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ABSTRACT. A fairly elementary new proof is presented of the inequality (p >
2):

/ IW'P(1 = |2)P~ dzdy < |IhllGp,  f € HP.

In addition, the inequality
/Ihl""lh’l’(l — |z))*"t dzdy < ||hll%,

is shown to hold for h € HP, p > 0, if and only if 2 < s < p + 2, generalizing
the known case s = 2.

1. Introduction. Let U denote the open unit disk in the complex plane with
boundary T = {z: |2|] = 1}. Let m denote normalized area measure on U (i.e.
rdfdr/m) and let o denote normalized arc length (df/27) on T.

The inequality of Littlewood and Paley referred to in the title is the one contained
in the following thorem, proved by J. E. Littlewood and R. E. A. C. Paley in [3].

THEOREM A. If f is a function in LP(T) for p > 2 and if u is the harmonic
function on u defined via the Potsson integral of f, then

(11) /IVu(Z)I"(1 — [2[?)P~1dm(z) < C”/Ifl" do
where C 13 a constant independent of f and p.

The usual method of proof is to apply the Riesz Convexity Theorem to the
operator f — Vu(z)(1 — |2|?) acting on functions f on the measure spaces (T, o)
and taking them to functions on (U, (1—|2|?)~1dm(z)). It is relatively easy to show
that this operator is of type (2, 2) as well as (00, 00) and the Riesz theorem produces
(1.1). There is another proof outlined in [3] but it is, if anything, deeper than the
one I have just described. Some time ago (in [4]) I made use of Theorem A to obtain
estimates on integrals of the form [ |h(")|q dp where h is an analytic function in
the Hardy space H?, ¢ > p and u is a positive measure on u. The method I used
was to integrate local estimates of |h(")(z)| in terms of an area average of |h’| over
a disk containing z. The result was ([ |h(™)|9du)'/? < C(f |h'|P(1 - |2])P~1dm)/?
provided u satisfied a certain simple inequality similar to Carleson’s condition. It
occurred to me at the time that I was simply swapping one measure u for another,
(1 — |2|)P~1dm, satisfying a similar condition and that a similar approach might
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be used (i.e. integration of local estimates) to get directly to (f |h(™|2du)/e <
C([ |h|P do)'/? without using Theorem A. This turned out to be the case but
would have unnecessarily complicated the paper [4] and so it never appeared there.
This approach produced (and is essentially equivalent to) a proof of Theorem A
which is quite elementary and it is this proof that I will present here.

The method of proof I will present is based on two ideas. Firstly, the integrand
|[Vu(z)|P in (1.1) may be estimated in terms of an area average of some other
function and secondly, a weighted area integral of this other function is equal to
the L? norm of the boundary function f. To apply this method we need an area
integral that equals the LP norm of f. This is provided by the following theorem,
Theorem B. This theorem tends to get rediscovered from time to time. I had
thought it part of the mathematical folklore, having found only a weakened version
in [6]. I am grateful to the referee for pointing out the references discussed at the
end of the proof.

THEOREM B. If u is real valued and harmonic in a netghborhood of the closed
disk U, and h is holomorphic in such a neighborhood then

(i) fp>1

P’ -p 1
/lul” do = |u(0)|? + -5 / |Vu|?|u[P~2 log Bl dm.
(ii) ¢f p>0
p’ 1
/ (b do = [R(O)F + & / W PlhlP=2log 7 dim.
I will prove here only (ii) and merely indicate how (i) differs. If one assumes
only that h is holomorphic in U (not U) then the right side of (ii) becomes equal
to lim,_,1 [ |h(re®)|P do(6) which is, by definition, ||k||%;, and its finiteness is the
criterion for h to belong to the Hardy space HP. For any £1_1nction u on T we write
lulls = [ |u|P do. When h is analytic in a neighborhood of U, we have ||h||zr» = |A|l,
and we will normally use only the latter expression.
PROOF OF THEOREM B. We make use of Green’s formula:

