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ABSTRACT. The first note shows that if R < T are any two Noetherian rings.

then there exists a Noetherian ring B between R and T which has a maximal

ideal TV such that grade(TV) < 1 and JV n R is a maximal ideal. The second

note shows that if R is a Noetherian ring, then there exists a free quadratic

integral extension ring B of R such that Spec(B) = Spec(ft) and such that if

I is any regular ideal in R and Pi n • • • n Pg are prime ideals in R containing

/, then there exists an ideal J in B integrally dependent on IB such that the

prime ideals corresponding to the P, are prime divisors of Jn for all n > 1.

1. Introduction. The two results mentioned in the abstract were motivated

by the following two problems:

(a) If R < A C R', the integral closure of R, are local domains such that

Spec(.ñ) = Spec(-R'), if Q is a prime ideal in A such that grade(Q^lQ) = 1, and if

P = Q fifi, then must it be true that grade(Piüp) = 1?

(b) If Pi,..., Pg are regular prime ideals in a Noetherian ring R, then does there

exist an ideal / in R such that the P¿ are the prime divisors of Ik for all large kl

The first problem was mentioned in [13, (6.7.1)] (and it is shown [10, (33.11)],

even without assuming that the spectra are isomorphic, that the answer is yes when

A = R'), and (b) was suggested by Theorem 21 on p. 230 in [14], where it is shown

that there exists an ideal / such that Ass(R/I) = {Pi,..., Pg}.

In §2 the first result mentioned in the abstract is proved, and it immediately

follows from this that the answer to (a) is no. Then §2 is closed by using this result

to show that there exists an infinite chain of local domains Lc¡ < L\ < such that

there exists a height one principal prime ideal p in Lq such that pLin is a principal

prime ideal and pL^n+i has an imbedded prime divisor for n — 0,1,....

Problem (b) is briefly considered in §3, and it is shown that the answer to this

problem is also no, but there always exist ideals / such that the P¿ are among the

prime divisors of Ik for all k > 1. Then the following more difficult question is

considered: If I is a regular ideal contained in f]{Pi\ i = 1, • • •, g}, then does there

exist an ideal J integrally dependent on / such that {P%;i = 1,... ,g} C Ass(R/Jk)

for all k > 1. It is shown that the answer is no, but the second result mentioned

in the abstract shows that this does hold in some free quadratic integral extension

ring B of R such that Spec(ß) = Spec(i?).
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For the most part our methods are elementary. The main results are not pro-

found, but they were somewhat of a surprise to me; for some reason I thought prime

divisors would behave better under integral extensions.

2. On the ubiquity of grade one maximal ideals. If R < T are Noether-

ian domains, then it follows from (2.1) that there always exists an intermediate

Noetherian domain with a maximal ideal of grade one which lies over a maximal

ideal in R. This result explains the title of this section.

The proof of (2.1) shows somewhat more than is stated in the theorem, as is

explained in (2.2). It is for this reason that the ring A is used in the second (resp.,

third) paragraph of the proof of (2.1) instead of the ring C + QT (resp., R + MT).

(2.1) THEOREM. Between any two distinct Noetherian rings R < T there

exists an intermediate ring B which is finitely generated over R and which has a

maximal ideal N such that grade(A/~) = grade(jVOTv) < 1 and N Ci R is a maximal

ideal.

PROOF. It clearly suffices to prove the theorem under the assumption that

T = R[t] is a simple extension ring of R, and since N is maximal it is clear that

grade(Ar) < 1 if and only if grade(jVßAr) < 1.

If t is transcendental over R, then T = R[t] is integral over C = R\t2}. Let

Q = (M,t2)C, where M is a maximal ideal in R, so Q is a maximal ideal in C

that lies over M. Also, Tq-q is a finite Cç-algebra that properly contains Cq, so

by the Lemma of Krull-Azumaya [10, (4.1)] it follows that Cq Ç (C + QT)C-q Ç

Cq + QCqTc-q < TC-Q, so C + QT < T. Therefore, since C is Noetherian

and T = R[t] is a finite C-module, there exists a (necessarily finite) C-algebra A

which is a maximal proper subring of T containing C + QT. Then A is finitely

generated over R, and it is clear that QT is contained in the conductor Y = A : T

of A in T and that if P € Spec(A) is a minimal prime divisor of QT, then P is

a maximal ideal in A that lies over Q. Also, t2 e Q Ç Y ç P, so grade(P) > 1,

since t2 is regular in T and P < A < T, and Yt Ç Y, so t3 e Y Ç A. Therefore

Y(t3/t2) = Yt Ç A, so Y Ç t2A : t3A < A; it follows that grade(f) = 1. Also,
P n R = M, so the conclusion follows with B = A and N — P. Therefore it may

be assumed that t is algebraic over R.

