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ABSTRACT. We use the duality between group gradings and group actions to

study polycyclic-by-finite group-graded rings. We show that, for such rings,

graded Noetherian implies Noetherian and relate the graded Krull dimension

to the Krull dimension. In addition we find a bound on the length of chains of

prime ideals not containing homogeneous elements when the grading group is

nilpotent-by-finite. These results have suitable corollaries for strongly group-

graded rings. Our work extends several results on skew group rings, crossed

products and group-graded rings.

Introduction. An associative ring with identity is said to be graded by the

group G if

Ä=e£äO)
x€G

is a direct sum of additive subgroups Rix) with R(x)R(y) Ç R(xy). It follows that

I/? e R(l). R is said to be strongly G-graded if R(x)R(y) = R(xy) for all x,y eG.

The group G is said to be polycyclic-by-finite if G has a subnormal series 1 =

Go < Gx < ■ ■ ■ < Gn = G, where G¿/G¿_i is either infinite cyclic or finite. If G has

a normal series of this type, then G is said to be strongly polycyclic-by-finite. The

number of infinite cyclic factors which occur in this series is called the Hirsch number

of G and is denoted by h(G). Since any two series have isomorphic refinements,

h(G) is a nonzero integer invariant of G.

In their paper [6] M. Cohen and S. Montgomery proved a duality theorem for

finite group gradings and group actions on rings. Their methods provided a way

to translate results on finite crossed products to more general group-graded rings.

Their construction was developed concretely by the second author in [11], where

further applications were given. In addition the approach there works for infinite

groups. Here we use this method to study Krull dimension and chains of prime

ideals in rings graded by polycyclic-by-finite groups. The construction of [11] for

infinite groups is sketched in §1.

We comment that the duality theorem of Cohen and Montgomery has been

extended by R. Blattner and S. Montgomery [4] to handle certain infinite groups

as a corollary to a more general theorem on Hopf algebra actions. Other studies of

the duality have been made by M. van den Bergh [2] and J. Osterburg [10].

We now describe the main results of this paper. Let R be graded by a polycyclic-

by-finite group G. In §2 we show that a graded Ä-module M, which is graded

Noetherian, is in fact Noetherian.  Also in this situation, we show that the Krull
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dimension is bounded above by the graded Krull dimension of M plus the Hirsch

number of G. This was proved by P. F. Smith for group rings [12] and for rings

graded by strongly polycyclic-by-finite groups by Nastasescu [9].

In the third section we consider a smaller class of groups and obtain bounds on

the lengths of chains of prime ideals containing no homogeneous elements, extending

results of the first author [5, §3], the incomparability result for finite group-graded

rings [6, Theorem 7.1], and an unpublished result of Bergman [3] concerning Z-

graded rings. If G is finitely generated nilpotent-by-finite, we obtain the bound

2h(G) — 1 on the length of such chains of primes. If G is assumed to be finitely

generated abelian-by-finite we get a sharper bound, namely h(G). As a corollary

we compute bounds on the prime rank (i.e. the classical Krull dimension) of R in

terms of the graded prime rank of R. As a final corollary we assume that R is

strongly graded and show that certain primes have different intersections with the

identity component.

1. The matrix embedding. Let R be graded by the group G. MG(R) denotes

the set of row and column finite matrices over R, with the rows and columns indexed

by the elements of G. MG (R) is the ideal consisting of those matrices with only

finitely many nonzero entries. Note that if G is finite, MG(R) = MG(R).

R may be embedded in MG(R) via the map sending r to f e MG(R), where

r~x,y — r(xy~l), the xy~x component of r. R # G is defined to be subring of

MG(R) generated by R and {p(x)[x e G}, where p(x) = e(x,x) is the matrix unit.

This construction is not a smash product in the usual sense unless the grading

group G is finite.

The group G embeds in MG(R) as permutation matrices. Here g e G is sent to

g = J2x€G e(xix9)- Thus G = {g \ g e G} is a subgroup of the group of units of

MG(R).

