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ABSTRACT. Let A; and A2 be (unbounded) selfadjoint operators on a Hilbert
space ¥ which commute on a dense linear subspace of ¥. To conclude that A;
and A2 strongly commute, additional assumptions are necessary. Two proposi-
tions which contain such additional conditions are proved in §1. In §2 we define
different commutants of unbounded operator algebras (form commutant, weak
unbounded commutant, strong unbounded commutant) and we discuss the re-
lations between them and their bounded parts. In §3 we construct a selfadjoint
*-representation of the polynomial algebra in two variables for which the form
commutant is different from the weak unbounded commutant.

1. Conditions for strong commutativity of selfadjoint operators. Let
} be a complex Hilbert space. As usual, we say that a bounded operator C and
a possibly unbounded operator T on H commute if CT C TC. We say that two
selfadjoint operators A; and A, on ¥ strongly commute if the spectral projections
of A; and A2 mutually commute. This is the case if and only if (A + 2)~! and A,
commute for some (and then for all) z € C\R.

In Propositions 2 and 3 and in Lemma 1 we assume the following. Let B; and
B; be symmetric linear operators and let A be a selfadjoint operator acting on the
same Hilbert space ¥ such that D(B;) C D(A) and D(B3) C D(A). We assume

that there exists a constant A such that
(1) IBigll < Al[(A+79)p| forl=1,2 and for all ¢ € D(B;).

Upon the formulation, the following Proposition 2 is due to N. S. Poulsen 5,
Lemma 2]. The author is indebted to P. E. T. Jgrgensen for this information.
Poulsen’s proof is essentially based on Nelson’s theorem on analytic domination [4,
Theorem 8]. Our proof given below uses only elementary operator theory, so it
seems to be of some interest in itself. The following lemma is used in the proofs of
Propositions 2 and 3 below.

LEMMA 1. Suppose | € {1,2}. Suppose that there is a linear subspace Dy C
D(AB)) N D(B1A) such that ABjp = BiAyp for ¢ € Dy and such that Dy is a core

for A.
Then, B, is selfadjoint and B; and A strongly commute.

PROOF. From assumption (1) it follows that there is a bounded operator X; on
X such that B;p = X;(A + i)y for o € D(B;). Since D, and so B(B;) is a core for
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A and hence for X;(A + 7), we get
B = (Xi(A+1) [ D(B))" = (Xi(A +14))" = (A-9)X].

Putting ¥; := (4 —1)|A — |1 X}, we therefore have
() B =|A—1Y,.
Since Y;* = Xj(A+14)|A—1|71, B, = X;(A+1) = Y;*|A—1| on D(B). That is, since
B, is symmetric, we have
®3) Bi=|A-iY1=Y"|A—4 on D(B).

For p € Dy,

(A+i)Bup = (A+3)|A—ilYip = |4 —i|(A +5)¥ip
=Bi(A+i)p=|A—-1iYi(A+1)p

and so (A + 7)Y, = Yi(A +7)p. Since D, is a core for A, (A +1¢)D; is dense in ¥.
Hence Y; commutes with (A+%)~1. Consequently, ¥;* commutes with (4—1)~! and
so with |A —1|. Putting this into (3), we get B; = Y}*|A—i| = [A—1|Y}* = |A—1]Y]
on D(B;). Since D(B;) is dense in ¥, Y, = Y}*.

We prove that B, is selfadjoint. For suppose that B}y = zp for some p € ¥
and for z =1 or z = —i. Then, from (2), Y;o = 2|4 — 1|~ 'p. Thus

(Yo, 0) = 2(|A = i| 1o, ) = 2|| |[A — 5|7 2p|.

Since Y; = Y}*, (Yip, p) is real and so |4 — i|~!/2p = 0. Hence p = 0. This shows
that B, is selfadjoint. .

Since B; = B} as just shown, (2) gives B; = |A—1]Y}. Since (A+1%)~! commutes
with Y}, the latter yields
(A+i)"Bi=(A+0) " A—ilYi = [A—il¥i(4— i) = Bi(A+49)"" on D(B)),
i.e., B; and A strongly commute. O

PROPOSITION 2. Suppose that there are linear subspaces D, C D(AB;)ND(B;A)
for 1 =1,2 and D12 C D(B1B2) N D(B2B;) such that AByp = BjAp for ¢ € Dy,

ByB2yp = BaByy for ¢ € D12 and such that Dy, Dz and Dy2 are cores for A.
Then By and Bs are strongly commuting selfadjoint operators.

