
proceedings of the
american mathematical society
Volume 103, Number 3, July 1988

CONTINUOUS IMAGES OF ARCS

JACEK NIKIEL

(Communicated by Dennis K. Burke)

ABSTRACT. A characterization of continuous images of (Hausdorff) arcs is

used to describe their cyclic elements as inverse limits of inverse systems of

'nice' spaces with 'nice' bonding mappings.

Introduction. By a continuum we will mean a compact and connected Haus-

dorff space, and an arc will be understood as a Hausdorff arc, i.e., a continuum with

exactly two non-cut-points. Recall that arcs are precisely compact and connected

linearly ordered topological spaces, and each separable arc is homeomorphic to [0,1]

(see for example [6]).

The classical Hahn-Mazurkiewicz theorem [5, 10] characterizes continuous im-

ages of [0,1] (in the class of all Hausdorff spaces) as locally connected and metrizable

continua. Since 1960 it is known that there exist locally connected continua which

are continuous images of no arc ([7]; recall that each Hausdorff space which is a

continuous image of some arc is a locally connected continuum—see for example

[6]). Hence there is no straightforward generalization of the Hahn-Mazurkiewicz

theorem. The first reasonable characterization of continuous images of arcs was

found in 1985 in [12], where several natural equivalent conditions were proved.

Some of those conditions involve the use of the cyclic element theory (see for ex-

ample [20] for the cyclic element theory in metrizable locally connected continua,

and [21, 2] for generalizations of the theory to the class of all locally connected

continua). The utility of the cyclic element theory as a way to find a nonseparable

version of the Hahn-Mazurkiewicz theorem was noticed for the first time in [2],

where it was proved that if each cyclic element of a locally connected continuum A

is a continuous image of some arc, then also the whole A is an image of some arc.

In the present paper we apply the characterization theorem of [12] to prove

that if A is a cyclic element of a continuum which is a continuous image of some

arc, then X is homeomorphic to the inverse limit of an inverse sequence of some

'piecewise' metrizable continua (each of which is also a continuous image of some

arc and, moreover, can be defined by a simple induction) with natural bonding

mappings. Moreover, we describe some examples and applications of the obtained

results. Some further applications of the related methods can be found in [14].

2. Auxiliary facts. Let A be a locally connected continuum. We say that

a subset A of A is a T-set in A provided A is a closed set and each component
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of A — A has a two-point boundary. If A has no cut points, then we say that a

sequence Ax, A2,... of T-subsets of A T-approximates X provided

(1) Ax CA2C---,
(2) if P is a component of A — An, n = 1,2,..., then the set of all cut points of

P is contained in An+X,

(3) if P is a component of A — An, n = 1,2,..., and C is a nondegenerate cyclic

element of P, then the set CC\An+x is metrizable and contains at least three points,

and

(4) Ax is metrizable.

It turns out that if A has no cut points and a sequence AX,A2,... of T-subsets of

A fulfills (1), (2) and

(3') if P is a component of A — An, n = 1,2,..., and C is a nondegener-

ate cyclic element of P, then the set C n An+i contains at least three points,

then A = UnLi An is a dense subset of A (see [12, Lemma 3.4]).

Theorem 2.1. is a particular case of [12, Theorem 1.1]:

2.1. THEOREM. If X is a continuum, then the following conditions are equiv-

alent:

(i) X is a continuous image of some arc,

(ii) X is locally connected and if Y is a nondegenerate cyclic element of X

and p,q,r G Y are any points, then there is a metrizable T-set A in Y such that

p,q,reA,
(iii) A is locally connected and each nondegenerate cyclic element Y of X can

be T-approximated by some sequence A\ ,A\, ■ ■ ■  of T-subsets ofY.

Let A and Y be locally connected continua, / : A —» Y be a function and A be

a T-set in A. We say that / is a T-map with respect to A provided

(5) / is a continuous surjection,

(6) B — f(A) is a T-set in Y and /1 a is a homeomorphism from A onto B,

(7) each component Q of Y — B is homeomorphic to ]0,1[ (so Q is homeomorphic

to [0,1]), and

(8) for each component Q of Y — B there is the unique component Pq of A — A

such that f(Pç) C Q, and each component of A — A is a Pq for some component

Q of Y - B.
Furthermore, / : A —> Y is said to be a T-map if it is a T-map with respect to

some T-subset A of A.