/ (gAv — vAg)dzdy = / (g0v/dn — vdg/On)ds
R AR

where ds denotes arc length integration. We apply this to the following circum-
stance v = |h|P, g = log(1/|z|), R = U \ €U — Uy_, Dk where Dy is the disk of

radius € centered at ax and {aj,as,...,a,} are the zeros of h in U. We obtain
205 1P—2 | 1!(2 1 pds
m [ p*|h|P?|h/|*log = dm =2r | |h|P do — |h|P— + o(1)
R |2| T BeU €

where o(1) represents integrals around 9Dy that go to 0 as € — 0. Since R - U
as € — 0 and [,_, |h|P ds/e — 27|h(0)|P we obtain (ii). The reason the integrals
around 9Dy, tend to zero is that they ae dominated by

sup <|h|”‘l|h'llog L + |h|”1) 27me
Dy |2| €
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which tends to zero because |h|P~1|h/| = O(¢"P~1!) if n is the order of zero of h at
ak. Similarly the integral over R tends to that over U because |h|P~2|h’|? log(1/|2|)
is integrable even near zeros of h (where it behaves like |z — ax|"P~2).

In part (i) the same proof is used except the calculation of AlulP yields
(p%—p)|u|P~2|Vu|? and the zero set of u is one-dimensional instead of 0-dimensional
so the limit arguments require p > 1. 0O

We will use Theorem B only in case p > 2. The problem of avoiding the zero sets
of h and u need not even occur (|ul? and |h|P are twice continuously differentiable)
and the proof is more elementary.

An equivalent version of Theorem B appears as equations 4.3 and 4.7 on p.
243 of P. Stein’s paper [8]. To get the version presented here one has only to
integrate those equations from 0 to 1. Stein’s proof is in fact essentially equivalent
to the one given here. Equation 4.3 of Stein’s turns out to be a special case of an
equation due to Hardy, so it is called the Hardy-Stein identity. Another version
of Theorem B in a more general setting is Equation 10, p. 462 of C. S. Stanton’s
paper [7]. The right hand side of Theorem B (ii) is there expressed in the form
(p?/2) f wP~2Np(w) dm(w) where Nj, is a “counting function”. The change of
variables w = h(z) transforms this integral into B(ii). This was pointed out by J.
Shapiro in [6].

The proof of Theorem A that I will present in the next section proceeds under
the assumption that u is harmonic in a neighborhood of U so that the boundary
function f is just u|r. Those readers needing the greater generality stated in
Theorem A may simply apply the weaker result to u, = u(rz) and use Fatou’s
theory to produce (1.1) in the limit as r — 1.

The most advanced facts needed for my proof are (1) the representation of a
harmonic function u in terms of its boundary values as u(2) = u(0) + Y o, Un2™ +
u,Z" where u,, n = *1,+2,..., are the Fourier coefficients of u(e'’), (2) the
orthogonality of exponentials ™ and Parseval’s relationship ||u[? = [u(0)|% +
> o lun|?, (3) Holder’s inequality ||u|l, < ||u|l2, and Fubini’s Theorem.

Because of an exchange of letters with J. Arazy and J. Peetre, I was led to a
generalization of one inequality (i.e. [|f[P~2|f'|?(1 — |2|)dm < ||f||5) implicit in
Theorem B(ii). This generalization effectively allows 2 to be replaced by numbers
s with 2 < s < p+ 2. §3 contains the proof of this generalization. It is not in any
way related to §2 and may be read independently. The proof is not elementary and
presumes familiarity with the basic theory of HP spaces and at least the notion of
Carleson measures.

2. Proof of Theorem A. In this section we present our proof of Theorem A.
As already mentioned this proof relies on integrating a local estimate. It is this
estimate that we establish first.

LEMMA. If2 <p < oo then

(2.1) [Vu(0)P < 27~ 'p(p — 1)/U |u(2)[P~?|Vu(2)|? log I%I dm(z)

for every real valued function u harmonic on U.