PROOF. Because of Lemma 1, it only remains to show that the selfadjoint
operators B; and Bj strongly commute. To prove this, we use the notation and
the facts established in the proof of Lemma 1. By (3),

B B2ty = |A —1|Y1|A —i|Yz9) = B2 B1¢ = |A —i|]Y2|A —i|Y19
for 9 € D1. Since Y; and Y; both commute with A and ker |4 — 3| = {0}, this
implies that Y1Y,|A — i|¢p = Y2Y;|A — |9 for ¢ € D12. Because D5 is a core for
A Ed so for |[A —i|, |A — ¢|D12 is dense in X. TErefore, Y Y, = VLY. HexE
Y132 = YIIA - 'I.IY2 = |A - Z|Y2Y1 =_B_2Y1 on D(Bg), i.e., Yl commutei_with 32
and hence with (Bz + ¢)!. Using B; = |A —4|Y; and the fact that B, and A
strongly commute, we therefore obtain
(B2+1)"'Bi = (B +14) A~ i]Y1 = |A —i|Y1(Bz +1) "
=Bi(B2+1)~! on D(B)).

This implies that B; and B; strongly commute. 0O
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PROPOSITION 3. Suppose that there are linear subspaces Dy C D(B1Bz2) N

D(BQBI) n D(A2) and D; C D(ABl) n D(BIA) such that BiBoyp = BBy for
© € Dy and AB1y = B1 A for ¢ € D;. Suppose that Dy is a core for A® and that
Dy 1is a core for A.

Then, By is selfadjoint and (B +1)~! commutes with By. In particular, if in
addition B; is selfadjoint, then By and By strongly commute.

PROOF. From Lemma 1 we conclude that Bj is selfadjoint and B; and A strongly
commute. By (1), there is a bounded operator X2 on ¥ such that By = X5(A4 + 1)
on D(A). Note that D(A) C D(B;) because of (1).

Suppose 1 € D(A?). Since Dy is a core for A%, there is a sequence (pp; n € N)
of vectors from Dy such that ¢ = lim, ¢, and A%p = lim, A%y, in ¥. We have

for n € N,
) By(B; + 1)pn = X2(A +1)(By + ¢)pn = (B1 + 1) B2,
= (B1 + 1) X2(A +1)pn.

Since D(A?) € D((B1 +1)(A +1)) by (1), ¢n € D((B1 +i)(A +1)) for n € N.
Therefore, since B; and A strongly commute, (4) gives

(5) X2(B1 4 9)(A+1)pn = (B1 +9) X2(A+0)p, forneN.
By (1),
I(By +9)(A+9)sll < M(A+72)s|l + (A +3)s|| for ¢ € Do.

Thus, letting n — oo, the limit in (5) exists and yields

(6) X3(B1 +1)(A +1)p = (B +1)X2(A +1)p.
Substituting ¢ = (A4 + 1)~ with ¢ € D(A), (6) leads to
(7) X2(B1 +1)¢ = (By +1) X2y for all ¥ € D(A).

Since B; and A strongly commute, D(A) is a core for B;. Hence (7) holds for all
¥ € D(B;) and shows that X, and B; commute. For ¢ € D(B,), we therefore
obtain

(Bi +19) 'Bap = (B +14) ' Xa(A +1)p = X2(Br +1) (A +i)p
= X2(A+1)(B1 +1)"'e = B2(B1 +1) ',

where we used once more the strong commutativity of B; and A. Hence
(Bl +i)_lBQ C By (B, +’i)_1. 0