2.2. LEMMA. If X is a locally connected continuum and A is a T-set in X,

then there are a locally connected continuum Xa and a function /a : A —» Xa such

that fA is a T-map with respect to A. Moreover, Xa is determined uniquely up to

a homeomorphism.

PROOF. The first part of Lemma 2.2 was shown by L. B. Treybig, [16, Theorem

6], for the second part see [12, Lemma 3.5].

2.3. LEMMA. If X is a locally connected continuum, A,B are T-sets in X

such that B C A, and f : X —* Xa is a T-map with respect to A, then f(B) is a

T-set in Xa- Moreover, if P is a component of X — B, then there is the unique

component Q of Xa — f(B) such that Q C f(P) C Q.
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PROOF. Let P be a component of A - B, bd(P) = {61,62}, and put Q -

f(P) — f({bx,b2}). It suffices to show that Q is a component of Xa — f(B) such

that bd(Q) = f({bx,b2}). Note that

flf(bi) C {bt}\j\J{U: U is a component of A - A and 6¿ G bd(P)}.

The set G = (A - P) U /_1/({6i,62}) is closed in A. Moreover, Q = XA - f(G)

(because / is a T-map and B c A). Hence Q is an open subset of Xa- Observe that

bd(<2) = f({bx,b2}). Suppose that Q is not connected and let VX,V2 be nonempty,

disjoint and open subsets of Q such that Q = Vx UV2. Put

Wi = (/_1(Vi) n A) U |J{P: P is a component of A - A and f(U) n V4 ¿ 0},

for i = 1,2. Note that Wx, W2 are nonempty, disjoint and open subsets of P such

that P = Wx U 1^2 • Hence P is not connected, a contradiction.

2.4. LEMMA. If X is a continuum without cut points which is a continuous

image of some arc, AX,A2,... is a sequence of T-subsets ofX which T-approximates

X, and /„ : A —► Xa„ is a T-map with respect to An, for n = 1,2,..., then the

family {fx, f2, ■.. } separates points of X.

PROOF. Put A = {jn°=x An; so A is dense in X. Let x and y be distinct points

of A. We consider three cases.

Case 1.   x,y e A.   Hence there is an integer n such that x,y G An.   Then

fn(x) ¿ Ufa)-
Case 2. x G A and y £ A. By [16, Theorem 8], there is an integer n such that

x e An and x £ bd(P), where P is a component of X — An such that y G P.

Therefore fn(x) ^ fn(y).

Case 3. x, y G' A. By [16, Theorem 8] there is an integer n such that if P, Q are

components of A - An so that x G P, y G Q, then bd(P) n bd(Q) = 0.  Hence

fnfa) ± fn(y).

3. The main result. Let A be a continuum which is a continuous image of

some arc (so X is locally connected). We say that the rank of X is less than or

equal to a nonnegative integer m, r(X) < m, provided either

(9) each cyclic element of A is degenerate or

(10) A has a nondegenerate cyclic element and for each nondegenerate cyclic

element F of A there is a sequence A\, AY,... of T-subsets of Y which T-

approximates Y and is such that A\\ = Y.

We say that the rank of A is equal to m provided r(X) < m and either m = 0 or

r(X) ¿ m - 1.

3.1. PROPOSITION. IfX is a continuum which is a continuous image of some

arc, then

(i)   r(A) = 0 if and only if X is a dendron,

(ii) r(A) < 1 if and only if each cyclic element of X is metrizable.

3.2. THEOREM. Let X be a continuum without cut points which is a con-

tinuous image of some arc. If AX,A2,... is a sequence of T-subsets of X which

T-approximates X, then

(i) r(AJ4n) < n for n = 1,2,..., and
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(ii) there are functions fn: X —* Xa„ andgn: Xa„+1 —* Xa„, n = 1,2,..., such

that

(a) each fn is a T-map with respect to An,

(b) each gn is a T-map with respect to fn+i(An), and

(c) the diagrams
idx

A    «-      A

fn fn+1

XAn   <-   XAn + 1
gn

commute, and so X is homeomorphic to \immv(XAn+1,gn)-

PROOF. For simplicity, we will write Xn instead of Xa„-

(i) By Lemma 2.3, S = {fn(Ax),fn(A2),... ,fn(An-i), Xn} is a sequence of

T-subsets of Xn. To see that S T-approximates A„ it suffices to prove that if P

is a component of Xn — fn(An-X) and C is a nondegenerate cyclic element of P,

then the set C f] Xn = C is metrizable. Let Q denote the unique component of

A — An_i such that fn(Q) C P. There is the unique cyclic element P of Q such

that fn(D) = C. Note that /„ | D : D —► C is a T-map with respect to An n P and

An n D is metrizable. By [12, Lemma 4.2], C is metrizable.

