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ABSTRACT. This paper gives conditions on a mapping F : U x R* —> Kp

(U C K" open, K = R or C) such that the family Ft_1(0) is a topologically

trivial family (i.e., does not change topologically as ( £ R* varies). As an

application an easy proof is given of a counterexample to a conjecture of Thom

concerning the number of topologically different realizations of a given jet.

1. Introduction. Let K denote the field of real or complex numbers and let

U be a neighborhood of 0 in K". Given a continuous map F: U x R* —» Kp

and t in Rfc, we define Z(F) = F"1^), Ft: U -* Kp, Ft = F(-,t) and Z(F)t =

Ft_1(0). We think of t,F and Z(F) as parameter, family of maps and family of

varieties, respectively. The goal of this note is to give sufficient conditions for Z(F)

(respectively F) to be locally topologically trivial at the origin. More precisely,

given a point in in Rfe and a relatively compact neighborhood Vq of to, we are

interested in finding a neighborhood Uq of 0 in U and a continuous map a : Ho x Vn —►

U such that for each t in Vb the map ot = o(-, t) sends 0 onto 0, homeomorphically

transforms f/0 onto at(Uo), a¡~1(Z(F)t) — U0 fl Z(F)to (respectively Ftoot = Fto

on i/o) and ato is the identity map from Uo onto itself.

Even in the best understood case, for p = 1 and under strong conditions imposed

on F, the problem is far from solved. Assume that F is of class C°° and for each t

in Rk, Ft : U —» K is a polynomial function having an isolated critical point at 0.

Then, by the results of Le and Ramanujam [8] and Timourian [12], respectively,

the families Z(F) and F are locally topologically trivial at the origin, provided

K = C and n jé 3. The corresponding result holds in the real case, thanks to

King's theorem [5], for n < 3 and is false for all n > 5. Clearly, in the real

case, it is necessary to impose further restrictions on F. Following other authors,

Damon [3, 4], Oka [9], we consider here families which are deformations of a quasi-

homogeneous polynomial map (cf. §2 for details).

Other papers related to this one are those of Buchner et al. [2] and Percell and

Brown [10].

The main results are Theorems 2.3 and 2.5. §2 also contains some examples.

2. Deformations of quasi-homogeneous maps. Let a = (ax,... ,an) be

an n-tuple of positive integers and let 7 be a positive integer. A polynomial

function P: K" —► K is said to be of type (a; 7) if P is a K-linear combina-

tion of monomials x%x ■ ■ ■ xl¿ for which axix + • • ■ + otnin = 7. Given an analytic

function-germ /: (Kn,0) —» (K,0), we define w(f,a) to be the minimum of the
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integers a\ix + ■ ■ ■ + anin such that the monomial xlx ■ ■ ■ x]? appears in the Tay-

lor expansion of / at 0 with a nonzero coefficient. Now let a — (ax,..., an) and

ß = (ßi, ■ ■ ■, ßp) be an n-tuple and a p-tuple of positive integers. A polynomial map

Q = (Qi,- ■ ■ > Qp) '■ Kn —♦ Kp is said to be of type (a; ß) if for each j = 1,... ,p,

Qj is of type (ot;ßj).

We need two more concepts.

DEFINITION 2.1. A polynomial map Q: K" —»• Kp is said to be nondegener-

ate (resp. strongly nondegenerate) if for all x in <2-1(0)\{0} (resp. Kn\{0}) the

derivative dxQ is surjective.

Note that if <2-1(0)\{0} ^ 0, then nondegeneracy requires n > p — 1.

DEFINITION 2.2. A map F: U x R* -»• Kp, where U is a neighborhood of 0 in

Kn, is called admissible (resp. strongly admissible) for (a;ß) if F can be written

as F = Q + G with Q, G: U x Rfc —► Kp satisfying the following conditions:

(i) the j'th components Qj and Gj of Q and G, resp., are of class C2, Gj,

dGj/dta, d2Gj/dtadtq, s, q = 1,..., k, are of class Cr> in the a;-variable, where r3- >

max{ßj/ax,..., ßj/an} and all derivatives in the x variable up to order Tj of Gj,

dGj/dts, d2Gj/dtsdtq are C° in (x,t);

(ii) for each t in Rfc, Qt = Q(',t) is the restriction to U of a nondegenerate

(resp. strongly nondegenerate) map of type (a;ß) and, moreover, Gt = G(-,t) is

holomorphic if K = C;

(iii) w(Tr>-1Gj(-,t),ot) > ßj for all t in W and j = 1,... ,p, where Tr(-) de-

notes the Taylor polynomial (with respect to the variable in Kn) at 0 of degree r.

