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ABSTRACT. We give an example of a separable metrizable space X with

defX — cmpX = n for every n£N.

1. Introduction.  In this paper all spaces are separable and metrizable.

The compactness degree, cmpA', of a space X is defined as follows: a space X

satisfies cmpA" = —1 if AT is compact; if n is a nonnegative integer, then cmp X < n

means that each point of X has arbitrarily small neighborhoods U with cmp Bd U <

n — 1. We put cmp AT — n if cmp X < n and cmpJ ^ n — 1. If there is no integer

n for which cmp AT < n, then we put cmp AT = oo.

The compactness deficiency, def A", of a space X is the least integer n for which

X has a compactification aX with dim(aAT — X) < n. We allow n to be oo.

In general, the inequality cmp A" < def X holds. The well-known conjecture of

J. de Groot (see [2]) that cmp AT = def AT has been negatively solved by R. Pol [5];

the space X of Pol's example has cmp A" = 1 and def A" = 2. In the review of R.

Pol's paper [5], J. van Mill [3] states "It seems still to be open whether the gap

between cmp A' and def X can be arbitrarily large."

The purpose of this paper is to answer this question affirmatively. Namely, we

shall give the following example.

EXAMPLE. For every n EN there exists a space X such that def AT —cmp A" = n.

2. Preliminaries. Let S be a collection of subsets of a space X. Then we

shall write [S]n for {T: T C S with \T\ = n}, Bd S for {BdS:S E S} and f| S for
C]{S:SES}.

Let F be a subspace of a space X and U a collection of open subsets of X. Then

U is an outer base for Y in X if for every y EY and any neighborhood V of y in X

there is U E U such that y E U C V.

The following lemma is needed in §4; the proof is straightforward.

2.1. LEMMA. Let X be a space with def AT < n and {{Ej,Fj):l < j < n} a

collection of pairs of disjoint compact subsets of X. Then for each j, 1 < j < n,

there is a partition T3 in X between Ej and Fj such that Ç\{T3:1 < j < n} is

compact.
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To show our example it suffices to construct a space Y with n < def F— cmp y <

oo. Indeed, for this space Y we construct another space Z with cmp Z — def Z =

defy — n; such a space exists (see [2, Theorem 3.1.1]). Let X = Y © Z be the

topological sum of Y and Z. Then

cmp X = maxjcmp Y, cmp Z} = cmp Z = def Y — n

and

def X = max{def Y, def Z} = def Y.

Thus we have def X - cmp AT = n.

In the next section we shall construct a space X such that m < def X — cmp X <

2m for every m E N.

Throughout the rest of this paper, we shall fix a positive integer m and put

n = 2m + 1. Let T = [0,1] be the closed unit interval.

3. Construction. Let

dln = {{xj) E In:Xj = 0 or 1 for some j,  1 < j < n}

be the combinatorial boundary of the n-dimensional cube T". We take countable,

dense subsets Dç, and D\ in (0,1) with öoflDi = 0. Let us set

Mi = {(Xj) E (0,1)": \{j-.Xj E A}| >n-m),

and
I* = (0,l)n-Mi

for each i — 0,1. Then, obviously, M0 D Ma = 0 and by [1, 1.8.5], dimL, = m.

Then, by [4, 12.12-13], there are two collections So and Si of open subsets of T"

satisfying the following conditions (1) to (6) below:

(1) So is an outer base for (T""1 x [0, §)) n dln in Tn,

(2) Si is an outer base for (T""1 x (¿, 1]) n dln in T",

(3) H 7 n Lt = 0 for every 7 € [Bd S,]m+1 and each ¿ = 0,1,

(4) CIS C T""1 x [0, |) for every ß G S0,

(5) Clßc T"-1 x (¿,1] for every Be Si, and

(6) | S¿ | = w for each t = 0,1.

By (6), [BdS,]m+1 is countable; therefore, we enumerate it as [BdS2]m+1 = {7ld:

j E N}. Let us see Fi3 — f] Jl3, and let

Elk = \J{Fj-J<k}-dIn

for t = 0,1 and k E N. Then, by (3), we have Eok n Ti^ C M0 n Mx = 0. Thus

Tío/c and Ti^ are disjoint closed subsets of (0,1)", therefore we can take disjoint

open subsets U0k and Uik in (0,1)" such that

(7) £¿fc c Ulk for each i = 0,1,

(8)/70fcCT"-1 x[0,|),and

[9) Uik C I"-1 x ($,1\.
Let us set

Xk = (Tn - Uok U t/lfc) x {l/A} for every fc e N,

X0 = dln x {0}, and

X = \J{Xk:k = 0,1,2,...}.
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We regard X as the subspace of the (n + l)-dimensional cube

Tn+1 =II{/,:1 <j'<n + l},

where Ij is the copy of T.

