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SMOOTHING CURVES BY
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GIORGIO BOLONDI

(Communicated by Walter Littman)

ABSTRACT. We give smoothing theorems for singular projective curves, by

using curvilinear sheaves. This allows us to smooth reducible curves obtained

by liaison addition.

1. Introduction and preliminaries. Several authors (classical and modern)

used reducible curves in order to get, by smoothing, smooth curves. For example,

[HII, HH, HI2, BE, SER] and others developed for this aim smoothing techniques

(see [HH] for a general insight on this problem).

In this paper we show a way of using reflexive sheaves of a particular kind called

"curvilinear" in order to get smoothing results; our techniques allow us to avoid

the use of the normal bundle, which is sometimes difficult to handle (and which

is needed in other known smoothing techniques). They seem to work very well in

smoothing liaison addition; they have been already used in constructing smooth

minimal models of curves in fixed liaison classes [BM],

In some way, these techniques go in the opposite direction than the papers quoted

above, since we need very special curves, whilst they need curves with a low special-

ity index. But for several applications (for instance in smoothing liaison addition

and for r-regular curves, in the sense of [GLP]) this is a natural situation.

We conclude by giving several applications and examples in the first cases.

We are concerned with nodal curves in P|, where k is an algebraically closed

field, that is to say reduced curves with only ordinary double points. We refer to

[HH] for a general discussion of the definition of a smoothable curve.

DEFINITION 1.1. A rank-two reflexive sheaf T on P| is said to be curvilinear if

it has the following property: T(s) globally generated => the zero set of a general

section of 7{s) is a smooth curve.

The central result about rank-two reflexive sheaves on P^ is contained in [HA]:

there is a correspondence between pairs {7 sheaf, global section) and pairs (Y

curve, section of a;y(ci(/))), where "curve" means a locally Cohen-Macaulay curve

Y generically locally complete intersection, and the section of ujy{ci{7)) generates

this sheaf except at finitely many points.

Hirschowitz [HI2] proved the following.

PROPOSITION 1.2. Let Y be a curve and f a section of wy(4 - p) which gen-

erates this sheaf in a neighborhood of the singular locus of Y. Then the sheaf

associated to the pair (Y, f) is curvilinear.
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We recall something about "liaison addition". We call Hartshorne-Rao module of

a curve Y the module M(Y) = ®n H1(Pf:, Iy (n)). Liason addition is a procedure,

introduced by Schwartau in [SCH], which allows us to get, starting from two curves

Y and Z, a new reducible curve X whose Hartshorne-Rao module is M(X) =

M(Y)(s) © M(Z)(t), where s and t are positive integers. It works as follows: let

Ss be a surface a degree s containing Z and Et be a surface of degree t containing

Y, andletC = £sn£t. If X = YUZuC, then M{X) = M{Y){-s) ® M(Z)(-t).

2. The general statement.

THEOREM 2.1. Let X c P| be a nodal curve (maybe reducible) such that

there exists Ç € H°(X, wx(-i)) different from zero on the singularities of X, and

hl(P\, Ix{t + 3)) = 0 = h2(P3k, Ix{t + 2)) for some t > -2. Then there exists a

family of curves (to which X belongs) parametrized by an open subset of Y such

that the general curve Y is smooth and hl(P\, Ix(n)) — hl{P\, lY(n)) for every i

and n.

PROOF. Let us suppose t even, t — 2p (p > — 1). We can associate a reflexive

sheaf 7 with Ci( J) = 0 to the pair (X, £) by means of the exact sequence

(*) 0^Op3(-p-2)^ 7-* Jx(p2)^0

since £ G H°(X,wx(-t)) = tf°(A>x(4 - 2(p + 2))).

Thanks to Proposition 1.2, 7 is curvilinear. From the long exact sequence as-

sociated to (*), we get hl(P3k,7(p+ 1)) = /^(Pg, Jx(2p + 3)) = 0, and 0 -*

H*(Pl,7(p)) - H2(Pl,Ix(2p + 2)) -+ Jf/3(P3fc,0pa(-2)); hence ^(Pf,/(p)) =
/i2(P3,Jx(2p + 2))=0.

On the other hand, by Serre's duality [HA], h3 (P3., 7(p-1 )) = h°(P|, 7(-p-3)),
and this last group vanishes since, in the exact sequence

0 - ^(P3, CV(-2p - 5) - H°(Pl 7(-p - 3)) -, H°(Pl Ix(-1)),

we have the first and the third groups equal to zero.

So, we can apply to 7 the lemma of Castelnuovo-Mumford: F(p + 2) is globally

generated; therefore the zero set Y of the general section of 7(p + 2) is smooth.

