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FUNCTIONS WHOSE DERIVATIVES TAKE VALUES
IN A HALF-PLANE

FERNANDO GRAY AND STEPHAN RUSCHEWEYH

(Communicated by Irwin Kra)

ABSTRACT. We derive sharp upper and lower bounds for |zf'(z)/f(z)| where
f € R, ie. f analytic in D with f(0) =0, f'(0) = 1 and Ree*®f'(z) > 0 in D
for a certain @ = a(f) € R. The extremal function is k(z) = —z — 2log(1 — 2).
This result improves an earlier one of D. K. Thomas.

Let Hp denote the class of analytic functions f in the unit disk D with f(0) =0,
f'(0) =1, and Re f'(z) > 0 in D. In a recent paper D. K. Thomas [4] proved that
for f € Hp one has

zf'(2) -K

g £ | = = e log( — 2I)
where K is an absolute but unknown constant. The example k € F#, with k(z) =
—z — 2log(1 — 2) shows that the bound in (1) is of the right order. In this note we
obtain the sharp version of (1), including also the lower bound and prove that k is
extremal in both cases. In fact, our theorem holds for the larger class % where the
condition Re f’(z) > 0 is replaced by Ree'® f/(z) > 0 in D for some o = a(f) € R.

THEOREM. For f € % and |z| <r < 1 we have

z€D,

) 1-r T < zf'(z)| 1+~ —r
1+r—r+2log(l+7) | f(2) |~ 1—-rr+2log(l—r)
Both sides of the estimate are sharp for k at z = —r and z = r, respectively.

Frequently relations like (2) indicate that there is a subordination lurking behind;
in this case it could be

) 2f'(2)/ () < 2k'(2)/k(2).
This, however, is not true: using a recent result (3, Lemma 2] one can show that
k is starlike univalent in D. Then (3) would imply that f is starlike univalent if
f € Z#. Since this is not the case we have a contradiction to (3).

The difference between # and H,, as far as the theory for solving extremal
problems of the type under consideration is concerned, is the known structure of

possible extremal functions. According to [1] the only candidates for extremizing
|2f'(2)/ f(2)| over Ky are the functions f with

F'2) =M —
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It is clear that maximizing the functional is not easy even for this restricted class
of functions. On the other hand, it follows from the Duality Principle [2, Theorems
1.1, 1.6, Corollary 1.1] that the functional over % takes its maximum for one of
the functions f with

(4) f'(2)=(1+g22)/(1+y2), |zl=yl <1

With this information the problem becomes manageable (not completely trivial,
though). And we are lucky enough that the extremal function for % (namely k)
lies in %y, hence solving the problem for %, as well. We shall require a lemma.

LEMMA. Let F(2) :=1+4 z/log(1 — 2) and G(z) := (1 — F(2))/(1 — z). Then
F and G have nonnegative Taylor coefficients about z = 0 and, in particular, for
2| <r<1,

() |F(2)] < F(r) < lm F(t) =1, |F'(z)| < F'(r),
(6) IG(2)| < G(r).

PROOF. Let H(2) = F(2) — 1. Then the following differential equation holds for
H,

(7) (1-2)(zH'(2) — H(2)) = H?(2).

If H(z) = ) 72, an2™ then (7) becomes

(8) Y ln—1an— (n—2)an_1]e" =YY ajan_;2"
=0 n=0;=0

where a_; := 0. Comparing coefficients in (8) we obtain for n > 1,

n
(n—1)anp =(n—2)apn—1 + Zajan_j,

7=0
and since ap = —1 we may rewrite this as
9) 0 = —ag + 2apa,, n=1,
n—1
(10) (n+1)ap, =(n—2)an—1 + Z aj0n—j, n>1.
j=1

Relation (9) gives a; = 1/2 > 0 and an induction using (10) proves a, > 0, n > 2.
The inequalities (5) follow.
Writing G(z) = Y oo bnz™ we deduce

n n
bp=1-) a, =1—tli_I}}Zajt7 > 1- lim F(t) =0,
which completes the proof.

We now turn to the proof of the Theorem. Clearly the set of possible extremal
functions (4) can be further reduced to

(11) flle)=(1+z2)/(1-2), |z|=1
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We start with the lower bound and write
f(2) 1 f(tz) "Mtztz 1-2
= dt = dt
z2f'(2) o f'(2) o 11—tz 1+zz2
Now, for 0 <t <1, we have

1+t|z|S 1+tz _1—t|z|’ 2 €D.
1+ |z 142 1—|z|
Hence
l1+ztz 1—2 1—t|z| 14 |2|
1422 1—tz| = 1—|2] 1+t|z|
and
f(z) <1+r/11—trdt_ k(-r)
2f(2)| " 1=rJy L+tr — —rk'(-r)’

the desired result. For the upper bound we write with (11) and the notation of the
Lemma

2f'(2)
f(2)

1+z2 1

‘ 11—z z+ (1+z)log(l —2)/2
1+zz 1-F(2)

|1+zF(z) 1—z |

Maximizing with respect to |z| = 1 leads to

‘ 1+ z2 <|z—F(z)|+|1—F(z)E|
1+zF(2)| ~ 1-|F(2)]2 ’
and thus
2f'(2) |z — F(2)| + |1 — F(2)Z|
1 | S16C) 1= |[F(2)]2
_ 1 F(z) F(z)
= o {low (1- 52| roeifi-rt e (1- 22) )
< ;I—;(W {T(l +7)|G(2) (l — @)\ +(1- 7‘2)|G(z)|}
= I+ (=G

In the last step we used F'(z) = G(z)(1 — F(z)/2). As a consequence of the
Lemma we deduce that the last expression is maximal for z = r and an evaluation
in that point gives the right-hand side of (2) (that this is true for |z| < r as well is
trivial).

ADDENDUM. After having completed this manuscript we became aware of the
paper On functions whose derivative has positive real part by R. R. London (to
appear), in which a slightly stronger version of the right-hand inequality in (2) has
been established which, however, holds only for functions f € H#y:

(12) If’(z)l < 1+r -r

lz| <.

Ref(z)/z ~ 1—rr+2log(l1—71)’

Since London’s proof of (12) is fairly complicated we take the opportunity to show
that our method gives (12) with almost no calculations: let f € #,. Then obviously
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Re(f(2)/2) > 0 in D and, according to [1, Theorem 1.b] we have for every ¢ with
le| =1 and |z| = r a |2(¢)| = r such that
Reef'(2) _ _ Rek'(z(¢)) &’ (2(¢))| &' (2)]
Ref(2)]z  Rek(e(e))/2() = Rek(z(e))/2(0) = 2> Rek(2)/z’
and thus, using € = |f'(2)|/f'(2),
1/'(2)] |k’ (2)]
Re f(2)/2 s |r£1|a=§ Rek(z)/z’

Now, with the notation and the results of the Lemma and its proof we get for
2| <,

|k (2)] _‘1+z 1
Rek(z)/z  |1—2z| —1—2Relog(l —2)/z

|1+ 1

B ‘ 1—2z| |log(l—2)/2]? — |1 +log(1 — 2)/z|?

1 1+2 z ?

T 1-|F()? |1~z (108(1 —2)>
1 1+2

TI-FR)P 1—zH2(Z)'

@ |+ 2llzH'(2) - H(2)

1-|F(2)[?
< (I+r)(rH'(r)— H(r)) _ rk'(r)
- 1-F(r)? k(r)

Here we made use of the fact that zH’' — H as well as F(z) has positive coefficients.
This proves (12).
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