2. Commutants of unbounded operator algebras. We begin with some
terminology. It will be also used in §3.

Let D be a dense linear subspace of a Hilbert space ¥. An O*-algebra A on D is
a *-algebra of linear operators defined on D and leaving D invariant which contains
the identity map I of D. The multiplication in A is the composition of the operators
and the involution in A is the map a — a* :=a* | D. Supposg that A is an O*-
algebra on D. Define A1 := {a € A:||p|| < |lap|| for all p € D}, D(A) :=N,ec4 D (@)
and D*(A) := N,eq D(a*). The O*-algebra 4 on D is called closed if D = D(A) and
selfadjoint if D = D*(A). The graph topology of A is the locally convex topology
tq on D which is defined by the seminorms || - || := ||a - ||, a € A. We denote by
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Ba(D, D) the vector space of all continuous sesquilinear forms (linear in the first
and conjugate-linear in the second variable) of D|t4| x D|t4] and by L4(D, ¥) the
vector space of all continuous linear mappings of D|tg4| into ¥. If ¢ € B4(D, D),
then the sesquilinear form ¢t defined by ¢t (p,%) = c(¥, ), p,% € D, is also in
B4(D,D).

Let 2 be an abstract *-algebra with unit element 1. A x-representation of A
on D is a *-homomorphism of 2 onto an O*-algebra on D which maps 1 into the
identity map on D. A *-representation = is called selfadjoint if the O*-algebra
m(2A) is selfadjoint. As usual, we write TnM if T is a closed linear operator affiliated
with the von Neumann algebra 2.

DEFINITION 4. Let A be an O*-algebra on D. Define

¢ ={c€Ba(D,D):clap,¥) = c(p,at ) for all p,4p € Dand a € A},
A ={T € La(D,}): (Tap,¥) = (Tp,ap) for all p, € Dand a € A},
Ac={T € L4(D,}{):TD C Dand Tap = aTp for all p € Dand a € A},
A, ={TeBH):T'IDeA,} and A, ={TeBX):T|DeA}

We call A5 the form commutant, A3, the weak unbounded commutant, AS the
strong unbounded commutant, A., the weak commutant and A, the strong commu-
tant of the O*-algebra A.

REMARKS. 1. We identify an operator T on D with the associated sesquilinear
er(p, %) == (Tp,¥), p,¥ € D. Then, obviously, A7, C Af.

2. The definition of AS, can be slightly reformulated as AS, = {T' € L4(D,¥):TD
C D*(A) and Tap = (a*)*Tp for all p € D and a € A}. Hence A5 C AS, and
Al C A.,. Moreover, from the above characterization we see that if A is selfadjoint,
then AS = AS and A = A;,.

3. If A!, = A., then it follows easily that A} is a von Neumann algebra (see e.g.
[2]). In this case we write A’ for A = A.,.

4. From the definition it is clear that A% is invariant under the involution ¢ — ¢*.
In §3 we show that a similar result for AS, or AS is not true in general even not if
A is selfadjoint.

5. If AS = AS, = AS, then A€ := AS is an O*-algebra on D.

PROOF. Suppose T' € A°. Then, by the invariance of .4? under the involution
¢ — ct, (cr)t € A = AL, Hence there is a Ty € A, such that (c7)* = cp,.
Obviously, Ty = T* | D, so that T* | D € A¢. Since A¢ is an algebra of operators
leaving D invariant, this implies that A° is an O*-algebra on D.

In §3 we shall see that the selfadjointness of an O*-algebra A is not sufficient
to ensure that A; = A¢. A simple sufficient condition (which applies also to some
nonselfadjoint O*-algebras) for the equality of A and A, is given by

PROPOSITION 5. Let A be an O*-algebra on D. Supposethere is an indexed
subset {a;,j € J} of operators from A; such that a;"D is dense m H for eachj € J
and such that || - ||a,, j €3I, is a directed family of seminorms generating the graph
topology t4 on D. Then, A% = Aj,.