(Note that w(Tr'Gj(-,t),a) > ßj is also satisfied, since, by the inequality in (i),

w(x\1 ■ ■ ■ xl¿) > ßj if ii H-1- in > rj.)

Our main result is the following.

THEOREM 2.3. Let F: U x Rfc —* Kp be an admissible (resp. strongly admis-

sible) map for (a;ß). Then given a point to in Rfc and a relatively compact neigh-

borhood Vo of to in Rfc, there exists a neighborhood Uo ofO in K" and a continuous

map a: Uo X-Vo —* U such that for each t in Vo, ot sends 0 onto 0, transforms

homeomorphically i/n onto crt(Uo), cTt-1(Ft_1(0)) = UonF^1^) (resp. Ftoot = Fto

on r/n) and ato is the identity map from Uq onto itself. In other words, the family

of varieties Z(F) (resp. the family of maps F) is locally topologically trivial at the

origin.

Now we shall point out one application of Theorem 2.3. It is known that Thorn's

conjecture [11], stating that an r-jet w in Jr(n,p) admitting two topologically

different realizations (i.e., for which one can find two map-germs f,g: (Rn,0) —»

(Rp, 0) whose r-jets are equal to w and g is always different from t o / o a, where

a: (R",0) -► (Rn,0) and r: (Rp,0) ~> (Rp,0) are local homeomorphisms) has

actually infinitely many topologically different realizations, is true if p = 1 and

C or Cr+1 realizations are allowed [1]. The conjecture is false if we only allow

Cr+2 realizations [7]. In the example that follows we show that the arguments of

[7], involving the complexifications, computation of Milnor numbers and a delicate

theorem of King [5], can be simplified by applying Theorem 2.3.

EXAMPLE 2.4. Consider the 6-jet w = xf — 3ziZ2 (we identify an r-jet with its

unique polynomial realization of degree not exceeding r). Let /: (R2,0) —► (R,0)

be a C8 function-germ whose 6-jet is equal to w. We claim that there exists a local



TOPOLOGICAL TRIVIALITY OF A FAMILY OF ZERO-SETS 701

homeomorphism a : (R2,0) —* (R2,0) such that /o<j = w + cx\ for some c in R and

a local homeomorphism <jc : (R2,0) —► (R2,0) for which (w + cx\) o oc = x\ + x\

if c ^ 0. Note that since the set-germs at 0 of {z € R2\w(x) = 0} and {x E

R2|if-r-ij = 0} are n°t homeomorphic, w admits exactly two topologically different

C8 realizations. To prove the claim define F(x, i) = w(x)+cxl+t(f(x)—w(x)—cxl),

where c is the coefficient of x\ in the Taylor expansion of / of order 7. Note

that F is strongly admissible for ((5, 2; 15) if c = 0 (with Q(x,t) — w(x) and

G(x,t) = t(f(x) - w(x))) and for ((7, 3); 21) if c ¿ 0 (with Q(x,t) = x\ + cx\
and G(x,t) = —3xix| + t(f(x) — w(x) — cx\)). In both cases there exists a local

homeomorphism a: (R2,0) —► (R2,0) with /ocr = /r'1ocT = Fo = w-l- cx\. If

c/0, define H(x,t) = a;f + cx\ — 2>txix\. Since H is strongly admissible for

((7, 3); 21) (with Q(x, t) = xx + cx\ and G(x, t) = Stxix^), there exists a local

homeomorphism tc : (R2,0) —» (R2,0) satisfying (w + cxl) o rc — Hx o tc = Ho =

if + cxl- It suffices to take ac = tc o 7, where 7(1) = (xx, c~l^x2).

Let q and m be nonnegative integers with q+m = n. Denote by y and A variables

in K? and Km, respectively.

THEOREM 2.5.   If condition (ii) in Definition 2.2 is replaced by

(ii') for each t in R*, Qt is the restriction to U of a polynomial map of type

(a;ß), the partial derivative of Qt with respect to y is surjective for all (y,X) in

(9t"1(0)\{0} (resp. Kn\{0}) and, moreover, Gt is holomorphic ifK = G,

then under the assumptions of Theorem 2.3 each homeomorphism oí is of the form

°t(y,X) = (öt(y,X),X).

After giving the proof of 2.3 we will explain the modifications needed to prove

2.5.
The following example shows that a result in [10] can be inproved upon by

application of Theorem 2.5.