Remark that two sections s and s' of 7(p + 2) have the same zero set if and

only if s = As' for some A €E k*\ therefore we have an injective morphism from

P(H°(P\, 7(p + 2))) to the Hilbert scheme of closed subscheme of P3.. The general

element of P(H°(P3:, 7(p + 2))) corresponds to a smooth curve, whilst a particular

element corresponds to X.

The statement about the cohomology groups follows immediately from the exact

sequences

0-+ 0p*(-p-2)-> 7 -> Jx(p + 2) ^0

and

0— 0p3(-p-2) — 7 ^ Jy(p+2)-^0.

If t is odd we can use a sheaf with ci = —1.

3. Application to liaison addition. The previous general proposition has

several applications; indeed, it works well in "smoothing" liaison addition (a pro-

cedure which by definition gives reducible curves).
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DEFINITION 3.1 (see [GLP]). A curve X C P3 is said to be n-regular if

h2(P\, Ix(n - 2)) = hl(P\,Ix(n - 1)) = 0. A curve X is said to be strongly

n-regular if it is n-regular and h2(P\, Ix(n — 4)) / 0.

If a curve is n-regular, then for every p>n the sheaf Ix(p) is globally generated,

and X is cut out in P3 by hypersurfaces of degree n. We can get strongly n-regular

curves, for instance, from suitable sections of a reflexive sheaf with seminatural

cohomology (see [HI2]). Moreover, strongly n-regularity is a common situation for

curves minimal in their liaison class (see [BM]).

THEOREM 3.2. Let Y,Z C P3. be smooth curves such that Y is strongly s-

regular and Z strongly t-regular. Then it is possible to "add by liaison" Y and Z

(first moving them in P| if necessary) by means of £s D Y and £t D Z in such a

way that X = Y U Z U (£s fl T,t) is smoothable.

PROOF. We have

0 ¿ h2(Pl IY(s - 4)) = h'(Y, Oy(s - 4)) = h°(Y,u;Y(4 - s)),

0 ¿ h2(P3k, Iz(t - 4)) = h\Z, 0z(t - 4)) = h°(Z,ujz(4 - t)).

We fix nontrivial sections f G H°(Y, wy (4 -s)) and?? G H°(Z,uz(4-t)). IY(s)

and Iz(t) are globally generated (thanks to Castelnuovo-Mumford); therefore there

exist a smooth surface £s D Y (deg£s = s) and another on £( D Z (deg£t = r);

changing, if necessary, the position of Y or Z in P3., we can suppose that YCiZ — 0

and that C — £s fl £( is smooth and cuts Y and Z transversally in points where £

and n are different from zero.

The restriction morphism

p: H°(Pl, Op3(t + 8-4))-* H°(C, 0c(t + s - 4))

is surjective, since C is a complete intersection. Let AT = FU.ZuC;Xis therefore

the curve obtained by liaison addition from Y andZ by means of £s and £j. The

following restriction map is surjective also:

r: H°(X, 0x(t +8 -4)) -» H°(C, 0c(t + s - 4)).

But this morphism r is the dual map of the morphism

tt: //1(C,wc(4 - S-t)) -* H1(X,ujx(4 - s - t)),

which therefore turns out to be injective (see for instance [CO, Lemma 1.3]). There

is an exact sequence

0 —> u>c —* ux —* t¿x | Yuz —* 0

(see again [CO, lemma cit.]) from which we get a long exact sequence

H°(X,ux(4 -s-t))^ H°(X,ujx(4 - s - t){YuZ)

- Hx(C,uc(4 -8-t))¿* H1(X,ujx(4 - s - t));

therefore the restriction map 6: H°(X,wx(4 -s-t)) —» H°(X,ujx(4- s - t)\Yuz)

is surjective. But we have the following sheaf isomorphisms:

uix(4 - s - t)\Yuz - <^x(4 - s - t)\Y © ujx(4 - s - t\z

= [loy(4 - s - t) <g> 0Y(t)] ® [u>z(4 - s - t) <8> 0z(s)} S Wy(4 - s) © uz(4 - t).
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Let ¡p G H°(X,ljx(4 -s-t)) be such that 6(<p) = £ ©n G u>Y(4 - s) ®uiz(4- t);

ip is a section of tox(4 — s — t) which is different from zero on SingX.

Now we want to prove that

h1 (Pi, Ix(t + s -1)) = 0

In fact,

H1 (P3, lx(t + s-l)) = H1 (PL IY(s

Moreover,

Ozuy(-(Y uz)nC) = 0Y(-Y nC) © 0Z(-ZnC) = Oy(-i) © 0z(-s)

and the restriction morphism H°(X, 0x(t + s - 2)) -* H°(C, 0c(t + s - 2)) is

surjective. Therefore from the exact sequence

0 -> 0ZijY(-(Y uz)nc)->ox^oc^o

we get a long exact sequence

0 -* ^(F, Oy(s - 2)) © Hl(Z, 0z(t - 2))

-^ i*1^, Ox(i + s - 2)) - ff^C, Oc(í + s - 2)) -»0.

