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ABSTRACT. Let 77 (resp. 7™*) be the set of all closed, convex and bounded
(resp. w*-compact and convex) subsets of a Banach space E (resp. of its dual
E*) furnished with the Hausdorff metric. It is shown that if there exists an

equivalent norm || - || in E with dual || - ||* such that (E,|| - ||) has Mazur’s
intersection property and (E*,]| - ||*) has w*-Mazur’s intersection property,
then

(1) there exists a dense G subset Zp of 7” such that for every X € 74 the
strongly exposing functionals form a dense G subset of E*;

(2) there exists a dense Gs subset 73* of 7™* such that for every X* €
75" the w*-strongly exposing functionals form a dense Gs subset of E. In
particular every X € 74 is the closed convex hull of its strongly exposed
points and every X* € 73* is the w*-closed convex hull of its w*-strongly
exposed points.

Let 77 be the set of all convex, closed, bounded and nonempty subsets of a real
Banach space (E, || -||) and 77* be the set of all convex, w*-compact and nonempty
subsets of (E*,| - ||*) (the dual space of E). The Hausdorff metric between two
subsets of E is defined as follows:

h(X,Y)=inf{e >0: X CY +&B,Y C X +¢B},

where X, Y C E and B is the closed unit ball in E: B={z € E: ||z| < 1}.

If X and Y in the above definition belong to E* and B is replaced by B* (the
closed unit ball in E*), then the above formula defines the Hausdorff metric on
7.

It is well known that (77, h) is a complete metric space (see {10, p. 417]).

The set S(X,l,a) = {z € X: (z,1) > sup,cx(2,l) — a) is said to be a slice,
depending on a subset X C E, on a continuous linear functional [ € E* and on
a>0.

The point £ € X C E (resp. z € X C E*) is said to be a denting point (resp.
w*-denting point) if for every € > 0 there exist { € E* (resp. ! € E) and a > 0 such
that z € S(X,!,a) C B(z;¢). If in this definition [ does not depend on &, then the
point z is said to be a strongly exposed (resp. w*-strongly exposed) point and the
functional ! is said to be a strongly exposing functional (resp. w*-strongly exposing
functional).
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There are many characterizations of the Banach spaces having the property that
every X € 77 (resp. every X* € 77*) is the closed (resp. w*-closed) convex hull
of its strongly (resp. w*-strongly) exposed points. One can obtain an information
about this topic from the books: [2, 3, 4, 6]. In the present paper the question
is investigated, when this property is valid for almost all elements of 7" and 7°*
(in the Baire sense). It is true for 77 when E* is separable—this follows from [5],
where it is proved also that every | € E*, | # 0 is a strongly exposing functional
for almost all elements of 7.

The space E (resp. E*) has Mazur’s (resp. w*-Mazur’s) intersection property if
every X € 7 (resp. every X* € 7Z7*) can be represented as an intersection of the
closed balls which contain it [7 and 6, pp. 219, 230]. It was Mazur [11] who began
the investigation of normed linear spaces possessing the above property. Further
results on this topic were obtained by Phelps [12] and Sullivan [13]. Later Giles,
Gregory and Sims [7, 6] gave many characterizations of the Banach spaces having
Mazur’s (resp. w*-Mazur’s) intersection property. One of them states: a Banach
space E has Mazur’s (resp. w*-Mazur’s) intersection property if and only if the set
of w*-denting points for B* is dense in S* (resp. the set of denting points for B is
dense in S), where B, B*, S, S* are respectively the closed unit balls and spheres in
E and E*. Below we will see how this property is connected with a Krein-Milman
type theorem for almost all elements of 77 and 77*.

It is easy to see that the topology of 77 (resp. 77*) does not depend on the
choice of the concrete equivalent norm in E (resp. equivalent dual norm in E*).

Further we need the following well-known lemma (see [2, p. 44]), whose proof is
straightforward and is omitted.

LEMMA 1. For every slice S(X, lo, &) there exists € > 0 such that S(X,l,a/2) C
S(X,lo, ) for everyl € E*, ||l — lo||* <e.

LEMMA 2. Let (M,d) be a metric space which contains at least two different
points, L be a dense subset of M and v be an integer, v > 1/diam M. Then for
everyn = v, v+1,..., there exists L, C L such that d(z,y) > 1/n for every z,
YE€Ln, z#y and Uy~ , Ly is a dense subset of M.