EXAMPLE 2.6 [10]. Let f(yi,y2,X) = (y2 + Xyx,y2x +Xy2) and g = f + h, where
h = (/ii, A3), hi is of class C4 and h2 is of class C5. Assume that w(T3hi, (2,3,1)) >

3 and w(T4h2, (2,3,1)) > 4. Then there exists a local homeomorphism a: (R2 x

R,0)-> (R2xR,0)oftheformcr(2/,A) = (cf(y, A), A) such that /_1(0) = o(g-1(0)).

To show this it suffices to apply Theorem 2.5 to the family F(y,X,t) = f(y,X) +

th(y, A) which is admissible for ((2, 3, 1); (3, 4)) (with (ii') in Definition 2.2 instead

of (ii)). Note that [10] gives the same conclusion under the stronger assumptions

T3hi = 0 and T4h2 = 0.

3. The proof of Theorem 2.3. This section is devoted to proving Theorem

2.3. Clearly, the complex case follows from the real one, so we assume K = R.

Without loss of generality we may assume that in = 0 and that Vo = the cube

(—L,L)k for some positive real number L. Let 5n_1 be the unit sphere in R" and

let £ > 0 be chosen in such a way that the map <f>: 5n_1 x (s, e) —* R" defined by

ip(xi,...,xn,r) = (raixi,...,ra"xn)

has values in U.

For each j = l,...,p define H3■: 5n_1 x (—e,e) x R* —► R by Hj(x,r,t) =

r~P'Gj(4>(x, r), t) for r ^ 0 and Hj(x, 0, t) = 0. Conditions (i) and (iii) of Definition

2.2 imply that Hj, dHj/dx¡ and dHj/dts, I = 1,..., n, s = 1,..., k, are at least
of class C1 and are equal to 0 if r — 0 (this is obvious if Gj is of class C°°, for
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then Hj, dHj/dxi and dHj/dts are also of class C°° and it requires a lengthy but

straightforward computation if Gj merely satisfies the differentiability conditions

(i)). Let Eij be the pxp matrix whose entry in the ith. row and jth column is equal

to 1 and all other entries are equal to 0. Let it: Sn~x x (—e, e) x R* —► Sn_1 x Rfc

be the projection and let A be the p x (p2 + n) matrix whose columns consist of

the columns E^ ■ (Q oír + H) (product of p x p matrix by p x 1 matrix) and the

columns of the pxn matrix C = ((dQj/dxi) o ir + dHj/dx¡). Finally we denote by

A* the matrix whose columns consist of the columns E^ ■ (Q ott) and the columns

of C* = ((dQj/dxi) o 7t). (In the above, i,j = l,...,p and I = 1,..., n.)

Note that all entries of A are C1 functions in the variables (x,r,t). By the

nondegeneracy condition, A* has rank p at each point in ¿>n_1 x (—e,e) x Rfc and

hence A has the same property when e is chosen suitably small and Rfc is replaced

by a compact set which we take to be [—L — 6,L + 6}k. It follows that the column

((dQ/dtk) on + (dH/dtk)) is a linear combination of the columns of the matrix A

with coefficients which are C1 functions on Sn_1 x (-£, e) x (—L — 6, L + 6)k. Thus

(3.1) ^.07r + ^.^B.(Q0n^H) + C.u
Otk Otk

where B is a pxp matrix with C1 entries and u is an n-vector with C1 components

Ui,...,un. Note that if F is strongly admissible, then, by the same argument as

above, the matrix C has rank p at each point in 5n_1 x (—e, e) x [—L — 6, L + 6]

and we may assume that B is the zero matrix. Now multiply the ith component of

(3.1) by r*. By definition of Hj,

dF
(3.2) Qf(1>fa»•), t) = B(x,r,t) ■ F(tp(x,r), t) + dHx,r)Ft(w(x,r,t))

on S""1 x ((-£-,0) U (0, e)) x (-L - 6,L + 6)k where B(x,r, t) is a p x p matrix

with entries which are C1 on Sn_1 x ((-e,0)U(0,£)) x (-L-6, L + 6)k and where

the ith component Wi(x,r,t) of w(x,r,t) is equal to ra*u¿(x,r,t) which is C1 on

S"-1 x (-e, e) x (-L - 6, L + 6)k.

Now (3.2) can be rewritten as

ñF
(3.3) —(x,t) = B(<tp-1(x),t)F(x,t)+dxFt(w(ip-1(x),t))

Otk

where x € ip(Sn~1 x (—e,£))\{0}. We can regard w(tp~1(x),t) as a vector field on

V>(Sn_1 x (-£, e))\{0}. We choose to regard it as a time dependent vector field,

with tk being the time variable and (tx,..., tk-i) being a parameter. We wish to

integrate this vector field, i.e. solve

drk(x, t)/dtk = -wt o ^(^(x, t)),

c(x,ti,...,tk-i,Q) = x.

