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ABSTRACT. It is shown that a uniformizable space X is normal iff the locally

finite topology eT on the hyperspace 2X coincides with the topology trans-

mitted by the fine uniformity of X. We also prove that, for X normal, the

topology eT is first countable only if the set of limit points X' of X is count-

ably compact. Applications of these results to pseudocompactness and Atsuji

spaces are given.

1. Introduction. In a recent paper [4], Beer et al. proved that the locally finite

topology eT on the hyperspace 2X of a metrizable space X is the supremum of all

the Hausdorff metric topologies corresponding to equivalent metrics on X. In view

of this result, and because a Hausdorff metric topology generally lacks topological

invariance, the authors of [4] justifiably contended that the locally finite topology

on a hyperspace would be a more useful structure in most applications. In this

paper, we determine the appropriate context for the locally finite topology, namely

that this topology is a uniform notion. Specifically, we prove that, in the class

of uniformizable spaces, it is precisely the normal spaces for which the locally

finite topology on a hyperspace coincides with the topology transmitted by the

fine uniformity of the space. This result specialized to metrizable spaces yields

the aforementioned result of Beer et al. We also show that if X is paracompact,

then for eT to be first countable, X' must be compact. From this, several known

characterizations of Atsuji spaces follow.

All topological spaces considered in this paper are assumed to be Ti. Much of

our terminology about hyperspaces is the same as in Michael's paper [11].

Let (X, t) be a Ti space. The hyperspace 2X oí X is the set {E Ç X: E is closed,

E ^ 0}. For a collection sf of subsets of X, we write

sf- ={EG2X: EC\A^0\/AGSf),

Sf+ = ¡Eg2x: Eç\Jsf\

sf" =sf~ nsf + .
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The finite (locally finite) topology 2T (eT) on 2X is the one generated by the sets

of the form sf", where sf is any finite (locally finite) collection of open subsets of

X.

It is easily seen that all collections of the form sf ~ and {A}+, where A is open

in X, and sf is a finite (locally finite) collection of open subsets of X, is a subbase

for 2T (eT). Whenever A is a subset of X, it is convenient to write A+ for {^1}+,

and from now on, we will do so. The following result, analogous to Lemma 2.3 of

[11], can be easily verified.

LEMMA 1.1. Letsf and 3? be two locally finite collections of nonempty, open

subsets of a Ti space X.  Then:

(a) sf" Ç 32" iff each member of 38 contains a member of sf and\Jsf Ç \J38.

(b) If E Ç X is such that E Ç (j sf and E C\ A is finite and nonempty for all
A G Sf, then E G 2X, E is discrete in X, and E G sf~.

If % is a uniformity on a set X, |^| denotes the topology on X induced by ^.

For a uniformizable topological space (X, r), the finest compatible uniformity on

X, called the fine uniformity for r, will be denoted by W(t). Similarly, the finest

compatible totally bounded uniformity will be denoted by ^/*(t). If ci is a metric

on a set X, %(d) (resp. r(d)) denotes the uniformity (resp. topology) induced by

d on X.

Let (X, r) be a uniformizable topological space, and let ^ be a compatible

uniformity on X. For each U G %, let U = {(A,B): A,B G 2X, A C U(B) and

B Ç U(A)}. Then, {U: U G &} is a base for a uniformity 2^ on 2X. If ^ = ^(d)

for some metric d on X, the uniformity 2^ on 2X is simply the uniformity of the

Hausdorff metric determined by d (see Willard [15, p. 250]).

A Ti space X is said to be feebly compact provided each locally finite family

of open subsets of X is finite. Clearly, every countably compact space is feebly

compact, and any feebly compact space is necessarily pseudocompact. Conversely,

a completely regular, pseudocompact space is feebly compact [5], and for normal

spaces, the three concepts coincide.

It is obvious that the collection F(X), of all finite subsets of a Ti space X is

always dense in (2X, 2T). However, if X contains an infinite, locally finite collection

of open sets, F(X) is not dense in (2X,eT). This leads us to the following result.

THEOREM 1.2.   ATi space (X,r) is feebly compact iff2T = eT.

Whenever 2X is given either of the topologies 2T or eT, the function x —> {x}

embeds X as a closed subspace of 2X. Thus, if some hereditary topological property

does not hold in X, it will also not hold in 2X.

THEOREM  1.3.   The following conditions are equivalent:

(a) (X, t) is regular.

(b) (2X,2T) is Hausdorff.

(c) (2x,eT) is Hausdorff.

PROOF. The proof of (a)o(b) is given in Michael's paper [11]; and (b)=i-(c)

because 2T Ç eT. The proof of (c)=s>(a) is similar to Michael's proof of (b)=>(a),

and we will omit it.