If t is integral over R, then let M be a maximal ideal in R such that Rm < Tr-m-

(Note that R : T ^ R since R < T, so there exists a maximal ideal M in R such

that R:T Ç M. Then, since T is a finite .R-module, it follows from [10, (18.1)(2)]

that Rm ■ Tm — (R '■ T)M Ç MRM, so RM < TR-M.) Then it follows as in

the preceding paragraph that there exists a finite i?-algebra A which is a maximal

proper subring of T = R[t] containing R+MT and that every minimal prime divisor

P of Y — A : T is a maximal ideal in A that lies over M. Therefore for each b G Y

there exists c e A such that bt = c, since Yt Ç A. If YT Ç (J{z;z e Ass(T)},

then it follows that PT is contained in some prime divisor z of zero in T. But

then by integral dependence z must be a maximal ideal in T, grade(z) = 0, and

z Cl R is maximal, so the conclusion follows with B — T and N = z. Therefore it

may be assumed that there exists b e Y such that b is regular in T, so t = c/b,

where bt = c. Then Y(c/b) Ç A, so it follows as in the preceding paragraph that

Y Ç bA : cA < A, so grade(P) = 1; the conclusion follows with B = A and N = P.

Therefore it may be assumed that t is algebraic and not integral over R.



IMBEDDED PRIME DIVISORS 397

Let C be the integral closure of R in T. If there exists c G (C — R), then

R[c] is integral over R and R[c] Ç T, so the conclusion follows as in the preceding

paragraph with R[c] in place of T = R[t\. Therefore it may be assumed that R is

integrally closed in T.

Let p' be a prime ideal in T and assume that the p'-residue class of t is tran-

scendental over R/p, where p = p' n R. Then Kev(R[X] ->• T) Ç pi?[X] Ç Miîpf],

where M is a maximal ideal in R containing p, so MT is a depth one prime ideal

and the MT-residue class of t is trancendental over R/M. Also, T is integral over

R[t2}, so it follows that MR[t2] is a depth one prime ideal and the Mi?[¿2]-residue

class of t2 is transcendental over R/M. Therefore R Ç R[t2} < R[t] = T, since

R[t2)/MR\t2) < R[t}/MR[t], and Q = (M. t2)R[t2} is a maximal ideal in R[t2} that

lies over M and i?[i2]g < R[t}n[t2]-Q- Therefore the conclusion follows as in the

third paragraph of this proof with R[t2] and Q in place of R and M, respectively.

Therefore it may be assumed that, for each p' e Spec(T), the p'-residue class

of t is algebraic over R/(p' fl R). But this implies that each p' e Spec(T) is both

maximal and minimal in the set of prime ideals in T that lie over p' n R. Therefore

by the Peskine-Evans version of Zariski's Main Theorem [2] it follows that

(*) for each p' G Spec(T), Tp> = i?p<n/?-

Let Z = Rad(T) and let an overbar denote residue class modulo Z. Then Z =

Rad(i?), since R is integrally closed in T, so it readily follows that R < T, that

R is integrally closed in T, and that (*) holds for R and T in place of R and T,

respectively. It then follows that R and T have the same total quotient ring, namely

@{Rz/zRz\ z is a minimal prime ideal in R}, so there exist b,c G R such that b is

regular and t — c/b. To complete the proof it will first be shown that there exists

a maximal ideal M and R such that Rjj < T-^_jj, b , c* are regular in R-¡^, and

t   —c*/b, where the * denotes image in T-^-^.

