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ABSTRACT. Using a new and simpler method, the following result is shown:

Let (K, C) be a formally real field with core C which has only a finite number

of orderings. Then (K, C) has the Weak Hubert Property if and only if K is

dense in every real closure of (K, C). This result contains the main theorem

of McKenna in [1]

In order to characterize the ordered fields for which Hubert's conjecture holds,

Kenneth McKenna has shown the following important result:

PROPOSITION 1. Let K be an ordered field with real closure K. Then K has

the Weak Hubert Property if and only if K is dense in K (cf. Theorems 2 and 3 in

[I])-

The proof of the "if" part of Proposition 1 is given in many articles, as in [1,

2 or 3]. For the proof of the "only if" part, Kenneth McKenna introduced some

notions and showed several lemmas in [1]. In this paper, we give a simpler and

immediate proof of the "only if" part as follows:

If the ordered field K with the Weak Hilbert Property is not dense in K, we will

deduce a contradiction. Then there exists some ä E K and some w E P such that

\ö ~ y\ >p w f°r any J/ in Ä", where P is the ordering of K. Since w is algebraic

over K, there exists some w E P such that w >-p- w. Hence |o — y\ >p w for any y

in K. For convenience, we will say that an element u in K is disjoined by w/2 if

\u — y\ >-p w/2 for any y in K. Obviously, ä is disjoined by w/2. Let f(X) be the

minimum polynomial of ä over K, and f(X) is factorized in the form

f(x) = (x - ai) ■ ■ ■ (x - or) ■ (x - hi) ■ • • (x - bs)

■[(X + ui)2 + v2]---[(X + ut)2 + v2},

where äi = a, and âi,bj,uk,vk E K, i = 1,... , r; j = 1,... , s; k = 1,..., t, and a¿

is disjoined by w/2, but bj is not.

So there exists bj E K such that \bj — bj\ <-p- w/2, j = 1,..., s. Moreover there

exists ck E P such that \vk\ >p ck for vk are nonzero algebraic elements over K.

Putting e = (w/2)T+s ■ c\ ■ ■ ■ c2 E K, and we consider the following polynomial over

K:

H(X; Y3) = ¿{F/[(X - b3)2 -w2]-l}2 + ^ - 1.
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Then the corresponding value of the polynomial H is —1 when X = a, Yj =

l/sj(d — bj)2 — w2, j = 1,..., s, that is, H(X; Yj) is not positive definite on K. By

the hypothesis that K has the Weak Hilbert Property, there exist a, di,..., ds E K

such that H(a;dj) <p 0, i.e.

¿m(«-y2-ffi2]-if + ^-i<o.

Then we obtain that f2(a)/e2 <P 1 and d2[(a - bj)2 - w2] >P 0, j = 1,...,s.

Further |/(a)| < e, \a — b3| > w, j = 1,... ,s. Hence we have the estimate \a — bj\ >

\a — bj\ — \bj — bj\ > w — w/2 = w/2, and \f(a)\ = \a — äi\ ■ ■ ■ \a — är\ \a — 6¿| • • •

\a-bs\\(a + ui)2 +vf\- ■ -\(a + ut)2 +v2\ > (w/2)r+s ■ c\ ■ ■ ■ c2 = e, a contradiction.

This completes the proof of the "only if" part.

Afterwards, in 1979, Alexander Prestel has showed the following further result

[4]:

PROPOSITION 2. Let K be a formally real field which has only a finite number

of orderings. Then K has the Weak Hilbert Property if and only if K is dense in

every real closure of K.

Here we will also prove the "only if" part of Proposition 2 by a slightly modified

method. For generality, we discuss the corresponding result on a formally real field

with a core, which is due to Abraham Robinson [5]. We call (K,C) formally real

if C is a core of a field K and K is formally real with respect to C. An ordering P

of K is called an ordering of (K, C) if P 3 C. The real closure of K with respect

to an ordering of (K,C) is called a real closure of (K,C). Let g(Xi,...,Xm) E

K(Xi,... ,Xm) be a rational function over K in m variables Xi,... ,Xm. Then we

call g(Xi,...,Xm) positive definite on (K,C) if g(Xi,...,Xm) is positive definite

ouK for every ordering of (K, C). g(Xx,..., Xm) is called strongly positive definite

on (K, C) if g(Xi,..., Xm) is positive definite on every real closure of (K, C). Using

Lang's Homomorphism Theorem or the model-completeness about real closed fields,

we easily prove the following:

PROPOSITION 3.   Let(K,C) be formally real.  Then

g(Xi,...,Xm)EK(Xi,...,Xm)

is strongly positive definite on (K,C) if and only if g(Xi,... ,Xm) can be repre-

sented in the form
n

g(Xi,...,Xm) = ^2,clh2(Xi,...,Xm)
i=l

where ct E C, h%(Xi,... ,Xm) E K(Xi,... ,Xm), i = l,...,n.

