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ABSTRACT. The main result of this paper is the following theorem. If G\, G2

and G3 are abelian Polish groups and C: G\ x G2 —» G3 is a Christensen

measurable biadditive mapping, then C is jointly continuous.

1. Introduction. Biadditive mappings have been discussed many times in the

literature, often in conjunction with the parallelogram law [10, 8, 5, 7], etc. An

important problem in the theory of biadditive mappings is to find conditions which

ensure the continuity of the mappings.

There are many results about continuity of measurable homomorphisms in quite

general settings but in the case of biadditive mappings we are aware only of studies

of measurable solutions of the associated parallelogram law in a general (Banach

space) setting. [9]

In this work it will be assumed that the domain of the biadditive mappings is

the product of two abelian Polish (or more general) groups and the range space

is again an abelian Polish (or more general) group. Hence, in general, there is no

associated parallelogram law with the aid of the diagonal of the domain; thus only

the structure of the group can be used.

We wil discuss separately continuous and measurable biadditive mappings, where

both universal and Christensen measurability will be considered. We refer to [2]

for the definition of the Haar zero sets in an abelian Polish group and to [6 and

4] for the notion of Christensen measurability. Since there are no Fubini types of

theorem for the small sets we consider [2], a quite intricate construction has to be

given to prove our main result. Nevertheless, we believe that these results show the

power of these small sets.

Throughout this paper we shall use the following notations. If G¿ is an abelian

Polish group, then Oc¡ is the neutral element of G¿, and <Z¿ is a complete translation

invariant metric, which is compatible with the topology of G¿.

2. Universally measurable mappings. Our first result shows that a uni-

versally measurable biadditive mapping is jointly continuous in an abelian Polish

group setting.
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THEOREM 1. Let Gi, G2 and G3 be abelian Polish groups and let C: Gi x G2 —>

Gz be a universally measurable biadditive mapping.  Then C is jointly continuous.

PROOF. Let gi be a fixed element of Gi, then C(gi,-): G2 —> G3 is a group

homomorphism. In an obvious way, G2 can be identified with the closed subset

{91} x G2 of Gi x G2 (the mapping 92 •—► ffi x 52 is a homomorphism). Now,

using the fact that a closed set is also universally measurable, and that the restric-

tion of a universally measurable mapping to a closed subset is relatively universally

measurable, we can conclude that C(gi,-) is a universally measurable group ho-

momorphism. Therefore C(gi,-) is continuous [3, p. 114]. In an entirely similar

way, we can show that C(-, 32) : Gi —» G3 is a continuous group homomorphism for

every fixed 32 € G2. Hence G: Gi x G2 —» G3 is a separately continuous mapping.

With the aid of a result of Calbrix and Troallic [1, Corollary 3, p. 648] we can

conclude that there exists at least one ¡71 E Gi and at least one h^ E G2 so that

(öl, ^00) is a point of joint continuity for G. To conclude the proof, we shall show

that all the points of Gi x G2 are points of joint continuity for G.

Indeed, let {g'n} be a sequence from Gi such that lim„_00 g'n = Og^, and let

{hn} be a sequence from G2 such that linin^oo hn — h^. Since (gi, h^) is a point

of joint continuity for G, we have that lim„_00G(<?i -I- g'n,hn) = C(gi,h00). Now,

the biadditivity of C implies that C(gi + g'n,hn) = C(gi,hn) + C(g'n,hn). Since

C(<7i, •) : G2 —» G3 is continuous, we see that

lim C(gi+g'n,hn) =  lim C(gi,hn).
n—*oo n—»oo

Therefore hmn-,ocC(g'n,hn) = Og3, and clearly this last result remains valid

for any other sequences such that <?* —+ Oq, and h^ —> h^. Now, let {</*}

be a sequence from Gi such that lim„_oo 9Û — 9i and let {h*,} be a sequence

from G2 such that limn_>00 /i* = Og2 ■ Then, a similar argument shows that

limn_oo C(ffn'^n) ~ ^G3- From which, using the biadditivity of C, we can de-

duce easily that C is jointly continuous at every point of Gi x G2.

The second half of the proof of Theorem 1 together with [1, Corollary 4, p. 648]

yield the following result.