LEMMA 1.1 [11, LEMMA 2.1]. Let R be a G-graded ring with G infinite.
Then

r#g = r® (ex^p(z))
V     xeG J

is a free R-module with basis {1} U {p(x)\x G G}. Furthermore,

J2Rp(x)=   J2 R{xy-lHx,y)
x€G x,y€G

is an ideal of R # G, which is essential both as a left ideal and as a right ideal.

We denote the set £9€G(Ä # G)g = (R # G)G by R{G}, and let (R # G)G
denote the fixed ring.

LEMMA 1.2 [11, LEMMA 2.2]. Let R be a G-graded ring with G infinite.
Then

(i) g-l(R #G)g = R#G for all g e G and (R # G)G = R.

(ii) R{G} = (&J2g€G(R # G)g is a direct sum of additive groups.

(iii) R{G} is a skew group ring of G over R # G.
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(iv) R{G} = (0 YlgsG Ri) ® Mg(R) as additive groups and MG(R) is an ideal

of R{G} which is essential both as a left ideal and as a right ideal of R{G}.

Next we note that the constructions for modules over finite group-graded rings

given in [11, §1], work equally well when G is infinite. Here ColG(M) denotes the

set of infinite column matrices over M with finitely many nonzero entries. Since

the elements of MG(R) are both row and column finite, ColGM is again a left

MG(iï)-module and hence a left R{G}-module.

If M is a graded R-module, we let M = {v € ColG M\vx € M(x)}, where vx is

the entry in the rr-position of v. We now restate [11, Lemma 1.12] for arbitrary

groups. Since the proofs are identical, we omit the proof here.

LEMMA 1.3.   Let R be a G-graded ring and let M be a graded R-module.  Then

ColG M = ®Y,$M'
geG

and each gM is an (R # G)-submodule of Co\G M.   Thus ColG M is the R{G}-

module induced from the (R # G)-module M.

2. Krull dimension. We begin by considering the Krull dimension of the

Ä{G}-modules ColGM and M. Since MG(R) C R{G}, it is clear that R{G}-

submodules of ColG M are of the form ColG N, where N Ç M is an ñ-submodule

of M. (Note that if G is finite, MG(R) = MG(R).) Also if M is a graded R-module,

then (R # G)-submodules of M are of the form N, where N C M is a graded

submodule of M. This follows since {a e MG(R) \ aXtV e R(xy-1)} C R # G.

The next lemma follows immediately from the above observations. We write

grif-dim for graded Krull dimension.

LEMMA 2.1. Let R be a group-graded ring and M an R-module with Krull

dimension.  Then

K-dimRM = K-dim r{G} ColG M.

Furthermore, if M is a graded module, then

grÄ"-dimflM = Ä"-dim^ # GM.

Let R * G be a skew group ring of a polycyclic-by-finite group G over an arbitrary

ring R. Also assume ^Misa Noetherian left .R-module. Then

(A) (R * G) <g> rM is a left Noetherian (R * G)-module.

(B) (P. F. Smith [12])

K-dimR*G(R * G) <g> RM < K-dimRM + h(G).

The statement in (A) is a well-known version of the Hilbert Basis Theorem. It

is well known that Noetherian modules have Krull dimension (see [7]).

We can now prove the main result of this section.

THEOREM 2.2. Let R be a G-graded ring where G is a polycyclic-by-finite

group. If M is a graded Noetherian R-module then M is Noetherian as an R-

module. Furthemore K-dimRM < gr K-dim RM -Y h(G).

PROOF. Since M is graded Noetherian, M is Noetherian as an (R # G)-module.

Thus we can use Lemma 1.3 and (A) applied to M to conclude that ColG M is
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Noetherian as an R{G}-module. It now follows that M is Noetherian as an R-

module.