REMARK. According to [5], g(Xi,... ,Xm) is strongly positive definite if and

only if it is totally positive definite.

Let (K, C) be formally real. Then we will say that (K, C) has the Weak Hilbert

Property if every positive definite rational function is also strongly positive definite.

From this, for a formally real field (K, C) with the Weak Hilbert Property, every

positive definite rational function can be represented in the form given in Propo-

sition 3, that is, the version of Hubert's 17th problem on formally real fields with

core is affirmative. Now we prove the "only if" part of the following:
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PROPOSITION 4. Let (K,C) be formally real, and (K,C) have only a finite
number of orderings. Then (K, C) has the Weak Hilbert Property if and only if K

is dense in every real closure of(K,C).

PROOF OF THE "IF ONLY" PART. Let P, Pi,...,Pn be all the orderings

of (K,C), and K,K"i,...,Kn be the real closures of (K,C) with respect to P,

Pi,...,Pn, respectively. Since P ^ P¿, there exists a¿ E K such that a¿ E P

and dj <£ Pz, i = l,...,n. Hence there exists vt E K such that v2 = üí for

i = 1,..., n. By the familiar Primitive Element Theorem, there is some 6 in K such

that K(6) — K(vi,... ,vn), where vt = hz(9), and ht(X) E K[X] for i = 1,...,n.

If K is not dense in K, then we have similarly ä E K and w E P such that

\ä — y\ >p w for any y in K, and the minimum polynomial f(X) of ä over K is

factorized in the form (*).

Let g(X) be the minimum polynomial of 6 over K, and go(X) = g(X), gi(X),...,

gq(X) be the Sturm sequence of g(X). By Sturm's Theorem [6], there exists some

M E P such that V^M—V^¡ > 0, where Vj' denotes the number of variations in the

sign of {go(x),gi(x),..., gq(x)}. With no loss of generality, we may suppose that

none of the c7;(±M)'s is zero. Denoting signP(x) = 1 if x >p 0 or signF(x) = — 1 if

x <p 0, we construct such a polynomial as follows:

s

H(X; Y3; ZV, U,) = £{F/[(X - b3)2 - w2} - l}2

+ ¿(sigHp(Sí(M)) • gt(M) ■ Z2 - l)2

i=i

+ ¿(signp(9;(-M)) • g,(-M) ■ U2 - I)2 + f-^ - 1,

i=i

where w, e, &i,..., bs are the same as in the proof of Proposition 1. Then the corre-

sponding value of the polynomial H is — 1, when X — ä, Y3 = 1/'\J(a — b3)2 — w2,

Zt = l/^signP(gl(M))gl(M) and U¡ = l/^signP(gi(-M)) ■ gt(-M), j = 1,..., s;

I = l,...,q. Thereby H(X\Y3\ Zi\U{) is not positive definite on K. By the hy-

pothesis that (K, C) has the Weak Hilbert Property, H(X; Y3; Zf,Ut) is not positive

definite. Then, for some ordering Pk of (K,C), there exist a,d\,... ,da,Z\,... ,zq,

ui,..., uq in K such that

H(a:d3;zi;ui) <Pk 0.

From this, we have that signP(ç7;(±M)) • gi(±M) >Pk 0, i.e. signPk(gi(±M)) =

signP(gi(±M)) for / = 1,... ,c7-JIence V% - V^k = V_PM - V? > 0. By Sturm's

Theorem, g(X) has a root 6 in Kk. Let r be the /i-isomorphism of K(9) into K(6)

such that t(6) = 0. Then

al=T(ai) = T(v2) = T(h2(6)) = h2(T(0))

= h2t(0)EKlnK = Pk,        i = l,...,n.

By the choice of a*'s, Pk = P, and Kk — K. So, in the real closure K, we obtain

further the inequalities that f2(a)/e2 <p 1 and d2[(a-b3)2-w2} >p 0, j = 1,..., s.

Similarly, we may complete the proof by deducing a contradiction.
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REMARK. In Proposition 4, if we suppose that C is exactly an ordering of K or

that C = {1}, then we will obtain Proposition 1 or Proposition 2, respectively.
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