Since it is

//'(F, Öy(s - 2)) S tfx(Z, 02(< - 2)) = Hl(C, Oc(t +8 - 2)) = 0

(C is a complete intersection of surfaces of degrees t and s), H1(X, 0x(t + s — 2))

is zero too. Now we can apply Proposition 2.1: X is smoothable.

REMARK 3.3. This procedure was applied in [BM] in order to construct for

every n a smooth minimal curve with Hartshorne-Rao module concentrated in one

degree and of dimension n, minimal (in various senses) in its liaison class. This

was performed by induction, "adding" at every step a pair of skew lines, and then

smoothing the reducible curve thus obtained.

Let us call Yn this curve, and let Z be a smooth maximal rank sextic curve of

genus 2 or 1. It is contained in a smooth surface Q4 of degree 4. It is possible

to add by liaison Yn and Z by means of Q4 and of a smooth surface of degree 2n

containing Yn, and then to apply the previous proposition. The result is a smooth

connected curve of degree 2n2 + 8n + 6.

4. Applications to nodal unions of curves. Other applications of our gen-

eral statement can be found in smoothing nodal unions of curves; in particular we

can prove the following proposition (where the roles of Y and Z are not symmetric).

PROPOSITION 4.1. Let Y and Z be smooth curves with transversal intersection,

X = Y UZ, D = Y DZ. Suppose that H°(X, 0x(n)) -» H°(Z, 0z(n)) is surjective,

that there exists a section t] G H°(X, ojx(—n)|y) different from zero on D and that

hl(Pl,lx(n + 3)) = 0 = h2(P\,Ix(n + 2)). Then it is possible to apply to X

Theorem 2.1.

PROOF. With these hypotheses, it is enough to find <p G H°(X,wx(—n)),

different from zero on SingX = D. But it is possible to prove (as in Theorem 3.2)

that the restriction map 6: H°(X,u)X(—n)) —» H°(X,u>x(—n)\Y) is surjective; so

we can choose a section <p G H°(X,ujx(—n)) such that b(<p) = £.

A first application of this result is in smoothing curves with a line attached at p

points; this problem was studied (with different techniques) in [HH and BE].

= h2(Pllx(t + s-2)).

-l))®H1(Pl,Iz(t-l))=0        [SCH].
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COROLLARY 4.2.   Let Y be a smooth connected curve such that

hl(P\, IY(p+ 1)) = 0 = h'(Pl IY(p - 2)),     h\Y, 0Y(p)) = 0,

Z a line meeting Y transversally in p points, and Y U Z = X such that

h°(Pl Ix(p + 1)) = h°(P3, IY(p + 1)) - 2.

Then X is smoothable (in the sense of Theorem 2.1).

PROOF. Let as usual D = Y(~)Z. We prove that Y and Z satisfy the hypothesis

of 4.1, with n = p — 2. Since

wx(2-p)|z = uz(2-p)®0z(D) S Oz(2-p-2)®Oz(p) = Oz(2-p-2+p) S* 0Z,

we have a section of this sheaf different from zero on D. On the other hand,

the restriction map p: H°(P\, 0?*(p - 2)) -* H°(Y, 0Y(p - 2)) is surjective (0 =

/^(P3., IY(p — 2))), and therefore the restriction map

H°(X,Ox(p-2))^H°(Y,0Y(p-2))

too. So it is enough to show that h}(X, 0x(p)) and hl(P\, Ix(p + 1)) are trivial.

But there is an exact sequence

0 - 0x(p) - 0y(p) © 0z(p) -» 0D(p) -* 0

from which we get a long exact sequence

- H°(Y, 0Y(p)) © H°(Z, 0z(p)) - H°(D, 0D(p))
- Hl(X, 0x(p)) - Hl(Y, 0Y(p)) - 0,

where the map H°(Y, 0Y(p)) © H°(Z, 0z(p)) -* H°(D, 0D(p)) is surjective, since

already the natural restriction H°(Z, 0z(p)) —► H°(D, Od(p)) is surjective (#£> =

p). On the other hand, Hl(Y, 0Y(p)) = 0 by hypothesis, and therefore H1 (X, 0x(p))

- 0. Thanks to the hypothesis h°(P3k, Ix(p+l)) = h°(P3k, Jy(p+ 1)) - 2, a simple
dimensional computation in the exact sequence

0 - H°(P3. Ix(p + 1)) -. H°(P3, IY(p + 1)) © H°(P3, Iz(p + 1))

- H°(P3, ID(p + 1)) - Hl(P3k, Ix(p + 1)) - 0

shows that hl(P3k, Ix(p+ 1)) = 0. Then X is smoothable.