Suppose, for the moment, that £k, 6k and Tk can be found such that 0 < £k < £,

0 < 6k < 6 and rk is a mapping from

(VKS"-1 x (-£fc, £*))\{CJ}) x(-L-6k,L + 6k)k - ^(S"-1 x (-£, e))\{0}

satisfying (3.4). Let

Tk : MS""1 x(-£k, £*))\{0}) x (-L -6k,L + 6k)k - GL(p,R)

(3-4) 1 ,kl
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be the solution to

i dTk(x,t)/dtk = -Tk(x,t)-B(^-1(rh(x,t)),t),

\ Tk(x,ti,... ,tk-i,0) — ¿"(identity pxp matrix).

The equations (3.3), (3.4) and (3.5) together :mply

£-(Tk(x,t)-F(rk(x,t),t)) = 0

from which it follows that

Tk(x,t)-F(Tk(x,t),t) = F(x,ti,...,tk-i,0).

In case F is strongly admissible, Tk(x, t) can be taken to be E because in that case

B, and hence B, can be taken to be the zero matrix.

It will also be shown, in the course of the construction of rk(x, t), that if rk(0, t)

is defined to be 0 then r*: V(¿>"_1 x (~£k,£k)) ~* ^(S*1-1 x (—e,e)) is a homeo-

morphism.

Granted this, (2.3) follows by induction with respect to the number of parame-

ters.

To prove the claims made about rfc it is convenient to lift the vector field u>toi/>_1

to Sn~1 x ((-£,0) U (0,£)). It will be shown that the lifted vector field has a

C1 extension to 5"_1 x (—£,£) which is tangent to 5n_1 x {0} at all points of

5n_1 x {0}. Assume this has been done. Denote the lifted vector field by £t.

Consider solving the equations

f dfk(x,r,t)/dtk = -c¡t(fk(x,r,t)),

\ fk(x,r,ti,...,tk-i,0) = (x,r).

This has a C1 solution on 5n_1 x (-£k,£k) x (-L - 6k,L + 6k)k for suitable

0 < £k < £ and 0 < r5fc < <5. Furthermore, fk is a C1 embedding 5n_1 x (-£&, £jt) —*

5n_1 x (-£,£) suchthat

(3.6)

fk(Sn~l x {0}) = 5"-1 x {0},    t*(S—» x (0,£fc,)) c 5"-1 x (0,£)

and
f(fc(5"-1x(-£fc,0))cS"-1x(-£,0).

If we define rk by rk = ipofk o?p_1 on t/)(5"-1 x (0,£fc)) then rtfc satisfies (3.4) and

has all the desired properties.

Only the C1 extension of the lifting remains to be shown. Recall that

wt(x,r) = (raiux(x,r,t),... ,ra"un(x,r,t))

where each u» is C1 on S"-1 x (-£,£) x (—L — 6,L + 6). The vector field tit is the

solution of d(i,r)V'(6) = wt(x,r). If we identify the tangent bundle of Sn~l with a

subbundle of the trivial bundle Sn_1 x Rn then the equation for £t becomes

rCt\ 0 0 axxxr ai-l

0       0 anxnr
Ctn-l

ei* raiui(x, r, t)

ra"un(x,r,t)

xi     x2    ...    xn 0        J  L£(n+i)tJ       L 0

In solving for each £¿t by Cramer's rule we see that the denominator is the product

of r(2_j a*)_1 and a nonvanishing term and the numerator has a factor of r(^¿ a')~1_
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This proves that £t has the claimed C1 extension. Finally we observe that in using

Cramer's rule for £n+i we obtain a factor of r^-n a< in the numerator, thus justifying

the claim that the extension is tangent to S"-1 x {0}.

4. The proof of Theorem 2.5. We proceed exactly as in the proof of 2.3

except that we make the following additional observtion: The px (p2 + q) matrix

whose columns consist of the columns Eij-(Qon) and the columns of ((dQjfdyi)on)

(i,j= 1,..., p and I = 1,... ,q) has rank p. Hence we will again obtain (3.1) but can

assume uq+i,... ,un are all identically zero. When we solve (3.4) (with x = (y, A)),

we will find the last m components of rfc are constants and must therefore be A, by

the assumption of the initial condition.