LOCALLY FINITE HYPERSPACE TOPOLOGY 643

2. Main results. In this section, we will show that if (X, r) is uniformizable,

then X is normal iff eT = |2^T'|. We also show that X' is countably compact if

(2x,eT) is first countable and X normal.

THEOREM 2.1. Let (X, r) be a uniformizable space, and let % be any compatible

uniformity on X.  Then:

(a) |2*| ç eT.

(b) 12* | Ç 2T o %? is totally bounded.

PROOF, (a) Take any A G 2X, and any symmetric U G %?'. It will suffice to

show that there is a 7 G eT, such that A G 7 Ç \J(Á). Choose a symmetric open

V G % such that V5 C U, and let E Ç A be maximal such that for any x, y G E,

x t¿ y => (x,y) $. V4. Note that for each x G X, V(x) intersects at most one

member of the collection sf = {V(£): £ 6 E}; sf is a discrete collection of open

subsets of X, and A G 7 = sf~ n V(A)+. We claim that 7 Ç U(A). Clearly, if

B G 7 then B Ç V(A) C U(A). Also, for any x G A, we can, by the maximality

condition on E, find ans€Ê such that (x, s) G V4. As B G sf~, B n V(s) ^ 0;

and if 2/ € ß n V(s), (z,y) € K5. Thus x G V5(y) C U(B). This shows that

A C U(B). As we already have B C U(A), (A, B) G U. Thus, 7 C \J(A), and the
proof is complete.

(b) See Lemma 3.2 of Michael's paper [11].

THEOREM 2.2.   Let(X,r) be normal.  Then:

(a) |2^T)| = eT.

(b) \2^"^\ = 2T.

PROOF, (a) Take A G 2X, an arbitrary open set G of X, and an arbitrary, locally

finite collection sf = {G¿ : i G 1} oí open subsets of X, such that A G sf~ n G+.

Since X is normal, there exists a continuous map 9: X —» [0,1] such that 9(A) = 0,

and 9(X - G) = 1. The pseudometric 9* on X defined by 9*(x,y) = \9(x) - 9(y)\,

is continuous, and thus, uniform with regard to the uniformity <2f(r) on X (see

[5]). For W = {(x,y): 9*(x,y) < 1}, W(A) Q G, and so, W(A) C G+. Now,

for each i G I, pick an x, G vi fl G¿, and let £ = {1,: i G /}. Again, for each

z e I, let & : X —» [0,1] be continuous such that c;¿(a;i) = 0, and gi(X - Gt) = 1.

Then, the local finiteness of the collection sf ensures that the function d(x,y) =

Y^,\9t(x) - gi(y)\, i € /, is a well-defined, continuous pseudometric on X, and

thus, like 9*, it too is uniform with regard to %S(t). We claim that for V —

{(x,y): d(x,y) < 1/2}, V(A) Ç sf~. We first note that V(x¿) Ç G, for each i G I.

Now, take any B G V(A), and any i G I. Then, A Ç V(B), and so, there exists

some b G B, such that x¿ G V(b). Consequently, b G V(xi) Ç G¿, BnG¿ / 0.

It follows that B G Sf~, and therefore, V(A) Ç sf~. Thus, we have shown that

V(A)r\W(A) çsf- nG+.
(b) See Michael's paper [11].

THEOREM 2.3. Let (X,r) be completely regular. The following conditions are

equivalent:

(a) (X, r) is normal.

(b) |2^(T)|=eT.

(c) |2^*(T'| = 2T.
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PROOF. By the preceding theorem, (a)=>(b), and (a)=>(c). We will show that

if (X,r) is not normal, then for any compatible uniformity if on X, |2^| does

not contain 2T. This will show that each of (b) and (c) implies (a). The proof of

(c)=>(a) is also implicitly contained in Michael's paper [11].

Take A,B G 2X, A and B disjoint, such that each open subset of X containing A

intersects each open subset of X containing B. As (X — B)+ is a neighborhood of

A in 2X with regard to both 2T and eT, it will suffice to show that no neighborhood

of A in (2X, |2^|) is contained in (X - B)+. Note that for each U G if, U(A) n B

is nonempty; for, if U(A) n B were empty for some U G if, then by choosing a

V G if such that V2 C U, we would have V(A) n V(B) = 0, contrary to the

assumed condition on the pair A, B. Now, for any U G if and b G U(A) n B, if

A* = AU{b}, then A* G U(A), whereas A* <£ (X - B) +. This completes the proof.

Let (X, t) be completely regular. The partial order between the topologies eT,

2T, |2^(T'|, and |2^ ^T>\, as implied by Theorem 2.1, is summarized in the following

Hasse diagram:

eT

|2^«|
The four topologies considered in this diagram are all distinct iff the completely

regular space (X, r) is neither normal nor pseudocompact; all of the four topologies

coincide iff (X,t) is both normal and pseudocompact. We have |2^ 'T)| = \2^^\ c

2T = eT iff (X,r) pseudocompact but not normal, and |2*"(T)| = 2T C |2^T'| = eT

iff (X, t) is normal but not pseudocompact.