PROOF. Let G, be a subset of L such that for every z, y € G, = # y we have
d(z,y) > 1/n. Such G, exist for every integer n > v, for example G, = {21, 22},
where 21, 22 € L and d(21,22) > 1/v. Let F, be the set of all such G,,. By the
Zorn lemma it follows that F,, has a maximal element H,, with respect to the usual
order “C”. We will prove, that UZ°=U H, is a dense subset of M. Assume the
contrary. Then there exists an open subset U of M for which UN (U, , Hn) = @.
Take 7o € U N L and an integer ng > v such that B(zo;1/ng) C U. Then ﬁnoz =
Hp, U {zo} will belong to F,, and H,, & H,,, which is a contradiction with the
maximality of H,,. O

Denote by N the set of all positive integer numbers.

LEMMA 3. Let X C E be bounded. Then the strongly ezposing functionals for
X form a Gs subset of E* (perhaps empty).

PROOF. We will show, that the set Y = {l € E*: inf,sodiam S(X,[, @) < 1/k}
is open for every k € N. Let k € N be fixed and Iy € Y);. Then there exists ag > 0
such that diam S(X, lp,a0) < 1/k. By Lemma 1 it follows, that there exists ¢ > 0
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for which the conditions [ € E*, ||l — lp]|* < € imply S(X,{,a0/2) C S(X,lo, ).
Hence inf, o diam S(X, !, @) < 1/k which means that Y is open. Obviously

oo
ﬂ Y = {l € E*: | is strongly exposing functional for X}
k=1

and the proof is completed. O

It is well known (and routine to prove) that the mappings I: 77 5 K — og
and I*: 77* 5 K* — ok-, where ok is the support function of K: ox(z*) =
SUpze i (T,2*) and ok-(z) = sup,.ck-(z,z*) are isometric isomorphisms respec-
tively between (77, h) and (F*, p*), and between (77*, h) and (F, p) (Minkowski’s
duality), where F™* is the space of all sublinear, positively homogeneous, contin-
uous and w*-lower semicontinuous functionals on E* furnished with the uniform
metric p* and F is the space of all sublinear, positively-homogeneous, continuous
functionals on E furnished with the uniform metric p. It is easy to see that (F,p)
is a complete metric space, therefore (77*, h) is a complete metric space too.

Let P be the set of all equivalent norms in E, furnished with the metric p and
P* be the set of all equivalent dual norms in E* furnished with the metric p*. It is
a routine matter to prove that P is an open subset of the complete metric space of
all continuous seminorms on E under the distance p and that the map n: p +— p* is
a homeomorphism between P and P*, therefore P and P* are Baire spaces. Also,
the topology on P (resp. on P*) depends only on the topology in E (resp. in E*),
but does not depend on the choice of the concrete equivalent norm in E (resp.
concrete equivalent dual norm in E*).

Define the following sets:

R={Xe7 :0€int X, X is symmetric with respect to 0},

R*={X* € 7™:0€int X*, X* is symmetric with respect to 0}.

It is easy to see that I and I* are isometric isomorphisms respectively between R
and P* and between R* and P, when R and R* are furnished with the Hausdorff
metric.

THEOREM 4. Let E be a Banach space and let the following condition hold:

(A) there exists an equivalent norm || - || in E (with dual || - ||*) such that the
set L of denting points for B is dense in S and the set L* of w*-denting points for
B* 15 dense in S*, where B, B*,S,S* are respectively the closed unit balls and the
unit spheres in E and E*: B={z € E: |z|| < 1}, B* = {z* € E*: ||z*||* < 1},
S={ze€E:|z| =1}, S*={z* € E*: ||z*||* = 1}.

Then

(a) there exzist a dense Gs subset 75 C 77 and a dense Gs subset Zy* C 77*
such that for every X € 74 the set of strongly ezposing functionals is a dense Gs
subset of E* and for every X* € Z;* the set of w*-strongly exposing functionals is
a dense G subset of E.

(b) every X € 74 is the closed convez hull of its strongly exposed points and
every X* € 74* s the w*-closed convez hull of its w*-strongly exposed points (7
and 73* are from (a));

(c) there exist a dense Gg subset Fo C F and a dense G subset F5 C F* such
that every f € Fy is Fréchet differentiable on a dense Gs subset of E and every
f* € F§ is Fréchet differentiable on a dense Gs subset of E*;
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(d) there exists a dense Gs subset Py C P such that: the set of dual norms
Py:= {p* € P*: p € Py} is a dense Gs subset of P*, every p € Py is Fréchet
differentiable on a dense Gs subset of E and every p* € P§ is Fréchet differentiable
on a dense Gg subset of E*.