5. Alternative proof of 2.3 suggested by referee. We now outline a second

approach to Theorem 2.3 suggested by the referee and using the papers [5 and 6] by

H. King. We consider F(cj>(x,r),t) = F(raixi,... ,ra"xn,t) withx = (xx,... ,xn) G

Sn_1 and r > 0. By (iii) we can write

F(ra'x1,...,ra"xn,t)

= (r^Qi(x,t) + r^+1Gx(x,r,t),...,rß"Qn(x,t)+rß"+1Gn(x,r,t))

where Gj(x, r, t) is Cr' on S"-1 x (0, oo) for each t and C° on S""1 x [0, oo) x Rfc.

It follows that if t € Vn, F(4>(x, r),t) =0 and r is small then x is close on Sn~x to

a zero of Qt- Now, from (ii) we have d(x^(Qt ° (f>): Trx%r\(Sn~1 x (0, oo)) —► Rp is

surjective if (Qto<j>)(x,r) = 0. From this and the quasihomogeneity of Qt, it follows

that dxQt: TxSn~1 —► Rp is surjective whenever Qt(x) = 0. Hence, for small r, we

have dxQt is surjective whenever i € Vn and F(<p(x,r),t) = 0. Next, we compute

dx(Ft o <pr) = (rß"dxQht + rß> + 1dxGx,rtU ..., r0»dxQn¡t + rß" + 1dxGn,r,t)-

Now it follows from the assumptions that dxGjtT¿ extends continuously to r = 0 and

hence is bounded for r small, t € Vn and x € 5n_1. We conclude that dx(Ft o </>r)

is surjective for r small, t € Vn and x € ¿>n_1 and Ft o <pr(x) = 0. This shows that

{(x,r) E S"-1 x (0,oo)|.Ft o (pr(x) = 0} is a submanifold of 5n_1 x (0,oo) when r

is small and t € Vn and this submanifold is transverse to each 5n_1 x {r}.

In R" the above argument shows the following for the mapping F: There

is a neighborhood of 0 in R" of the form U — {(xi,... ,xn)\(xi/£ai)2 + ••■ +

(xn/£Qn)2 < 1} such that for every t S V0, (Ff1^) n U)\{0} is a submanifold of

Rn\{0} transversal to every ellipsoid of the form {(xi,... ,zn)|(a;i/rai)2 + ■ • • +

(x„/ra")2 = 1} for r < £ and such that (F-x(0) D (U x Vo))\{0} x V0 is a C2

submanifold.

Let now r(xi,...,xn) be the r-component of the inverse of (¡>(xi,... ,xn,r) =

(raixi,... ,ra"xn). The transversality assertion is equivalent to the assertion that

r restricted to (Ft_1(0) D J7)\{0} has no critical points. Consequently, the map

(?7\{0}) x Vb —► (0,£) x Vn given by (x,t) —► (r(x),t) is a C2 submersion which

restricts to a C2 submersion from (F_1(0) n (U x V0))\{0} x V0 to (0,e) x V0.

Since the submersion is also proper it follows from the Ehresmann fibration theo-

rem that (£/\{0}) x Vn is a locally trivial fibration over (0, £) x Vn in such a way

that (F-1(0) PI (U x Vo))\{0} x V0 is a sublocally-trivial fibration over (0,e) x V0.

There is no loss in generality in assuming Vn is contractible. Hence, these fibrations

are actually topologically trivial. Choose 0 < r0 < £ and let Ero be the ellipsoid
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{(xi,...,xn)| 5Dt(x«/r0<)2 = !}• There is a homeomorphism <ß: (U\{0}) x Vo —►

(0, £) X Ero x Vo of the form (x, t) —► (r(x), £(x, t), t) which restricts to a homeomo-

prhism

f-!(o)n(Ux Vo)\{0} x Vo - (o,£) x (Ft-^o)ni;ro) x Vo.

So, the mapping 7t: x t-» (r(z), £t(a;)) is a homeomorphism i/\{0} —♦ (0, £) x Ero

mapping (Ft-1(0) fl U)\{0} onto (0,£) X F^(0) n Ero. It suffices now to define ot

by 7t_1 ° Ito on U\{0} and <rt(0) = 0.

The above argument proves the admissible version of 2.3. The strongly admissi-

ble version now follows by applying Theorem 1 of the paper [5] by H. King, which

gives a criterion (easily seen to be satisfied in our case) for when topological trivi-

ality of the family of germs of zero sets is equivalent to topological triviality of the

family of germs of the mappings.

It is not clear to us if it is possible to modify the above procedure to give a proof

of 2.5.
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