(ii) Note that, by [12, Lemma 4.2], Xx is a metrizable space. Let hx : X —» Xx

be any T-map with respect to Ax. Suppose that, for some positive integer n, the

function hn : X —+ Xx is already constructed such that hn is a T-map with respect

to Ax, hn | Ar = hx | a1 ; and for each component P of A — An, bd(P) = {pi,P2},

the set hn(P) is an arc (maybe degenerate) with endpoints hnfai), hn(p2).

Let x be any point of A. If x G An+X, then define hn+x(x) = hn(x). Suppose

that x & An+X and let P denote a component of A - An+i such that x G P,

bd(P) = {pi,P2}- Let Q be a component of A - Ax such that P C Q, bd(Q) =

{qi,q2}. Recall that / = hn(Q) is an arc with endpoints hn(qi),hn(q2). We may

assume that hn(qx) < hn(px) < hn(p2) < hn(q2) in the fixed natural ordering of/.

Define
' h„(x)       if hn(pi) < hn(x) < hn(p2),

hn+i(x) = <  hn(px)     if hn(x) < hn(pi),

hn(p2)     if hn(p2) < hn(x).

It is obvious that hn+i is a T-map with respect to Ax (the continuity of hn+i

follows from Lemma 3.1 of [12]).

Note that the sequence hx,h2,... uniformly converges to a function fx : X —► Xx

(in the fixed metric on Xx; use for example the second part of Lemma 3.4 of [12]).

Moreover, fx is a T-map with respect to Ax, and

for each positive integer m and each component P of A — Am,

(*1)       bd(P) = {pi,P2}, the set /i(P) is an arc (maybe degenerate) from

/i(Pi) to fxfa2).
Suppose that for some positive integer n the function /„ : A —» A„ is already

constructed such that /„ is a T-map with respect to An, and

for each positive integer m, m > n, and each component P of A -

(*n) Am,bd(P) = {pi,P2}, the set fn(P) is an arc (maybe degenerate)

from fnfai) to /„(p2).
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We define functions fn+i : A —* Xn+i and gn: Xn+X —► An such that fn+i is a

T-map with respect to An+X so that (*n + 1) holds, gn is a T-map with respect to

/n+i(A„), and /„ = gno fn+x.

Let t: X —» A„+i be any T-map with respect to An+i. If x G A„+i then

define /n+i(a;) = i(x) and if y G ¿(A„+i), y = ¿(x) for some x G An+i, then

set gn(y) = fnfa). Let a; be any point of A - A„+1 and let P denote a compo-

nent of A - An+X such that x e P, bd(P) = {p,p'}. Let also Q be a compo-

nent of Xn+i - i(An+i) such that i(P) c <3- Recall that bd(<3) = {i(p),i(p')}

and Q is homeomorphic to [0,1]. If fn(P) consists of a single point z, then put

fn+x(x) — i(x) and gn(i(x)) = z. Assume that fn(P) is nondegenerate. By (*n),

fn(P) is a metrizable arc with endpoints fn(p)ifn(p')- Let j: Q —* fn(P) be any

homeomorphism such that j(i(p)) = fn(p) and put fn+x(x) = j~l(z) provided

z = Ufa). Set also gn(fn+x(x)) =j(fn+1(x)).
Now, observe that fn+i'- X —> Xn+i and gn: Xn+i —> Xn are well-defined

functions. By Lemma 3.1 of [12], these functions are continuous. An easy straight-

forward proof shows that fn+i and gn fulfill all the required conditions.

Since /„ = gn o fn+x, for n = 1,2,..., there is an induced map /: A —►

liminv(An+i,<7n). By Lemma 2.4, / is one-to-one. Since all the maps /„ are

onto, also / is a surjection. Thus / is a homeomorphism.