We can also apply (B) to deduce that K-dim r{G} ColG M < if-dim ^ # GM -Y

h(G). In view of Lemma 2.1, this implies that K-dimRM < gr K- dim rM -Y

h(G).    D

If R is strongly G-graded, then graded left ideals of R are generated by their in-

tersection with R(l). Thus R is graded Noetherian if and only if R(l) is Noetherian.

Also if Ä"-dimR(l) exists, then grÄ'-dimR exists and equals Ä-dimR(l).

The first assertion of the following corollary was proved by A. Bell [1, Proposition

2.5].

COROLLARY 2.3. Let R be strongly graded by the polycyclic-by-finite group G.

Then R is left Noetherian if and only if R(T) is left Noetherian. Furthermore, if

R(T) is left Noetherian, then K-dimR < K-dimR(l) + h(G).

PROOF. From the discussion above, R is graded left Noetherian if and only

if R(l) is left Noetherian. But from Theorem 2.2, R is left graded Noetherian

precisely when R is left Noetherian.

Now if R(l) is left Noetherian, then by Theorem 2.2 again,

K-dimR < gr K-dimR + h(G) = K-dimR(l)-Yh(G).    D

We conclude this section with an example to show that when R is not strongly

graded Ä-dimR(l) and grÄ-dimR need not be related, even if G = Z.

EXAMPLE 2.4. Let R = F[Xx,...,Xn] where F is a field. We can grade R

by total degree so that if k > 0, R(k) is spanned over F by {X™1 ■ ■ ■X™n\mx +

■ ■ ■ -Y mn — k} and R(k) = 0 if k < 0. Thus R is Z-graded and Noetherian.

R(0) = F, so that K-dimR(0) = 0. But grÄ'-dimR = n. Indeed, it is clear that

grÄ'-dimR < Ä-dimR = n. The reverse inequality follows by induction from the

observation that R D RXX D RX2 D • • ■ is a decreasing sequence of graded ideals

and

J^^F[X2,...,Xn].   a

3. Chains of prime ideals. The main purpose of this section is to obtain a

bound on the lengths of chains of prime ideals of a G-graded ring R which contain

no homogeneous elements.

An element r e R is said to be homogeneous if 0 / r e R(x) for some x e G.

A group G is said to be nilpotent-by-finite if G has a nilpotent normal subgroup

of finite index. Abelian by finite groups are defined analogously. In this section we

assume that G is, at least, finitely generated nilpotent-by-finite. It is elementary

that these groups are polycyclic-by-finite.

In [6] Cohen and Montgomery generalized incomparability for crossed products

of finite groups [8]. What is done here is to prove analogous results, namely Theo-

rem 3.2 and its corollaries, for rings graded by certain possibly infinite groups.

Let us begin by stating a minor extension of [5, Theorems 3.9 and 3.10].

The proof is identical if one observes that a finitely generated nilpotent-by-finite

group is, in fact, torsion-free nilpotent-by-finite.
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THEOREM 3.1. Let P0 ^ Px ^ ■ ■ ■ ̂  Pn be a chain of prime ideals of a crossed

product R* G. If either
(i) G is finitely generated nilpotent-by-finite with n > 2h^G\ or

(ii) G is finitely generated abelian-by-finite with n > h(G),

then P0nR¿ PnC\R.

Next we state the graded version of this result.

THEOREM 3.2. Let R be a ring graded by a group G. If Po % ■ ■ ■ % Pn is a

chain of prime ideals of R, and G satisfies (i) or (ii) in the theorem above, then Pn

contains a homogeneous element.

This theorem was proved by G. Bergman [3] in the case where G is infinite cyclic

by means of a direct computational proof.

Before proceeding with the proof of Theorem 3.2 it is useful to define the following

ideal maps, whose basic properties are described in the subsequent three lemmas.

DEFINITION (i) For an ideal I of R define

/u = MG(/)nR{G}.

(ii) For an ideal J of R{G) define

Jd = Ji,i = {oji,i|a€ J}.

