metric.

THEOREM 2.3.   Let X be a metrizable space.  The following are equivalent:

(1) Riocfin is metrizable.

(2) Tioc fin is first countable.

(3) The set of limit points X' of X is compact.

(4) There exists a compatible metric d that makes X a UC space.

(5) There exists a compatible metric d for which t\oc nn = rgd

(6) There exists a compatible metric d for which 7fin Ç rgd.

PROOF. Theorem 2.2 establishes the equivalence of (4) and (5). Lemma 3.2 of

[Mi] and Theorem 2 of [B] establish the equivalence of (4) and (6). Theorem 2

of [R] establishes the equivalence of (3) and (4) (see also [N]). The proofs of the

implication (5)—>(1) and (1)—+(2) are trivial. To complete the proof, we establish

(2)—>(3). Suppose riocfin is first countable, yet X' is not compact. Then X' con-

tains a countably infinite discrete set E — {ei,e2,...} Choose a discrete collection

{Ui,U2,...} of open sets in X such that en G Un for each n. Suppose {Si, Sa,... }

is local base in t\oc nn at E. Since each en is a limit point of X, we may choose

xneUn- {en} such that E U {x„} G S„. Take V = \Jn=iiun - Kl). Then V is

open in X, and E G V+ G riocnn, so for some n, Bn Ç V+. But this impossible,

since EU{xn} <£ V+.

It should be noted that 2X equipped with t\oc nn is always a uniform space (and

thus is Tychonoff) whenever X is metrizable. Specifically, if {d¿|¿ G 1} are the

compatible metrics for X, then a base for a diagonal uniformity compatible with

riocfin (cf. [D]) consists of all sets in 2X x 2X of the form

I (A, B) | max 6di (A, B) < 1/n
I ieJ

where J C / is finite and n is a positive integer.

Finally, we note a fact that should be apparent from the proofs of Theorems 2.1

and 2.3: If X is metrizable, then the locally finite topology on 2X has as subbasic

open sets all sets of the form V+ and U~, where V ranges over all open subsets of

X and U ranges over the discrete families of open subsets of X.
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