For this, note that T = CK^im'] ! M is a maximal ideal in T}, where [M ] denotes

the set of regular elements in T — M , and a similar statement holds concerning

R, so since R < T it follows from (*), applied to R and T in place of R and T,

that there exists a maximal ideal M in R that is lost in T; that is, there exists no

prime ideal in T that lies over M. Fix such an ideal M and let S — R- M. Then

Rjj < Ts Ç (R~e)s (where t = c/b), and the image of b in Rjj is regular, so Rj¿

and Tg have the same total quotient ring and Ts — Rjj\c* /b ]. Therefore, for each

z G Ass(Rw) it holds that z* = Z(%)s n Ts G Ass(Ts) and Rjj/z < Ts/z*,

since M Rj¿ is lost in Ts • so c* £ z#, and so c* is regular in R-^.

Also, 6 is regular in Rjj-, so b /c* and c*/6 are in the total quotient ring of Rjj.

Let £> be the integral closure of Rjj, so D is the direct sum of the integral closures

of the rings R-^/zR-j^, where z is a minimal prime ideal in R that is contained in

M. Since M Rj¿ is lost in Ts it is clear that t = c*/b £ D^i] for all maximal

ideals N' in D. But if neither c*/6 nor b /c* are in Z?r;y], then it follows from

[15, Corollary, p. 20] that N'D[¡yi][c*/b ] is a depth one prime ideal, and then by

integral dependence it follows that MTs is a depth one prime ideal. Therefore,

necessarily b /c* G Z?[w] for all maximal ideals N' in D. so b /c* G D. It then

follows that b /c* is integral over Ts and c*/b   G Tg, so b /c* G Tg. But Rjj is
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integrally closed in Ts, since R is integrally closed in T, so 6 /c* G R-¡^, and so

Ts = (Rj{)y/c* is a localization of i?^-. If height(M) > 1, then let d e M such that

height((b*/c*,d*)Rw) = 2 and let y = t/(b*/T). Then Rw[y] C Ts, MRw[y]

is a depth one prime ideal, and the M Rj¡¿[y]-residue class of y is transcendental

over Rjj/MRjj. Let x e T such that R[x]s = R-mIv]- Then it readily follows

that Z = ZR[x] Ç MR[x], that MR[x] is a depth one prime ideal, and that the

MÄ[a;]-residue class of x is transcendental over R/M, so the conclusion follows as

in the fifth paragraph of this proof with R[x] in place of T = R[t].

Therefore it may be assumed that height(M) = 1. (Note that Í5 is regular in R

and necessarily b G M, since T = R[c/b] and M is lost in T, so height(M) > 1.)

Then there exists a minimal prime ideal z in R such that z < M and height(M/z) =

1. Therefore either M G Ass(ñ), so depth(M) = 0, or M is a minimal prime divisor

of (z, e)R for some regular element e G M, so depth(M) = 1, by [15, Lemma 1, p.

394]. Thus, in either case, the conclusion holds with B = R and N = M.    Q.E.D.

In [1], rings A < B such that there exist no rings properly between them are

called adjacent, and therein and in [3] many properties of such rings are proved.

Also, the results in [8] are related to adjacent rings, and in particular it is shown

in [8, Theorem 1] that A : B is a maximal ideal in A when A < B are adjacent and

B is integral over A. (2.2) shows that if R < T are Noetherian rings, then there

usually are integrally dependent adjacent Noetherian rings between R and T.

(2.2) REMARK. If R < T are Noetherian rings, then either: (a) There exist

adjacent Noetherian rings A < B between R and T such that: A is finitely generated

over R; B is integral over A; and A : B is a maximal ideal in A that lies over a

maximal ideal in R and is such that either grade(M') = 0 for some maximal ideal

M' in B lying over A : B or grade(yl : B) < 1; or, (b) R is integrally closed in T

and R/Z is integrally closed in T/Z, where Z = Rad(T) = Rad(R);R/Z and T/Z

have the same total quotient ring; for each p' G Spec(T) it holds that Tp> — Rp<nR',

if p G Spec(R/Z) is lost in T/Z, then p is a height one maximal ideal, (R/Z)p

is a discrete valuation ring, and (T/Z)(r/z)-p is its quotient field; and, for each

c/b e (T/Z - R/Z) (with b,c e R/Z and b regular in R/Z) the only prime ideals

in R/Z that contain b(R/Z) are height one maximal ideals, and if c is regular in

R/Z, then b/c G R/Z, so (R/Z)[c/b) is a localization of R/Z.