4. Examples and remarks.

4.1. EXAMPLE. Let Z denote a 0-curve (i.e., Z is a union of a circle and

its diameter) and let c,d denote the ramification points of Z. Let also a and 6

be any points of Z — {c,d} which lie in distinct components of Z — {c,d}. Put

A' = {a,b, c, d}.

Let Y — {0,1} U Zx]0,1[. Let y be any point of Y. We define a family By

of basic neighbourhoods of yinY. If y G (Z — {a,b}) x {r}, for some r G]0,1[,

then let By be the family of all V x {r}, where V is an open subset of Z such that

y eV x {r} and a, b & V. If y = 0 then put

By = {{y}uZx]0,r[:re]0,l[},

and if y = 1 then set

P„ = {{2/}UZx]r,l[:re]0,l[}.

If y = (a, r) for some r G]0,1[ then let

By - {Zx]t, r[UV x {r} : t G]0, r[, V is an open subset of Z, aeV and 6 £ V},

and if y = (6, r) for some r G]0,1[ then let

By = {Zx]r, t[UV x {r}: t G]r, 1[, V is an open subset of Z, beV andatf. V}.

Put also A = {0, l}uA'x]0,1[. It is obvious that Y is a locally connected continuum

which is a cyclic chain from 0 to 1, each nondegenerate cyclic element of Y is

homeomorphic to Z, A is a T-set in Y which contains all cut points of Y, and

each component of Y — A is homeomorphic to ]0,1[. Define /: Y —* [0,1] by the

formulas /(0) = 0, /(l) = 1, and f(z,r) = r for z e Z and r g]0, 1[. Then / is a

continuous and monotone surjection.

Now, put Xx = Z and A\ = A'. Suppose that a locally connected continuum Xn

and a T-subset A£ of A„ are already constructed such that Xn has no cut points

and each component of Xn — A" is homeomorphic to ]0,1[.
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Put Sn = {P: P is a component of Xn - A™}. If P G Sn then denote bd(P) =

{e0'ef} an(i let fp'- P —> [Oïl] be any homeomorphism such that fp(eo) = 0.

Put A¿j+1 = A™ U Y x Sn and let p be an equivalence relation on X'n+1 the only

nondegenerate classes of which are of the form

Ef = {ef } U {(i,Q) eY x{Q}:QeSn and ef G bd(Q)}

for each i G {0,1} and P e Sn (note that the sets Pf are finite).

Let A„+1 denote the quotient set and g: X'n+1 —» A„+i be the quotient function.

Let x be any point of Xn+X. We define a family Cx of basic neighbourhoods

of x in Xn+X. If x = g(y,P) for some y eY — {0,1} and P G S„, then put

C7X = {ff(V x {P}): F is open in Y, y G V and 0,1 g V}. If x = ff(x') for some

x' G A" then set

cx = h(unAZ)u U r'/p^nPjxiF}):
I P€S„

P is an open neighbourhood of x' in Xn > .

Put

^+1=j/(A»),    Aîl\=AÎ+1U   \J   g{Ax{P})
PESn

and let

f()jr'Wn^i   ifxGA^1,
In[x)      \f-lffy) iî x = g(y,P) for some y eY and PeSn.

An easy proof shows that Xn+i is a locally connected continuum without cut points,

An+1 and A„+\ are T-sets in Xn+X, and /„ : Xn+X —*• An is a T-map with respect

to A"+1. Moreover, /„ is monotone.

Now, we inductively define T-subsets A™ of Am for any positive integers m, n so

that m>n: suppose that A™ is already defined and put A™+1 = A%+1nf-l(A%).

Put A = liminv(A„+i,/„). Then A is a locally connected continuum (see [1,

Theorem 4.3, p. 241]) which has no cut points. For each positive integer n, set

An = liminv(A^+1, fm | Am+i). Note that Ax, A2,... is a sequence of T-subsets of

A which T-approximates A. Thus A is a continuous image of some arc. It is not

difficult to see that r(A) ^ k for each nonnegative integer k.

Observe also that each point of A has arbitrarily small open neighborhoods the

boundary of which consists of either two or three points. Thus A is a rim-finite

continuum. This gives another proof that A is a continuous image of some arc (see

[15 and 18]). Moreover, note that A fulfills the first axiom of countability.

