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A NOTE ON MEASURABILITY AND ALMOST CONTINUITY

MAXIM R. BURKE AND DAVID H. FREMLIN

(Communicated by R. Daniel Mauldin)

ABSTRACT. We prove that it is consistent with ZFC that there exist a mea-

surable function /: [0,1] —> u>\ which is not almost continuous.

DEFINITION. If F is a topological space, a function /: [0,1] —» Y is measurable

if /_1(G) is Lebesgue measurable for each open G C Y, and is almost continuous if

for every e > 0, there is a measurable set E with pE > 1 — e, and f\& continuous.

In [2, Theorem 2B], Fremlin proves

THEOREM l. If X is a Radon measure space and Y is a metric space, then a

function f: X —► Y is measurable iff it is almost continuous.

(See [2] for the definition of a Radon measure space. All we need to know here

is that [0,1] with Lebesgue measure is such a space.)

Assuming GCH there is the following result for nonmetrizable spaces Y.

THEOREM 2 [2, THEOREM 3G]. (GCH) If X is Radon andç is an ordinal

(with the order topology), then every function f: X —► ç is measurable iff it is almost

continuous.

What happens to Theorem 2 if GCH is dropped is left open in [2] even when

X — [0,1], c = wi. In this paper we show that Theorem 2 can fail in this case:

THEOREM 3. 2/c = 2N° = 2Hl and there is a collection {Nf. £ > c} of null (=

Lebesgue negligible) subsets of [0,1] such thatVL E [c]Wl, Uçez, ^í = [0>1] > ^xen

there is a function f: [0,1] —> wi which is measurable but not almost continuous.

REMARK. The hypothesis of Theorem 3 holds in the model obtained by adding

2Hl Cohen reals to a model of ZFC. (The collection {Nf. Ç < c} is obtained by

taking the translates of a fixed null comeager set H by the elements of a Luzin set

of size c. See [1].)

PROOF OF THEOREM 3. Let (Cf. £ < c) enumerate the club subsets of Wi.

We define a collection {E„ '■ n < wi} of null sets satisfying

(i)Vr/<wi {E„CNn),

(ii)V£<c(Un€Ct2^D[0,l]\2v€),
(iii) Vr/, rf < wi, irj # r¡' => En n En> = 0).
Given x E [0,1], let A{x) = {£ < c: x £ Nç} U {0}. This is a nonvoid countable

set. Let n(x) be the least member of f)eeA(x) ^£ s-t- x e Nvtx). Define E„ = {x E

[0,1] : n = n(x)}. It is easy to check (i), (ii), and (iii).
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Now define /: [0,1] -> cj, by /_1({r;}) = E„. By (ii), /_1(C) is measurable

when C is closed, and thus / is measurable. But / is not almost continuous since

if K is compact, pK > 0, and /|k is continuous then f(K) is a compact subset of

tjji ; thus f(K) is countable and so K is a countable union of null sets, contradicting

pK >0.
This completes the proof.

REMARK. J. Cichoñ has pointed out that the function / can be constructed so

that f~l(A) is null iff A is nonstationary: Let {B1: 7 < c} be a decomposition of

[0,1] into disjoint Bernstein sets, let (S^ : 7 < c) enumerate the stationary subsets

of uii. Then in the proof above choose n(x) from flfe^ix) CçDS1 where 7 is chosen

so that x E B1.
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