890 D. H. LUECKING

PROOF. The formula for u(z) in terms of the boundary values of u is
u(z) —u(0) = Z(unz +u_nZ")

where u, = f(f " u(e*®)e=*"? df /2 are the Fourier coefficients of u. Simple calcula-
tions show that
[V (0)? = dlu|? < 4(J|ull3 — |u(0)I?)

by the Parseval relationships. We may, without loss of generality, assume that
either u(0) = 0 or u(0) = 1. In the first case we clearly obtain
(2.2) [Vu(0)[P < 2°(||lullf — |w(0)[7)
because |[ull2 < ||ull,- In case u(0) = 1 we also get (2.2) by applying the easily
proved inequality (z — 1)”/ 2 < zP/2 — 1 for x > 1 to the right side of the inequality
|Vu(0)|P < 2°(|lullZ — |u(0)|?)P/2 with z = [|u||Z and [u(0)|* = 1. Combining (2.2)
with Theorem B yields the desired conclusion (2.1). O

The part of Theorem B dealing with analytic functions results in a similar in-
equality for functions f analytic on U:

(23) £OF <2 [ 176 10g & dma).

The only difference in the proof is the estimate | f'(0)|? < || f||2 —|£(0)|*> which loses
the factor of 4 present with harmonic functions and their gradients.
We now turn to the proof of Theorem A. Our goal is to establish the inequality

/ IVu(a)P(1 = Jaf2)?~" dm(a) < CP / lufP=2[Vul? log - dm(z).
v U |2|

The Littlewood-Paley Inequality will then follow immediately from Theorem B.
We start with inequality (2.1). By rescaling (applying the inequality to u(z/2) and
changing variables) we obtain

(2.4) [Vu(0)[P < / |u(2)P~2|Vu(2)|? dv(z)
where v is the measure concentrated on {z: |z| < 1/2) with
do(z) = 2% ~"p(p — 1) log 51dm(),

and u is harmonic in U.
Let Q4(2) = (a — 2)/(1 —@z) so that uoQ, is harmonic in U and apply (2.4) to
u o @, to obtain

Vu(@)P (1 = [a) < [ luo QuP~2|(Vu) 0 QulIQs 1 do

Now integrate this inequality with respect to (1 — |a|?)~!dm(a), exhanging in-
tegrals on the right, and then estimate the right side in an obvious manner to
obtain

/ IVu(@)P(1 - |af?)?~ dma)

(2.5) o) s [ o QuEP (V)0 Q0 z)I’IQ“l)Il dm(a).

|z|<1/2
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Thus we are reduced to estimating the supremum in (2.5). Our first step is to
change variables by putting w = Q,(2). The transformation a — w is not conformal
but it is easy to solve for a, obtaining

a=[w(l - [21*) + 2(1 - Jw*)]/(1 - |zw]?).

From this and standard mapping properties of Q, it follows that the transformation
a — Qq(2) is one-to-one and onto. Computing the Jacobian of this transformation
yields

|1 —az|

2
. Iwz|2dm(w).

(2.6) dm(a) =

(The exterior calculus and the formula dm(w) = (277)~1d@ A dw help to organize
the calculations. Without these it is tedious, but straightforward.) More calculation
shows that

QP /(1= ) = (1= o)1 - |=f)lt ~azP]
Putting this into (2.6) and (2.5) yields
[ 1vut@p( - japy=* dm(a)
(1 = [uf?)dm(w)

<o(U) |z?2{>/2/ [u(w) P~ 2| Vu(w)|? (1= 2]2)(1 = |w2?)

(2.7 < 59©) [ lu()P2 (Va1 - [w]) dm(w).