PROOF. (We generalize an argument used in [6].) Since always A7 C A%, we
have to prove that 45 C AZ,. For suppose ¢ € A%. Since ¢ € B4(D, D), there is an
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index j € J and a constant A such that |c(p, )| < M|aje|l |laj¥]| for all p,9 € D.
Since a; € A1, (P(@;), || - |l := |l@; - ||) is a Hilbert space. Hence there exists a
bounded operator X on X such that ¢(p, ) = (Xa;p,a;¢) for all p,9 € D. Since
aj+ € A, we have for o, € D,

(8) C(aj+90s /‘/)) = (Xaja;‘-‘pa ai¢) = C(SO, (lj’lp) = (Xaﬁoa a?d’)

Define Y (ajp) := ¢ for ¢ € D. Since a; € A1, Y is a bounded operator from
a;D into ¥. Clearly, Y has an extension to an operator from B(}) which is again
denoted by Y. Letting ¢ = aj2¢, (8) implies that (X ajaj+<p, Y¢) = (Xajp,¢) for all
¢ € a?D. Since a?D is assumed to be dense in ¥, Y*Xa;a}tp = Xajp for ¢ € D.
Thus

(o, ) = (Y*Xaja;}t p, a;9) = (Xaja; 0, Y a59h) = (Xaja] 0, ¥)

for o, € D, that is, ¢ = ¢y, ,+. Obviously, aja € L4(D,¥). Since ¢ € A5,
)
Xajat € 45. O

PROPOSITION 6. Suppose A i3 a closed O*-algebra on D and N is a von Neu-
mann algebra contained in the strong commutant A,. Let T be a closed linear
operator on X which is affiliated with M. If D C D(T) and T | D € L4(D,X), then
T De A

PROOF. Let T = U|T| be the polar decomposition of T and let |T'| = f0°° AdE())
be the spectral decomposition of the positive selfadjoint operator |T'|. Since TnM,
U € M and |T|nM. Therefore, |T|E(0,n) € M and hence T,, := TE(0,n) =
U|T|E(0,n) € M for n € N. Since M C A, we have T,,0 C D and Trap = aT,p
fora € A, p € D and n € N. Suppose ¢ € D and a € A. From Ty = U|T|p =
lim, U|T|E(0,n)¢ = lim, Trp and Tap = limT,ap we therefore conclude that
Ty € D(a) and aT'p = Tap. Since 4 is a closed O*-algebra on D, D =, 4 D(a).
Thus Ty € D and aT'p = Tap for all p € D and a € A which gives the assertion. O

PROPOSITION 7. Let A be an O*-algebra on D and let 9 be a von Neumann
algebra contained in the weak commutant A.,. Suppose T is a closed linear operator
on H such that TyN, D CD(T) and T | D € L4(D,X). Then, T | D € AC,.

PROOF. Up to the following slight modification, the proof follows the lines of
the preceding proof. Since T,, € M C 4!, we have Th,ap = a*Trpfora€ A, p€ D
and n € N. Since D*(A) = N,c4 D(a*) by definition, it follows that TD C D*(A)
and similarly as above T [ D € A,,. O

COROLLARY 8. Suppose A i3 a selfadjoint O*-algebra on D and T is a closed
linear operator on ¥ which is affiliated with the von Neumann algebra A’ (= AL =
Al,) such that D C D(T) and T | D€ L4(D,H). ThenT | D € AS = AC,.

The converse of Corollary 8 is not true in general. To be more precise, if T is a
symmetric linear operator contained in the strong (or weak) unbounded commutant
of a selfadjoint O*-algebra A, then T is not necessarily affiliated with the von Neu-
mann algebra A’. (A counterexample is described in Remark 2, in §3.) Concerning
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the latter assertion, the following condition for an O*-algebra A on D is useful:

There are an indezed set {aj;j € J} of symmetric operators from
A and an indezed set {aj;j € I} of complex numbers such that

) a;" 18 essentially selfadjoint on D for each j € J and such that
Il - lla,+a,, ) €3, 18 a directed family of seminorms generating the
graph topology t4 on D.

Conditions of a similar kind have been invented and used by Araki and Jurzak in [1].
The above condition (I) is a (slight) modification of the condition (Ij;) formulated
in [1, p. 1015].

LEMMA 9. Let A be a closed O*-algebra on D satisfying (I). Then, for eachj € J,
@; 13 a selfadjoint operator. The O*-algebra A is then selfadjoint, AG = A5 = A4S
and A, = A,. Moreover, A° := AS is an O*-algebra on D and A’ := A. is a von
Neumann algebra.

PROOF. Let j € J. Since a;0 C D, ker(a; +1) C ker((a?)* + I). Since a? is
essentially selfadjoint by (I), the latter is trivial, so that @; is selfadjoint.