THEOREM 2. Let Gi,G2 and G3 be abelian complete metrizable groups. Let

C : Gi x G2 —» G3 be biadditive and separately continuous. Then C is jointly

continuous.

3. Christensen measurable mappings. First we prove the following lemma.

LEMMA 1. Let G be an abelian Polish group. Let S be a universally measurable

subset of G such that G\S = Sc is a Haar zero set. Let u be a probability measure

on G.  Then there exists a g E G such that u(S + g) = 1.

PROOF. Let v be a probability 'testing' measure for Sc, i.e.

{XS'*v)(x)= /  Xs<(x + y)v(dy) = 0.
Jg

Then by the Fubini theorem, we have that

(u*v)(Sc) =  // xs°{x + v)du(x)dv(y) = // xs<(x + y)dv(y)du(x) =0.

Hence u(Sc + g) = 0 for v a.e. g. Therefore for v a.e. g we have that u(S + g) = 1.

Now, we can prove our main result.
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THEOREM 3. Let Gi, G2 and Gz be abelian Polish groups, letC: G1XG2 —> G3

be a Christensen measurable biadditive mapping.  Then C is jointly continuous.

PROOF. As the first step, we show that there is a universally measurable set

S'cGi x G2 such that the restriction of G to S is universally measurable and Sc =

(Gi x G2) \ S is a Haar null set. To see that, let {0„} be a countable base

for the topology of G3. Since G_1(On) is Christensen measurable, we have that

C'^-^n) — An U Bn, where An is universally measurable and Bn is a Christensen

zero set. Hence there exists an Nn which is a Haar null set and so that Bn C Nn.

Furthermore, Sn = C-1^^,) \ Nn is universally measurable. Let S = U^Li $n, it

is easy to show that S has the required properties.

As the second step, we show that G is separately continuous. To obtain a

contradiction, suppose go E Gi is such that C(go, ■)'■ G2 —* G3 is discontinuous.

Then there exist a sequence {hn} and £0 > 0 so that, hn E G2, c?2(Gg2, hn) < 1/2",

and d3(OG3,C(g0,hn)) > s0-

Let H = {0,1} be the compact metrizable abelian group with Haar measure pi

such that pi({0}) = Pi({l}) = f. We define 9i : H -> Gi by #1(2:) = xg0. Let

K = {0,1}^ be the Cantor group with Haar measure P2 which is the (countable)

product of 'equidistribution' measures on {0,1}. We define Ö2 : K —> G2 by 92(y) =

En=i y(.n)hn and9:HxK^GiX G2 by 9(x,y) = (9i(x),92(y)). Clearly, 0U
Ö2 and 9 are continuous mappings. By Lemma 1 we conclude that there exists

a (<7ii!?2) € Gi x G2 so that 9(H x K) + (gi,g2) is essentially contained in S,

in other words, 9_1(S — (¡71,32)) has full Haar measure in H x K. Therefore

D(x,y) = C(9(x,y) + (¡?i,<?2)) is Haar measurable on H x K, since it follows from

our previous result that the composed map D will be universally measurable on

H x K, except for a null set.

Let e be a fixed positive number. There exist balls Bo and Pi in G3 of diameter

less than e so that both of the sets F0 = ({0} x K) n D~1(B0) and Pi = ({1} x

K) n £>_1(Pi) have strictly positive Haar measure in if x if. Now, by Pettis'

theorem, we can conclude that there exists N(e) so that for n > N(e) we have

that (P0 + ({0} x /„)) n P0 # 0 and (Fi + ({0} x /„)) n Pj ^ 0, where ln =

(0,0,...,0,1,0,...).
Since P0 = ({0} x K) n {(0,g): C(gi,62(g) + g2) e Po} and Pi = ({1} x K) n

{(1,0): C(g0+gi,92(g) + g2) € Pi}, it follows that for n > N(e) d3(0G3,C(gi,hn))

< e and d3 (Og3 , C(g0 + ffi, hn)) < e.

Now these inequalities imply that d3(OG3,C(go, hn)) < 2s. Thus, by choosing

e < ^£o, we got a contradiction, i.e. we have that G is separately continuous.

Finally, we see that Theorem 1 yields the proof of this theorem.
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