PROOF. The proof of (2.1) (together with the result in [8] (concerning A : B

and mentioned preceding this remark) shows that if (a) does not hold, then for

each t e T it holds that R/Z and (J?/Z)[i] have the same total quotient ring,

where Z = Rad(i?) = Rad(/2[i]), that R is integrally closed in R[t], and that

R/Z is integrally closed in (R/Z)\t\, so it follows that Z = Rad(T), that R/Z and

T/Z have the same total quotient ring, that R is integrally closed in T, and that

R/Z is integrally closed in T/Z. Also, if p' < P' are prime ideals in T such that

pi n Ä = P' n R, then p' n R[t] < P' n R[t], where t G (P' - p'), so the fifth
paragraph of the proof of (2.1) shows that (a) holds. Therefore if (a) does not hold,

then each p' G Spec(T) is isolated over pC\R, so Tp> = Rp>nR, since it follows from

[2] that for each finite subset U of T it holds that Rp>nR — R\U]p>nR[u}- Therefore,

if p G Spec (i?) is lost in T, then each prime ideal P in R containing p is also lost

in T, since otherwise Rp = Tr-p, so p' = pRp n T lies over p. Thus if p = p/Z

is not a height one maximal ideal, then by the eighth paragraph of the proof of
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(2.1) it follows that (a) holds. If p is a height one maximal ideal in R/Z which

is lost in T/Z, then the eighth paragraph of the proof of (2.1) also shows that

(R/Z)p < (T/Z){r/Z)-p and (R/Z)p is integrally closed in (T/Z){R/Z)_p. Thus,

since a\titude((R/Z)p) = 1 and R/Z is Noetherian, it follows that (R/Z)p is a

discrete valuation ring and (T/Z)(r/z-¡_p is its quotient field. Finally, since (a)

does not hold, it follows as in the eighth paragraph of the proof of (2.1) that the

last two statements in (b) concerning b/c hold.    Q.E.D.

(2.3) COROLLARY. If R < T are Noetherian rings and P G Spec(R) is such

that Rp < Tr-p, then there exists a ring B finitely generated over R and contained

in T with a prime ideal P' maximal (in B) with respect to lying over P such that

grade(P'.fV) < 1.

PROOF. Since Rp < Tr-p, by (2.1) there exists a ring C that is finitely gen-

erated over Rp, that is contained in Tr-p, and that has a maximal ideal Q such

that grade(<2CQ) < 1 and Q n Rp = PRp. Therefore there exists a ring B that

is finitely generated over R and that is contained in T such that C — Br-p. The

conclusion readily follows from this.    Q.E.D.

(2.4) REMARK. It follows immediately from (2.3) that:

(2.4.1) If T is integral over R, then there exists a finite i?-algebra B contained

in T with a prime ideal P' lying over P such that grade (P1) < 1.

(2.4.2) If T is an integral domain and P ^ (0), then grade(P') = 1.

This section will be closed with one application of (2.1). Namely, it follows

immediately from (2.1) that the answer to the question in [13, (6.7.1)] (problem

(a) in the introduction) is no. The following specific example is included since it

seems interesting to me. (The example resulted from some joint work with Steve

McAdam; I am indebted to him for several helpful conversations concerning the

contents of this paper and, in particular, for permission to use this example here.)

(2.5) EXAMPLE. There exists a Cohen-Macaulay local domain (R,M) of

altitude two such that: (a) R', the integral closure of R, is local and Cohen-

Macaulay; (b) Spec(Ä) = Spec(iî'); (c) there exists an infinite chain of local

domains B\ < C\ < Bi < C<2 < ■ ■ ■ between R and R' such that each C¿ is

Cohen-Macaulay; (d) there exists X e R such that P' = XR' is a principal prime

ideal and XC% — P' n C% for i — 0,1,..., where C0 = R; and, (e) M' n Bi is an

imbedded prime divisor of XB% for i — 1,2,..., where M' is the maximal ideal in

R'.
PROOF. Let (L, N) be an altitude one local domain such that V is local with

maximal ideal N' and L' is not a finite L-module, let X be an indeterminate, and

let i?o = L[X]tfftx)- Then it is clear that Rq is a Cohen-Macaulay local domain of

altitude two, and so R'0 — L'[X](N^X) 1S also> by [10, (25.13)]. Also, it is shown in

[4, (23.2.5)] that there exists a finite integral extension domain D of Rç, such that

D Ç R'0 and such that Spec(L>) S Spec(fí').