PROOF. (a) By Lemma 2 there exist L, C L* such that ||z* — y*||* > 1/n for
every z*, y* € L, z* # y*, n=2,3,... and |,—, Ly, is a dense subset of S*.

Let n € {2,3,...} be fixed. For every | € L, there exist z,(l) € S, an(l) > 0
such that | € S(B*,zn(l),an(l)) C B(l;1/2n). By Lemma 1 there exists €, () > 0
such that
(1) S(B*,z,ax(l)/2) C S(B*,zn(l),an(l)) C B(l;1/2n)
for every = € B(z,(l);en(l)). Choose a denting point z,(!) € B(zn(l);en(l)) N L.
Then there exist z;,(l) € S*, Bn(l) > 0 such that

zn(l) € S(B, z(1),2Ba(1)) C B(zn(l);€n(1)).
By Lemma 1 there exists 4, (l) > 0 such that
(2) S(B,z*,Bn(l)) C S(B,2:(1),28n(l)) C B(zn(l);en(l))
for every z* € B(z,(1); v (1)).

Let S be the set of those functionals from S*, which attain their supremum
over S. By the Bishop-Phelps theorem [1] Sg is dense in S*. Let z;(l) € Sg N
B(z:(1); vn(1)). Choose some y € S with (y,z;,(l)) = 1. By (2) y € B(zn(l);n(l))
and by (1) we obtain
3) z; (1) € B(l;1/2n).

We will prove that
(4) {z€S: (z,2,(l)) =1} N S(B,25(l2), Bn(l2)) = @

for every Iy, lo € L, 1y # ls.
Assume the contrary: for some Iy, l; € Ly, l; # I there exists

g € S(Bax:;(li’)’ﬂn(lQ))

for which (g,z;,(l1)) = 1. By (3) we have z;(l;) € B(l3;1/2n). From y €
S(B,z5(l2), Bn(l2)) and by (2) it follows that § € B(zn(l2);en(l2)). By (1) we
have

z,(ly) € {z* € B™: (§,z*) =1} C S(B*,§,an(l2)/2) C B(lz;1/2n),
and we obtain the contradiction
n < |l = L|I* < |l —zh ()" + lzn(l) — L|I* < 1/n,

and (4) is proved.

Denote Hyp, = {l € Ly,: Bn(l) > 1/m} and

Zomk ={X €7 : Ja > 0, Iy > 0: diam S(X,z},(l),a) < 1/k —v,Vl € Hppm },
if Hyp # @ and Vo = 77 if Hpy = &.

We will prove that Z,,,« is a dense and open subset of 7~ for every n € N\{1},
m, k€ N.

(1) “Denseness”. Let n € N\{1}, m, k € N be fixed, Hppp # 3, Xo € 7,
e >0, u(l) € S(Xo,z5(l), ¢/2m) for l € L,,. Let v(l) € Blu(l); €] be such that z}, ()
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attains at v(!) its maximum over B[u(l); €] (such v(!) exists because of the choice
of z;,(1)). By (4) for every I, l; € Hppm, I # I we have
(v(l1) —u(l1))/e ¢ S(B, z,,(l2), Bn(l2)),
(v(lh) —u(h))/e ¢ S(B,2y(l2), 1/m),
(v(l1) —u(lr), 27 (l2)) < e(1-1/m)
and we obtain
(v(l2), 27,(I2)) — (v(l), 23 (I2)) = (v(l2) — u(l2), 27 (I2))
+ (u(l2), zp(l2)) — (v(l) — u(l), 25 (2)) — (u(l1), 25, (l2))
2 €+ sup (2,2 (l2)) —€/2m — e(1 — 1/m) — (u(l1), 77, (l2))

2€Xo

>e/2m
Hence
(5) (v(lh), 25 (12)) < (v(la), 25 (L)) — €/2m
for every ly,lo € Hypm, 13 # 2. Also, if 2 € X and | € H,,,, then we have
(v(1),25(1)) — (2, 22(1)) 2 (v(D) — u(l), 2, (D) + (u(l), 2, (D) - ZSGU)?O(% 2, (1)
>e—¢/(2m) > e/(2m),
whence
(6) (z,2,(1) < (v(1), 25 (1)) —€/2m

for every z € Xg and | € Hyp,.