REMARK 4.3. The hypothesis h°(P3k, Ix(p + 1)) = h°(P3k,IY(p+ 1)) - 2 is

satisfied if, for instance, Y is contained in only one surface Q of degree p, the only

surfaces of degree p + 1 containing Y are of the form Qu H, where H is a plane,

and Z is a line not lying on Q.

EXAMPLE 4.4. If F is a nonspecial smooth connected curve with

hl(P\, IY(2)) — 0, then we can apply the previous corollary with p = 1.

Of course, if p > 1 the applicability of this corollary is wider. For instance, a

smooth curve of degree 7 and genus 6 (that is a curve of type (4, 3) on a smooth

quadric surface) with a secant line in two points is always smoothable.

EXAMPLE 4.5. Let F be a plane quartic and C a conic meeting Y in two

points. Then X = Y UC is smoothable (this was already proved in [HH]). In fact,

let C be a conic; u>c — Oc(-l), and wx\c — Oc- We therefore have a nonzero

section of wx|Ci and H°(X,0x) -* H°(Y,0Y) is surjective.   But also the map
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H°(Y, 0Y(2)) © H°(C, 0C{2)) -* H°(D, 0D(2)) is surjective (here D = Y n C).

Therefore, h1 {Y, 0y(2)) = h\X, 0*(2)) = 0.
Let us now consider the exact sequence

0 - H°(P3, Jx(3)) - H°(P3, Jy (3)) © H°(P3, JC(3))

- H°(P3, ID(3)) - //'(P3, Jx(3)) - 0.

It is easy to compute that h°(P3k, ID('¿)) = 18, h°(P3k, Jc(3)) = 13, /i°(P^, Iy(3)) =
10, and /i°(P|, Jx(3)) = 5, and therefore hx(P3k, Ix(3)) = 0. Therefore we can

apply Proposition 4.1.

PROPOSITION 4.6 ("SMOOTHING BASIC DOUBLE LINKAGES"). Let Y be a

smooth connected strongly k-regular curve and let S be a smooth surface of degree

p < k + 1 containing Y. Let Qs be a general smooth surface of degree s, and

Z = S C]QS.  Then X = Y U Z is smoothable.

PROOF. There is a nontrival £ section of

H°(X,ux(-k - s + 4),y) = H°(Y,ujY(-k - s + 4) ® 0Y(s))

=* H°(Y,ujY(-k + 4)) = H\Y,0Y(k - 4)) ¿ 0.

If Qs is general, Z = S fl Qs is smooth and cuts transversally Y in points where

£ does not vanish. Now we try to apply Proposition 4.1, with n = k + s — 4. In

fact, p: H°(P3k, 0p3(k + s - 4)) -> H°(Z, 0z(k + s - 4)) is surjective (since Z is a

complete intersection), and therefore also the restriction map

H°(X, 0x(k + 8 - 4)) - H°(Z, 0z(k + 5-4))

is surjective. As usual, it is enough now to show that hx(X, Ox(k + 5 — 2)) and

h1(Pl,Ix(k + s- 1)) are trivial.
Let us denote by M(T) the Hartshorne-Rao module of a (not necessarily smooth)

curve T, that is M(T) = 0n H^Pl, IT(n)).   Thanks to the results of [SCH],

M(X)
= M(Y)(s), and therefore A^Pg, lx(k + s - 1)) = h\P3k, IY(tk - 1)) = 0.

In order to show that h1 (X, 0x(k+s — 2)) = 0, we make use of the exact sequence

0->0y(-s)^0x^0z-+0;

in the associated long exact sequence we have

-* Hl(Y, 0Y(k - 2)) -* H\X, 0x(k + s - 2)) -> Hl(Z, 0z(k + s -2)) -+ • •• .

On the other hand H1(Z,0z(k+s-2)) = H2(P3k,IY(k-2)) = 0, if fc+s-2-p-s >

—3, that is if p < tk + 1. This completes the proof.

EXAMPLE 4.7. An arithmetically normal curve with a complete intersection

attached (of the previous kind) is smoothable. Remark that, thanks to [GP], every

projective normal reduced and irreducible curve is smoothable.

More generally, let

îj(y) = max{n|/i1(P|,Jy(n))/0},

and

e(Y) = max{n\hl(Y, 0Y(n)) ¿ 0}
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and suppose v(Y) < e(Y) + 2. Then there actually exist smooth surfaces of de-

gree p = e(Y) + 4 or e(Y) + 5 containing Y, and therefore it is possible to apply

Proposition 4.6.

If we consider the union of the smooth sextic curves of genus 1 or 2 of Remark 3.3

with the intersection of Q4 and a general surface of every degree, it is smoothable.
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