It is clear that Rr¡ is unmixed, so D is also, by [9, Corollary, p. 61] (since D is

finitely generated over R) and so D^ = f]{Dp;p is a height one prime ideal in D}

is a finite .D-module, by [11, Lemma 5.11(1)]. Also, D^ Ç R'0, so D^ is local,

and {P e Spec(Z?(1^);grade(P) = 1} is the set of height one prime ideals in D^\

by [11, Lemma 5.6(2)]. Therefore grade(M' n£>(1)) > 1, so since altitude^1') =

2 it follows that D^ is Cohen-Macaulay.   Let R = D^.   Let P' = XR' and
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M' = (TV, X)R', so M' is the maximal ideal in R' and P'r\R = XR (since P'nR

is the radical of XR (hence XR is P' n P-primary) and since (Ro)xr0 = Rp'nR —

R'pi).
Let R = Cq and assume that for some i > 0 the local rings Co < B\ < C% <

■ ■ ■ < Bt < d have been constructed as in (c) -(e). Then by (2.4.1) and (2.4.2)

applied to R — CtlT — R', and P = Mi, where M¿ is the maximal ideal in d,

there exists a finite GVmodule Bl+i contained in R' with a grade one maximal

ideal. Then fíj+i is local, so grade(M' n B¿+i) = 1, so M' n Bl+\ is an imbedded

prime divisor of XBi+i. Let C¿+i = (Bl+i)^\ so it follows as in the preceding

paragraph for D^ that C¿+i is a finite Pj+i-module, a Cohen-Macaulay local

domain contained in R', and XCl+i — P' n C<+i. The conclusions readily follow

from this.    Q.E.D.

3. Persistent imbedded prime divisors. In [5, Appendix] a prime ideal P

such that P G Ass(R/Ik) for all large k was called a persistent prime divisor of I.

With this terminology, in this section question (b) mentioned in the introduction is

briefly considered: if Pi,..., Pg are regular prime ideals in a Noetherian ring R, then

does there exist an ideal / such that the persistent prime divisors of / are exactly the

ideals P1,...,Pg? By letting / = Pi • • • Ps and noting that InRPi : PtRPt > InRPi

for i = 1,.... g and for all n > 1 it follows that the Pz are among the persistent

prime divisors of Pi • • • Pg. However, there may be other persistent prime divisors,

as is shown in the following example.

(3.1) EXAMPLE. Let (R,M) be a local domain of altitude n > 2 whose com-

pletion R* has a depth one prime divisor z of zero and let p be a height one prime

ideal in R. (For example, R could be the ring in [10, Example 2, pp. 203 205] in

the case m = 0.) Then there does not exist an ideal I m R whose only persistent

prime divisor is p.

PROOF. Since depth(z) = 1 it follows that IR* + z is MP*-primary for all

nonzero ideals / in R. Therefore it follows from [12, (2.9.1)] that M G Ass(R/Ik)

for all large k.    Q.E.D.
Since it is easy to find an ideal with the P¿ among its persistent prime divisors,

in the remainder of this section the following more difficult problem is considered:

If / is a regular ideal contained in f]{Pt;i = 1, ■ • ■ ,g}, then does there exist an

ideal J integrally dependent on / such that the P, are among the persistent prime

divisors of J. (This problem was suggested by the rather deep result in [7], where

it is shown that often, but not always, there exist a positive integer m and an ideal

K in R such that Im ç K C (Im)a such that Ass(R/Kn) = E(I) U{Pi,...,Pg}

for all n > 1, where E(I) is the set of essential prime divisors of I; the proof of this

result is long and quite technical, but the proof of the problem considered in this

section is quite easy.) As phrased, the answer to this question is no; for example,

if (R, M) is an integrally closed local domain of altitude at least two and / = bR is

a nonzero principal ideal in R, then / is the only ideal that is integrally dependent

on /, so M £ Ass(R/J) for all ideals J integrally dependent on /. However, it is

shown in (3.2) that there always exists a free quadratic integral extension ring B

of R such that Spec(P) = Spec(P) and for which the answer is yes. To prove this

result, two definitions and three facts concerning them are needed.