Put X; = co{{v(l): ! € Lo} U X0}, X2 = X; and for | € Hpp, Y(I) =
{v(z*): z* € Hpm\{l}} UXo. For | € Hppm and y € coY (I) we have y = 37 _, tiys,
where t; € [0,1], 1 <i<r, Y [_,t: =1, y; € Y(I) and by (5) and (6) we obtain

2, (1) th(yu ) < (@), 20 (D)) — o—

Hence
(7) (¥, 22() < (v(),2z7()) — 5=

for every y e ToY (I).
Since for every | € Hp,, we have X3 = co{To Y (I) Uv(l)}, by (7), we obtain

(8) (v(),z,(1)) = sup (2,2, (1)), for every | € Hppm.
zEX2
Let 0 < a < ¢/8mk(diam X, + 2¢) and z € S(X3,z(l),a),  # v(l). Then we can

write z = Av(l) + (1 — A)a for some A € [0,1) and a € ¢ Y(I) and by (7), (8) we
obtain

llz — oDl = @ = Nllv(@) - all = [(v(l) — 2, 2 (Do) — all/|{v(l) = a, 20 (D)]
< 2m(diam Xo + 2¢)a/e < 1/4k.

Therefore diam S (X3, 2}, (1), o) < 1/2k < 1/k—1/3k for every | € Hy,,, which shows
that X2 € Zpmi. This is the main step of the construction.
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Let z € X;. Thenz = Y_;_, Az, for some z; € {v( ): 1 € Hpm }U X, A € [0,1],
1<i<s Y0 ,/\ = 1 and since the function d(-, X) (here d and h below are
defined by || - ||) is convex (because Xj is convex), we have

d(z, Xo) = (Z/\z,,Xo)<Z/\dz,,X0 <Z,\e—e

Since d(-, Xo) is continuous, d(z, Xo) < € for every z € X2, whence h(Xo,X2) <
€ and the denseness is proved.

(2) “OPENNESS”. Let Xg € Z,mk- Then there exist ag > 0 and v > 0 such that
diam S(Xo, z}, (1), a0) < 1/k — ~ for every | € Hpy,. There exists 6 > 0 such that
diam S(Xo, z}, (1), ap) + 26 < 1/k — ~/2 for every | € Hppm, and a := a9 — 26 > 0.
For every X € 7 for which h(X, Xy) < 6§ we will show that

9) S(X, 25 (1), @) C §(Xo,z3,(1), 20) + 6B,

for every | € Hym.

Let | € Hpp, and z € S(X, z},(l),@). Since X C Xo + 6B and Xo C X + 6B,
there exist zg € X and u € 6B such that £ = zg + u and the following inequalities
are fulfilled:

(z0,zn (1)) = (2,20(1)) — (uw, 2, (1)) 2 zsgg(z,x;’,(l)) —a = bl|lz, (D)

= sup(z 2, (1)) + sup (2,25 (1)) — o — 26
z€X 2€6B

sup (z,2,(l)) — a0 > sup (z,z,(l)) — ao.
z€(X+6B) 2€Xo

Hence z¢ € S(Xo, z},(l), ap) and (9) is proved. By (9) it follows that
diam S(X, z; (1),a) < 1/k —~/2

for every | € Hy,,, therefore X € 7, and Z,,nk is open.

It is easy to see that 745: = ﬂn mk=1 Znmk = {X € 7" every z* € M is strongly
exposing for X'}, where M = J;,,—, {25, (1): | € Hn m}, and by the Baire category
theorem 7; is dense G5 in 7. Since L, = Us._; Hnm and U~ Ly is dense in S*,
by (3) it follows that M is dense in S*. Obviously the set | J{tM: t > 0} is dense
in E*. If z* is a strongly exposing functional for some X C E, then obviously tz*,
t > 0 is also a strongly exposing functional for X and by Lemma 3 the first part of
the assertion (a) is proved.

The proof of the second part of (a) is analogous, as the roles of E and E* are
exchanged and we need not the theorem of Bishop-Phelps. The peculiarity here is
that we define X} = X_j‘, where X_{‘ denote the w*-closed hull of X] and we must
prove that h(X(, X3) < e (X and X are defined in E* in an analogous way, as
the set X and X,).

By the construction X} C X{ + eB* and since the set X +eB* is w*-compact,
we have X} := X] C X) + eB*, whence h(X}, X}) < ¢.