4. 2m < def X < 2m + 1. Note that defy < dim y for every space Y (see [5,

Theorem 2.1.1]). Since dim A < n = 2m + 1, we have def X < 2m + 1. Assume

that def X < 2m = n - 1. Let us set

J}■ = {h x ■ • ■ x Tj-i x {0} x IJ + i x • • • x Tn+i) n X,

and

Kj; = (Il X •• • X /y_i X {1} X TJ + i  X ■ • • X T„+i) D X

for every j, 1 < j < n — 1. Then Jj and Kj are disjoint compact subsets of X.

Thus, by Lemma 2.1, there is a partition Tj in X between Jj and Kj for every j,

1 < i < n — 1, such that Hi^r 1 — i — n ~~ 1} is compact. Since Tj n Xfc is a

partition in Xfc between Jj (1 Xk and Kj D Xfc, and X¿ is closed in T" x {1/A:},

there is a partition Tjk in Tn x {1/A:} between J3 n Xfc and TT, n Xfc such that

Tjk n Xfc C T, n Xfc for each j, 1 < j < n - 1, and each fc € N. Let ¿>fc be a

continuum meeting T""1 x {1/6} x {1/A;} and T""1 x {5/6} x {1/A;} in Tn x {1/A;}

with Sk C Di^fc: 1 < J < n- 1}D (T""1 x [1/6,5/6] x {1/A;}) (see [6, Lemma
5.2]). Since Sk is connected, by (8) and (9), we have Sfc gt Uok^Uik- Thus we have

Sk n Xfc v¿ 0 for every A; G N. Obviously, SknXkC C\{Tjk: 1 < j < n - 1} nXfc C

fl{îj': 1 < y < « - 1} and {5fc n Xfc: A; G N} is discrete in X. This contradicts the

compactness of (~\{Tj: 1 < j < n - 1}. Hence we have def X > n — 1 = 2m.

5. 1 < cmpX < m. Note that cmpX < 0 if and only if def X < 0 (see [2, Main

Theorem]). Since def X > 2m > 0, we have cmpX > 1.

We shall prove that cmpX < m. To prove this we only consider points of Xo,

because [J{Xk: k E N} is locally compact and open in X. First we shall show the

following

Claim. Let 1 < / < m. For every {Bi,. ..,Bt}E [S¿]' and any (Jfci,..., fcj) G N'

we have cmpn{Bdx B'3:1 < j < 1} < m - I, where T^ = {B3 x [0,1/Jfc,-)) n X for

each j, 1 < j < I.

Proof of Claim. We proceed by downward induction on /.

Step 1. I = ru-

het Y = f^|{Bdx B'-: 1 < j < m), y E Y, and U be a neighborhood of y in

y. We show that there is a neighborhood V of y in Y such that V C U and

Bdy- V is compact. We may assume that y E X0. Then, by (1), (2), (4) and (5),

there are T?m+i G S, and k EN such that y E {Bm+i x [0,1/A;)) i)Y C U. Since

{Si,..., Bm, Bm+i} E [St]m+1, D{Bd/, Bj-. 1 < j < m + 1} = Fip for some p E N.
Let V = {Bm+i x [0,1/ç)) PI y, where q = max{A;,p}. Then V is a neighborhood

of y in y. Obviously, we have V C U. By (7), it is easy to see that

Bdy V C {C\{BàinBj\l <j<m+l}ndln^ x {0, l/(p+ 1), l/(p + 2),... } CX

Hence Bdy V is compact; therefore, we have cmp Y < 0 = m — I.

Step 2. Let 1 < / < m and suppose that the Claim is satisfied for / + 1.
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Let y = f|{Bdx B'3:1 < j < l}, y EY, and U be a neighborhood of y in Y.

We may assume that y E Xq. Take B¡+1 E ßi and k EN such that y E B'l+1 =

{Bl+1 x [0,1/A;)) n X and B'l+1 n Y C U. Then we have

Bdx(B;'+1 n Y) C f]{Bdx BJ: 1 < j < / + 1}.

By the induction hypothesis, we have

cmpBdy(B;'+1 n y) < cmpQiBdy BJ-: 1 < j < 1 + 1}

<m- (Z + l) = m-/-l.

Hence we have cmp y < m — I.

This completes the proof of the Claim.

By the Claim, in particular, cmpBdx((ß x [0,1/A;)) n X) < m — 1 for every

B E Bt and every A: G N. Since {{B x [0,1/A;)) n X: B E S0 U Si and A; G N} is an
outer base for Xo in X, we have cmpX < m.

ADDED IN PROOF. By using the same techniques in §3, the author constructed

a separable metrizable space X for which cmpX ^ def X (see [2]).
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