It follows easily that Iu is an ideal of R{G} and Jd is an ideal of R. Also observe

that MG(I) C Iu, and the maps u and d preserve inclusions.

LEMMA 3.3.   Let I be an ideal of R.  Then Iud = I.

PROOF. Let a el. Since oe(l, 1) e MG(I) C Iu we have a e Iud. Conversely, if

a e Iud, there exists a e Iu with axx = a. Since Iu C MG(I), we obtain a e I.    D

LEMMA 3.4.   Let J,K be ideals of R{G}. Then Jd ■ Kd C (JK)d.

PROOF. Note that Jde(l, 1) c J since e(l, 1) e R{G}. With this the result is

immediate from the definition.    G

LEMMA 3.5.   If P is a prime ideal of R, then Pu is a prime ideal of R{G}.

PROOF. Suppose JK C Pu where J,K are ideals of R{G}. Using the previous

two lemmas, we set that

JdKd C (JK)d C Pud = P.

Thus Jd or Kd is contained in P, say Jd.

We show that J c Pu. Let a e J, and x,y eG. Set

ß = e(l, x)ae(y, 1) = ax,ye(l, 1).

Notice that ß e J because J is an ideal and R{G} D MG(R). Thus ßxx = ax¡y e

Jd C P. We have shown that a = (ax<y) e MG{P); thus a € MG(P) n J C

MG(F) n R{G} = Pu. Hence J C Pu, showing that Pm is prime.    D

PROOF OF THEOREM 3.2. Let Px § ••• § Pn be a chain of primes of R.

Applying Lemma 3.5, we obtain

Pu C ... C pu
M)   * * rn i



240 WILLIAM CHIN AND DECLAN QUINN

a chain of primes of R{G}, where the containments are strict by Lemma 3.3. Using

Lemma 1.2 R{G} is a skew group ring (R # G)G with G = G. Now Theorem 3.1

yields P% n (R # G) # 0.

Let a be a nonzero element of P% D (R # G). Then observe that the entries of

a are in Pn since P% C MG(Pn) and, furthermore, otx%y e R(xy~x) for all x,y eG,

using Lemma 1.1. Finally, since a / 0,

O^cx^ePnnÄtxtr1)

for some x,y eG, so Pn contains a homogeneous element.    D

A graded ideal P is said to be graded prime if the product of graded ideals, which

are not contained in P, cannot be contained in P. If J is any ideal, let IG denote

the largest graded ideal contained in I. If J is a prime ideal, it follows that the

contraction IG is graded prime.

Naturally, one may examine the prime rank of R (classical Krull dimension)

in terms of the graded prime rank of R. In particular, Theorem 3.2 says that, by

factoring out PoG) a chain of at most h(G) +1 primes can contract to a given graded

prime if G is abelian-by-finite, and at most 2/l'G' primes if G is nilpotent-by-finite.

As a consequence we obtain the following corollary.

COROLLARY  3.6.   Let R be as in Theorem 3.2, and let d denote the graded

prime rank of R. Then the prime rank of R is at most:

(i) (h(G) + l)(d+ 1) — 1 if G is abelian-by-finite

(ii) 2h(°\d-Y 1) -I if G is nilpotent-by-finite.

If we assume that R is strongly graded by G, we can extend [6, Theorem 7.1].

COROLLARY 3.7. In addition to the hypotheses of Theorem 3.2, assume that

R is strongly graded by G. Then P0 D R(l) ¿PnC\ R(l).

PROOF. Consider the factor ring R — R/iP0)G. Then R is again strongly

G-graded. Thus we may assume that Pq D R(l) — 0. Theorem 3.2 now says

that Pn n R(x) / 0 for some x G G. Since 1 G R(x~1)R(x) = R(l), we have

(Pnf)R(x))R(x-1) / 0. Thus we conclude that

0/ (PnDR(x))R(x-1) cPnr\R(l).    D
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