4.2. REMARK. Let A be a continuum without cut points which is a continuous

image of some arc and let Ax, A2,... be a sequence of T-subsets of A which T-

approximates A. One can use maps fn,gn of Theorem 3.2 to find a directed by

inclusion family P of T-subsets of A and maps i a : X —» Xa, 3 b '■ xa —* Aß, for

A, P G P, P C A, such that

(a) each i a is a T-map with respect to A and each jß is a T-map with respect

to iA(B),

(b) each space Xa is metrizable,
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(c) T = (A,j¿,D) is an inverse system,

(d) j'b ° i a = iß for any A, B G P, B C A, and

(e) A is homeomorphic to lim inv T.

(Compare this with the proof given in [13]).

Recall that each locally connected continuum is an inverse limit of some inverse

system of metrizable locally connected continua with monotone bonding mappings

[8, Theorem 2].

4.3. EXAMPLE. Let L denote the well-known long interval (see for example [3,

p. 297]) and for each ordinal number a, 0 < a < ojx , let fa : [0,1] xL —► [0,1] x [0, a]L

be a function defined by the formula

/ (s,t)      iît<La,
fa(s,t) = \

( (s,a)     if a <L t,

where <i is the natural ordering of L from 0 to ux. Moreover, if a, ß are ordinals,

0 < a < ß < ùjx, then put f£ = fa[ [o,i]x[o,/?lL- Note that fa, f£ are monotone

surjections and /f o fl = /J if 0 < a < ß < 7 < wi. Therefore [0,1] x L is

homeomorphic to lim inv ([0,1] x [0,ß]z,,f^,ux). Moreover, for each 0 < a < tox,

[0,1] x [0, a] 1 is homeomorphic to the square [0,1] x [0,1], and so it is a continuous

image of [0,1]. However, even in such a simple case as considered here, the inverse

limit space [0,1] X L is not a continuous image of any arc or even any compact

linearly ordered topological space ([22], see also [17]).

4.4. PROBLEM. Suppose that T = (Xn+i,fn) is an inverse sequence such

that all the spaces Xn are continuous images of some arcs and all the mappings

/„: Xn+i —* Xn are monotone surjections. Does it follow that the inverse limit

space A = lim inv T is a continuous image of any arc?

Recall that A is locally connected ([1], see also [4]).

4.5. REMARK. In [12] it was also proved that if a continuum A is a continuous

image of some arc, then A can be approximated by some family J of finite dendrons

(see [19, 17 or 12] for the definition of the last notion). The proof given there can

be simplified with the use of some ideas of the present paper. Namely, assume that

A is a continuum without cut points which is a continuous image of some arc and

let Ax, A2,... be a sequence of T-subsets of A which T-approximates A. For each

n let /„ : A —► Xa„ and gn : Xa„+1 —► Xah be maps constructed in Theorem 3.2.

In [12] it was shown that, for each n, there is a family Jn of finite dendrons in Xa„

such that

(a) Jn approximates Xa„ and Xa„ = \JJn (so for every points x, y G Xa„ we

may define [x, y]n to be the unique subarc of Xa„ such that x, y are the endpoints

of [x, y[n and [x, y]n C T for some T G Jn), and

(b) there is a point o G Ax such that gn([fn+i(a), fn+i(p)]n+i) = [fn(a),fn(p)]n,

for each n and each point p e An.

One can check that it is possible to choose maps /„ and g„, n = 1,2,..., in such

a manner that gn+i | [/„ + 1(a),/„+1(p)]„+i is monotone, for each point p G A„.

For any positive integers n,k and points bx,...,bk G An put

k

Dn(bi,...,bk)=\J[fn(a),fn(bi)]n;
i = l
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so Dn(bx,... ,bk) is a finite dendron and

9n I Dn+i(ö1,...,6t) : Pn+l(6l, . . . , 6fc) —► Dn(bX,. . . , 6fc)

is a monotone mapping. Put

P(6i,. ..,&*) = liminv(Pm+1(6i,... ,bk), gm | Drn+l(b,,...,bk),m > n);

so D(bx,... ,bk) is a finite dendron in X (see for example [11]). Finally, put

J = {D(bx,...,bk): k = 1,2,...,bx,...,bkeAn,n= 1,2,...}.

It follows that J is a family of finite dendrons which approximates A.
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