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A NOTE ON GENERALIZED INVERSE FUNCTIONS

ROBIN HARTE

(Communicated by Paul S. Muhly)

ABSTRACT. We offer the following generalization of an observation of Graham

Allen about left inverses: if the elements of a semigroup of Banach algebra

elements can all be given mutually commuting generalized inverses, then they

can all be given invertible generalized inverses.

If A is a ring, with identity 1, we shall write A-1 for the invertible group and

(0.1) A^Jt = {a E A : 1 E Aa},        A~¡ht = {a E A : 1 E aA}

for the larger semigroups of left and of right invertible elements, whose intersection

is of course A-1; more generally [2, 3] we write

(0.2) A = {aE A: aEaAa}

for the subset of those elements of A which have generalized inverses. The commu-

tant of a subset K Ç A is the set

(0.3) commA(K) = {aEA:ab = ba for each b E K};

in particular, the centre of A is given by

(0.4) Centre(A) = commA(A).

We shall describe the ring A as centre-commutative if

(0.5) for each a E A there is A E Centre(A) for which a - A E A-1.

This is familiar for example if A is a real or a complex Banach algebra:

(0.6) A scalar and |A| > ||a|| => 3(a - A)-1 = -A-1 j 1 + ¿ X~nan ) .

\ n=l /

In this note we generalize an observation of Hochwald and Morell [4], which was in

turn stimulated by a question of Allan [1]:

THEOREM l. If A is a centre-commutative ring, if D Ç A is a semigroup for

which A-1 Ç D Ç A, and if g: D —* A is a mapping which satisfies, for each
a E A,

(1.1) a = ag(a)a

and

(1.2) b E A"1 n commua) =» g(b)g(a) = g(a)g(b),
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then

(1.3) a E D => a E aA~1a.

PROOF. We claim that for each a E D

(1.4) ag(a) = g(a)a:

this is because if A G Centre(A) with a — A E A-1, then (o — A)-1 is invertible and

commutes with a, so that

(1.5) g((a - A)"1) = a - A

and

(1.6) g((a - A)-1)^) = g(a)g((a - A)"1).

From (1.5) and (1.6) we get (1.4), which now gives (1.3), since

(1.7) h(a) = g(a)ag(a) + (1 - ag(a))

is evidently an invertible generalized inverse for a.    D

The proof of Theorem 1 is exactly the argument of Hochwald and Morrel [4],

who are assuming that A is a Banach algebra and that g(a) is a left inverse for each

a E D: their conclusion is that a is invertible. Allan [1] assumes that D = Aj^t and

concludes that g does not exist: his argument uses complex function theory and

is confined to complex algebras. In [2] and [3] we called an element satisfying the

condition (1.3) decomposably regular: it is rather easy to see that if a decomposably

regular element is either left or right invertible then it must be invertible.
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