The assumptions concerning the seminorms || - ||4,+a,, j € J, imply that D(A) =
Nje3 P(aj + ;). Therefore, since 4 is closed, D = (;c5 D(a@;) = (N;c5 D(a}). Hence
D = D*(A), so that A is selfadjoint.

We prove that 4G = A7, Without loss of generality we can assume that a;+q; €
Ap for each j € 3. Then —o; belongs to the resolvent set p(a@;) of the selfadjoint
operator @;. Hence —|q;|2 € p((@;)?) and X; := (@ + ;)2((@;)? + |os|?)~! is an
isomorphism of the Hilbert space ¥. Since a? is essentially selfadjoint, (a? + a?)D
and so (aj + ;)20 = X;j(a? + |o;|*)D is dense in ¥. Thus the assumptions of
Proposition 5 (with a; replaced by a; + ¢;) are satisfied and we conclude that

C — (4]
7w
The other assertions follow from the remarks after Definition 4. 0O
Under more restrictive assumptions the assertion of the following proposition

has been stated in [1, Theorem 3].

PROPOSITION 10. IfT 13 a symmetric operator from AS, then T is selfadjoint
and affiliated with the von Neumann algebra A’.

PROOF. Suppose a € A. Since T € L4(D, ¥) and t4 is generated by the directed
family of seminorms || - ||4;4«;, j € J, there is j € J and a constant A such that
law|l < All(a; + a;) ¢l and ||To|| < All(a; + a;)¢|| for ¢ € D. Moreover, by Lemma
9, @j is selfadjoint. Therefore, Proposition 3 applies (in case By = a, By = T,
A =aj;, Dy = D; = D) and shows that T is selfadjoint and that (T +1)~! and @
commute. Hence (T+:)~!D C D(a) for alla € 4. Since A is closed, D =(,c4 P(a),
so (T +1¢)~'D C D. Therefore, (T +1)~! € A’ which implies TnA’. O

3. A counterexample. In this section let 2 denote the *-algebra with unit
of all complex polynomials in two commuting hermitian indeterminants z; and z,.
Our main result in this section is

PROPOSITION 11. There ezists a selfadjoint *-representation m of A and an
operator T' € m(A)g, such that D is not contained in D(T*). In particular, m(A)§ #
m(2);

w*
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Before proving Proposition 11, we recall some notation and some facts mainly
taken from (8 and 9]. Let A and B be selfadjoint operators on a Hilbert space
X with bounded inverses X := A~! and Y := B~!. Suppose n,m € N. Let
Qnm denote the projection of ¥ onto the closed linear span of [X*,Y!|¥, where
k=1,...,nand l =1,...,m, and let Dy := X"Y™(I — Qnm)¥. By Lemma 1.2
in [8], we have

(a) XkYlp =Y!X*p for p € (I = Qum)¥, k,l,n,meN, k<n,l <m.

Put Qo = Qox =0 for £ =0,1,.... Consider the following conditions:

(Dnm if Xo € QumH for some p € ¥, then ¢ € Qr—1,mX.

(IDgm f Y € QrmX for some p € X, then ¢ € Qp m-1¥4.

Assume that (I)ym and (II)pm hold for all n,m € N. Then

(b) Do := ﬂn’meN Dnm 18 a core for both A and B. There is a (unique) self-
adjoint x-representation m of A on Doy such that n(z1) = A | Do and m(z2) = B |
Doo-

(c) For arbitrary r,s € N, ATB% | Doo = A"B® | Dys.

Indeed, (b) follows immediately by combining the results in [8, §1], with Propo-
sition 3.3 in [9]. Though (c) is not explicitly stated in [8], it follows by arguing as
in the proof of Proposition 1.5 in [8]. Let || - ||;s denote the norm on D,, defined by
Il - llrs :==||B°AT - ||. Then the argument of the proof of Proposition 1.5 shows that
(D)nm and (II)pm for all n,m € N imply that (Doo, || - ||s) is dense in (Drs, || - |Irs)-
But this is (c).