(b) This is an immediate consequence from (a) and from the separation theorem.

(c) The assertion follows from (a) and from the well known duality between
Fréchet differentiability and stror.g exposition:

z € X € 7 is a strongly exposed point for X by z* € E* if and only if ox is
Fréchet differentiable at z*,
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z* € X* € 77* is a w*-strongly exposed point of X* by z € E if and only if ox-
is Fréchet differentiable at z (see for instance [2, p. 159]).

(d) The set L, from (a) can be defined (also by Zorn’s lemma) in such a way,
that the following additional property is fulfilled: if | € L,,, then —I € L,,. Now we
replace 7" by R and work as in the proof of (a), choosing every y(-) from the set
{zn(-),2n(-), 25 (), 23, (), u(-), v(-)} and every A(-) from the set {an(-), Bn (), (")}
in such a way, that y(—!) = —y(l) and A(—!) = A(!) for every | € L,,. Having in
mind that I is an isometric isomorphism between R and P*, we apply the above
mentioned duality between Fréchet differentiability and strong exposition. Thus we
obtain a dense G subset Py of P* such that every p* € Pf is Fréchet differentiable
on a dense Gs subset of E*. Analogously we obtain a dense Gg subset Py of P
such that every p € Py is Fréchet differentiable on a dense Gs subset of E. Put
P3 = P{ Nm(Pp) and since 7 is a homeomorphism, the proof is completed. O

In an analogy with the definitions of Asplund and weak* Asplund spaces (see
for instance [2]), we give the following definition.

DEFINITION 5. A Banach space E (resp. the dual E* of a Banach space E) will
be called an almost Asplund (resp. almost weak* Asplund) space, if there exists
a dense G5 subset Fy of F' (resp. Fy of F*) such that every f € F (resp. every
f* € F*) is Fréchet differentiable on a dense G5 subset of E (resp. of E*).

Thus, in this terminology, Theorem 4 states that if for a Banach space E con-
dition (A) of Theorem 4 holds, then E is an almost Asplund space and E* is an
almost weak* Asplund space.

From the condition (d) of Theorem 4 and the results of Godefroy [8] we have
the following

COROLLARY 6. If a Banach space satisfies the assumptions of Theorem 4, then
there exists a dense G subset Py of P such that for every norm p € Py, when E is
furnished with p, one has

(1) there ezists a unique projection of norm 1 from E*** to E*, and thus E is
unique tsometric predual of E*,

(2) E is not isometric to a dual space (if E is not reflexive).

A norm || - || of a Banach space E is said to be locally uniformly rotund (LUR) if
for every sequence {z,}n>0 C E with ||z,]| <1, n=0,1,2,...,lim||z, + zo|| = 2
it follows that z,, — zg.

It is not difficult to see that if the norm || - || of E is LUR, then every point of
its unit sphere is strongly exposed for its unit ball.

A result of G. Godefroy, S. Troyanski, J. Whitfield and V. Zizler [9] asserts that
if E* is weakly compactly generated Banach space (WCG, that is there exists in E*
a weak compact set whose linear hull is dense in E*), then there exists an equivalent
LUR norm in E whose dual norm is also LUR. Thus by Theorem 4(c) we obtain
the following.

PROPOSITION 7. If E* is WCG, then E* is an almost weak* Asplund space.

For a comparison it is worth to mention the following well-known facts: if E*
is WCG, then E is an Asplund space; also if E is reflexive, then E* is a weak*
Asplund space.
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As a corollary from Proposition 7 we obtain that the odd conjugate of the James
Tree space JT, which are WCG (see for instance [4, p. 214]) are almost weak*
Asplund spaces.

The particular case of Proposition 7, when E* is separable, follows from [5].

EXAMPLE 8. There exist almost weak* Asplund spaces which are not weak*
Asplund spaces: ¢g has not the Radon-Nikodym property, therefore [; = ¢ is not
a weak* Asplund space. But [, is separable and by [5] (also by Proposition 7) {; is
an almost weak* Asplund space. There are almost Asplund spaces which are not
Asplund: for example every separable Banach space which dual is not separable
(for instance ;) is not an Asplund space, but it is an almost Asplund space (this
follows from the results in [5] and from the duality between Fréchet differentiability
and strong exposition).

QUESTION 9 What are the necessary and sufficient conditions for E (E*) to be
an almost Asplund (almost weak* Asplund) space?
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