We recall that a metric dona set X is called a UC metric (and then (X,d)

is called a UC space) provided each continuous, real-valued function on (X, d) is

uniformly continuous [14]. Equivalently, (X, d) is a UC space iff if(d) is the fine

uniformity of (X, r(d)). We call a topological space Atsuji provided X is metrizable

and the set of limit points X' of X is compact. It is well known that a topological

space (X,t) admits a UC metric iff (X,t) is an Atsuji space [13].

From the preceding theorem, we infer that if (X,d) is a UC space then \2^^\ =

eT(d), The converse of this also holds (cf. Theorems 12.18 and 15.1 of [12]), so that

we have the following characterization of UC spaces given in [4].

COROLLARY 2.5.   Let (X,d) be a metric space.  Then, (X,d) is a UC space iff
|2^(d)| =er{d)_

Let (X, r) be a metrizable space, and let Do be the set of all continuous pseudo-

metrics on X. Also, let Di be the set of all metrics on X which induce the topology

r. Take a di G £>i and let D2 = {d V dx : d G D0}. Clearly, D2 Ç Dx Ç D0. It

is obvious (cf. §15.3 of [6]) that the supremum of all the uniformities on X, one

corresponding to each d G D2, is if(r). This statement also holds if D2 is replaced

by Di or Dq. Consequently, the various Hausdorff metric uniformities on 2X, one

corresponding to each d G Di, together form a subbase for 2^(T\ Thus, we have

the following result, proved in [4]:
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THEOREM 2.6. Let (X,t) be a metrizable space. Then, the supremum of all

the Hausdorff metric topologies on 2X corresponding to equivalent metrics on X is

the locally finite topology eT.

In view of the relationship between UC spaces and Atsuji spaces, the compactness

of X' is an important property. We will now show that first countable hyperspaces

can arise only when X is at least countably compact.

THEOREM 2.7. Let (X,r) be normal. If(2x,eT) is first countable, then X' is

countably compact.

PROOF. Suppose X' is not countably compact, and let E = {xn: n < w} be

a countably infinite subset of X' having no limit point in X. As X is normal,

the closed set E is C-embedded in X, and thus, we can find a discrete collec-

tion {Gn : n < to} oí open sets in X such that xn G Gn for each n. Using the

first countability hypothesis on eT, and Lemma 1.1, we construct a countable base

{sf^ : n < oj} at E G 2X, such that for each n < ui, sfn = {Pni,Pn2, • • • } is a dis-

crete collection of open subsets of X, xm G Pnm for each m < w, and sfr^¥1 Ç sfn.

As each x G E is a limit point of X, each of the sets Pmn is infinite. Choosing any

y-n £ Pnn - {xn} and setting Qn = Pnn - {yn}, we obtain an open set {Qn : n < w}~

containing E G 2X suchthat no sff^ is contained in this set. This is contrary to the

fact that {sff^: n < u>} is, by our construction, a countable base at the point E.

Thus, we conclude that under the given hypotheses, X' must indeed be countably

compact. The proof of the theorem is now complete.

COROLLARY 2.8. Let (X,t) be a paracompact T2 space. If (2x,eT) is first

countable, X' must be compact.

Specializing the preceding corollary to the class of self-dense, paracompact, Haus-

dorff spaces, we find that only very special spaces belonging to this class can ensure

the first countability of eT. The precise result is as follows:

COROLLARY 2.9. Let (X,t) be a dense in itself, paracompact, Hausdorff space.

The following conditions are equivalent:

(a) (2x,eT) is first countable.

(b) (2x,eT) is compact and first countable.

(c) (X, t) is compact and first countable.

PROOF. That (a)=>(c) follows from Corollary 2.8 and the fact that X is embed-

ded in 2X. To see that (c)=>(b), note that, by (c), 2T = eT, and recall that under

(c), 2T is compact and first countable [11]. That (b)=>(a) is clear.

A well-known result (cf. Theorem 15.3 of [12]) about hyperspace topologies

states that if if and 2^ are two uniformities on a set, if totally bounded, and

if |2^| C \2T\, then if Ç f ". This combined with Theorem 2.7 leads to the

following characterizations of UC spaces given in [4].

COROLLARY 2.10. Let (X,r) be a metrizable space. The following conditions

are equivalent:

(a) eT is metrizable.

(b) eT is first countable.

(c) X' is compact.
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(d) There is a compatible metric d that makes X a UC space.

(e) There is a compatible metric d for which eT = |2^'d'|.

(f) There is a compatible metric d for which 2T Ç |2^'d'|.

The authors would like to thank the referee for many valuable suggestions which

greatly helped to improve the notation.
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