PROOF OF PROPOSITION 11. We now specialize the operators A and B from
above. Let S be the unilateral shift on the Hardy space ¥ := ¥2(T), i.e., (Sp)(z) =
zp(z) for p € ¥. Let X :=ReS,Y :=ImS, A:= X~! and B:=Y 1. It is then
straightforward to check that Q¥ = Lin{z2%,z,...,2"*™~2} and that (I)o, and
(I)pm are fulfilled for arbitrary n,m € N. Let 7 be the corresponding selfadjoint
*-representation of 2% on D which exists by (b). Define T := S*2AB | Deo.

First we prove that T' € w(2);,. Obviously, T € Ly @)(Poo, ¥). To prove that
T € w(A)%,, it suffices to show that for [ =1,2 and ¢, ¢ € Dy

(9) <T7l'($l)¢, "/}> = (TSOaW(xl)w)'

For suppose ¢,% € Dy. Since Doo C Doy, there is ¢ € (I — Q21)¥ such that
@ = X?2Ys. Further, ¢ = X¢ for some £ € ¥. By (a), o = XY X¢ = Y X?%¢. Since
¢1L2%and ¢ L 2z, S*2X¢ = XS*2¢. Therefore,
(T7(X1)p,¥) = (S**ABAp,¢) = (S*? ABAXY X¢, X£) = (X5*%¢,€)

= (S*2X¢, €) = (S*2ABY X%, €) = (S*2ABp, Ap) = (T, 7(z1)¥).

A similar reasoning shows (9) in case [ = 2.

The proof of Doo ¢ D(T*) will be indirect. Assume that Do, € D(T*). Then
R :=T"* | Dy is a closable operator on D. Because Do [tr(2)] is a Fréchet space, the
closed graph theorem ensures that R maps D [tr(2)] continuously into ¥. Since

tr(2) is generated by the directed family of norms||A"B" - ||, n € N, there is a
bounded operator Z on ¥ and n € N such that R = ZA"B" | Do. Then we have

(10) (S*2ABp, ) = (p, ZA"B™yp) for all p,9 € Doo.

From (c) it follows that (10) is valid for arbitrary ¢ € D;; and ¢ € Dp,. Since
D11 =YX(I —Q11)X and Dpp = X"Y"(I — Qnn)X, it therefore follows from (10)
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that

(S*2(I=Q11)$, X"Y™(I-Qnn)&) = (YX(I-Qu1)s, Z(I-Qnn)€) forall ¢,€ € X,
ie, (I —Q11)(S2X"Y"™ — XY Z)(I — Qun) = 0. Consequently,

(11) S2XPY™(I — Q)X C XY X + QuiX.

For k,l=1,...,n, X* and Y' commute on (I — Qn,)X by (a), hence so do S* and
S*!. Thus (11) leads to

(12) S%2(S+85*)(S—5*)(S? = S*)" 1 (I - Qun)¥ C (S+S*)(S—S*)¥ +Qu X

Using that (S + S*)¥ N Q11 ¥ = {0} (which is true by (I)11), ker(S + S*) = {0}
and the identity

S*(S+8*)(S—8*) = (S+8%)(S = 5*)(S? +Qu) + (S + §")Qu:S*,
it follows from (12) that
Qu11S* (S = S*2)" M I = Qup)¥ C(S—-S*)¥ =YX.

But Q118*(8? — §*2)" (I — Qun)2*™ ! = (-1)""12 ¢ Y X by (I);; which is the
desired contradiction. That is, we have proven that Do & D(T™).

Finally we check that 7()$ # 7();,. Since T € w();,, cr and so (cr)* is
in 7(A)$. If there would be a Ty € 7(2A)g, such that (c7)* = cr,, then obviously
Ty C T* and s0 Do C D(T™) which is the contradiction. Consequently, (%)} #
w(A),. O '

REMARKS. 1. The operator T from the preceding proof is closable.

2. Let 7 be the selfadjoint *-representation of 2 as constructed in the above
proof. Since the shift operator S is irreducible and 7(z;) = A, 7(z2) = B by (a),
it follows easily that the von Neumann algebra ()’ reduces to the scalars. Since
the *-algebra A is commutative, 7(z;) belongs to ()¢, but 7(z;) = A is certainly
not affiliated with 7(2)’.
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