If / is a regular ideal in a Noetherian ring R, then Ia denotes the integral closure

in R of /, and I* = \J{In+1: In;n > 1}.   Then:   (a) it is shown in [6, Lemma
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8.2(vi)] that /* is an ideal such that ICI* Ç Ia; (b) it is readily seen that if A is

a flat P-algebra, then I*A = (IA)*; and, (c) it is shown in [6. Lemma 8.3] that if

R is local with maximal ideal M and if J is an ideal in R such that / Ç J (¡Z I*,

then M G Ass{R/(I + MJ)k) for all k > 1. (If I ^ J, then / Ç I + J and
/ + MJ — I + M(I + J), so the assumption that I Ç J \s not essential.)

(3.2) PROPOSITION. If R is a Noetherian ring, then there exists a free qua-

dratic integral extension ring B of R such that Spec(P) = Spec(P) and such that

the following hold:

(3.2.1) If Pi,.... Pg are prime ideals in R and if I is any regular ideal in

R contained in f){Pt;i = l,...,^}, then there exists an ideal J in B integrally

dependent on IB such that the g prime ideals in B that correspond to P\,... ,Pg

are in Ass(B/Jk) for all k > 1.

(3.2.2) If P' — {Qi.Qg} is a finite set of prime ideals in B and if H is
any regular ideal in B contained in f){Qi\Qi G P'}, then there exists an ideal J in

B such that Ja = Ha and P' Ç Ass(B/Jk) for all k > 1.

PROOF. Let B = R\X\/X2R[X\, so B is a free quadratic integral extension ring

of R. Let x = X + X2R[X], let Q be a prime ideal in B, and let P = Q f) R. Then

it is readily seen that Q = (P,x)B, so it follows that Spec(P) = Spec(P).

To prove (3.2.1) let Qi — (Pi, x)B for i — 1,..., g, so Qi is the prime ideal in B

that corresponds to P,-. Then it is clear that if Qi is a minimal prime divisor of IB,

then Qi is a minimal prime divisor of all ideals which are integrally dependent on

IB, so it may be assumed that no Ql is a minimal prime divisor of IB. Let J = IB+

Qi • ' 'Qg(LB)a, so J is integrally dependent on IB. Fix i = 1,...,g, let Q = Qi,

and let K be the product of the Qj (j = 1,... ,g) which are properly contained

in Q (K = B, if there are no such Qj). Assume it is known that Kq(IBq)ü g

(IBq)*. Then since JBQ = IBQ+QQ(KQ(IBQ)a), it follows from (c) that QBQ G
Ass(BQ/(JBQ)k) for all k > 1, so Q G Ass(B/Jk) for all k > 1 and for all Q G

{Qi,...,Qg}, as desired. Therefore it remains to show that Kq(IBq)œ % (IBq)*.

For this, suppose, on the contrary, that KQ(IBQ)a ç (IBq)*, let g be a minimal

prime divisor of IB which is (properly) contained in Q, and let p = q Cl R. Then

it follows that (IBg)a = (KQ(IBQ)a)Bq Ç (IBq)*Bq. However, it is clear that

Bq = Rp[x] is a free quadratic integral extension ring of Rp, so it follows from (b)

that (IBQ)*Bq = (IRp)*Bg, and so x £ (IBQ)*Bq. But it is clear that x G (IBq)a,

so x G ((IBq)a — (IBQ)*Bq), and this contradicts the just noted containment.

Therefore KQ(IBQ)a g (IBQ)*.

For (3.2.2) let b = r+sx G H, where r,s G P. Now x G Ha, sor e HanR = (say)

/. Therefore H Ç (I,x)B Ç Ha, and IB C (I,x)B Ç (IB)a, so (IB)a = Ha. The
conclusion follows from this and (3.2.1), since / is regular, / Ç P|{P¿; «'■ — 1> • • • > ç}i

where Pt = Qt n R, and Qt = (Pt,x)B.    Q.E.D.
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