Now 1 — |w|? < 2log(1/|w|) and v(U) = 22P~*p(p — 1). Put this in (2.7) and
combine with Theorem B to obtain

/lVU(a)I”(l ~ la*)?~* dm(a) < (2%7*%/9)||u[l}. O

The calculations for an analytic function go much the same and lead to the
desired inquality

+2
[15@Pa- japyr-2dm@ < Z- 1713,

A more elementary proof with somewhat larger constants can be obtained by
making use of the special form that v has. The above approach shows that the
inequality (2.4) for any finite measure v compactly supported in U suffices to prove
Theorem A. (More generally almost any local inequality at the origin will generate
some global inequality.)

3. A generalization of Theorem B. In this section we generalize part of
Theorem B by proving the following result.

THEOREM C. Let 0 < p, s < +00. Then there exists a constant C = C(p, s)
such that

(3.1) /U IF(@)P=°IF'(2)I°(1 = |2])°~! dm(2) < CIfIIE
for all f € HP if and only if2 < s <p+2.
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PROOF. If s > p + 2 then |2|P~° is not integrable dm over U so (3.1) fails for
f(z) = 2. If 3 < 2 then (see below) there is a function g belonging to H® such
that [|g'|°(1 — |2])°*~! dm = +o0o. Writing g = h + k where A and k are zero free
we deduce that such a g exists which is zero free. Put f = ¢°/? so that f € H?
and |¢'|® = (p/3)°|f|P~°|f'|°. Thus (3.1) fails for this f since the left side is infinite
while the right is finite.

Now suppose 2 < s < p+2 and let f € HP. Write f = Bg where B is a Blaschke
product and g has no zeros and ||g||, = || f|lp. Now

IP=1f1° = |BlP|B'g + Byl
(32) < 2°7Y(|g?|BIP~*|B'|° + | BI”|glP~°l'|°)
We may thus estimate the appropriate integral for f in terms of two integrals
involving g and B. These estimates follow.
First put h = g?/* so that h € H® and |h'|* = (p/s)|g|P~°|¢’|*. Thus
/lBI”IyI""IQ'Is(l = |2])*" dm(2) < C/ |h'1°(1 = |2])*~" dm(2)
(3.3) < Cllklls = Cligliz = ClIfII5-

by Theorem A.

For the second estimate we apply Carleson’s Inequality (see [1, pp. 238 and 239]).
This states that there is an absolute constant C such that, for every g belonging to
H?, [|gP du < Cllull«llgllp where

. = sup { -1y -z ducz): a e U} .

We apply this with du = |B[P~%|B’|*(1 — |2|?)*"1dm. Then we need to estimate
l]l« = sup{C(a): a € U} where

1—|al? - s
o = [ =Ll iBer- 1@ - 12 am(o).
Changing variables by putting z = (w + a)/(1 + aw) gives
w+a d w+a
cw=[|p(Fa) @ (i5e)
We are thus reduced to estimating the left side of (3.1) for certain functions B on
the unit sphere of H.

For such B we have, from the conformally invariant form of Schwarz’s Lemma,
that |B'(2)|(1 — |2|?) < 1 —|B(z)|? < 1. Thus

/ IBEP 1B @)~ )~ dm(z) < [ BB @R - o) dm(2)

where ¢ = p+2—s > 0. (We have just replaced |B’(z)|*~2(1—|2|?)*2 by 1, which
dominates it.) We conclude that C(a) < C||B||? < C by Theorem B again. Thus

/Iyl”IBl”'slB'l“’(l —|z])*~ dm < Cligllf = CII 5.

Combining this with (3.3) and (3.2) gives (3.1). O

p—s

"1 = ) dm(w).
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The statement that there is a function f € H® such that [ |f’|*(1—|z|)*~1dm =
+00 whenever s < 2 is not easy to come by in print. In [2] there is a construction
which yields this result for 1 < s < 2 and Rudin [5] obtains it for s = 1. Both
constructions produce a bounded function f. Since bounded functions also satisfy
|f'(2)](1 — |2]) is bounded we see that, for s < 1

[1r@ra=1e = dm > e [ 1) dm = +oo
if f is the bounded function of Rudin’s example.
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