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ABSTRACT. Let K be a commutative field. Let G be a locally finite group

without elements of order p in case char K = p > 0. In this paper it is proved

that for some large classes of groups G (A-hypercentral, residually finite and

groups satisfying Min-g for all primes q) the Type loo part of the maximal

quotient ring of the group ring K[G] is zero.

Introduction. Let if be a (commutative) field and let G be a group. Recall

that the group ring K[G] is (von Neumann) regular if and only if G is locally finite

and has no elements of order p in case char K = p > 0. For the notation and

general theory on group rings, cf. [10].

Recall that the maximal right quotient ring Qr(K[G\) of a regular group ring

K[G] is uniquely a direct product of rings of Types I/, loo, 11/, Hoo and III (see [3,

Theorem 10.22]). We are interested in this decomposition, specially in the following

questions: If K\G] is regular, is the Type 1^ part of Gf (K\G\) zero? And the Type

II part?

In [4] Goursaud and Valette answer in the positive the first question for some

special cases, namely when K either has positive characteristic or contains all roots

of unity. The question of whether this is true for arbitrary fields remains open.

We answer this question for some classes of groups, namely when G is either A-

hypercentral, residually finite or satisfies Min-p for all primes p. While our results

here are by no means definitive, we hope that some of our techniques constitute a

first step towards the complete solution of this problem.

As far as concerns the second question, Hannah [5, 6] gives some partial an-

swers by using countable techniques. By using Hannah's results we can answer the

question in the positive whether the group G is A-hypercentral.

I am indebted to Professor B. Hartley for his stimulating letters on locally finite

groups, from which I was aware of Theorem 2.3 below.

1. A-hypercentral groups. Let G be a group. Recall that A(G) = {g G

G\[G : Ca(g)] < oo} is a characteristic subgroup of G. We define the upper A-

central series {AQ} of G by setting

Ao(G) = (1),

Aa+1(G)/Aa(G) = A(G/Aa(G)),

A0(G) = (J Aa(G)
Q<0
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for each ordinal a and limit ordinal ß. We call the last term in this series the

A-hypercentre of G, and we denote it by Aqo(G). If G = Aoo(G) we say that G is

A-hypercentral.

LEMMA 1.1. Let R be a regular ring. Let M be a right R-module. Then the

natural homomorphism End M —► Y\ End(M/MP), where the product is over all

prime ideals P of R, is an injection.

PROOF. Set TV = f]p MP, now NP = TV for all prime ideals P of R. By [3,
Lemma 6.14], we have TV = 0.    D

LEMMA 1.2.   Let R be a regular ring. Set

I = {x G Ä|End(xi?) has bounded index of nilpotence).

Then I is an ideal of R.

PROOF. Let x G I and r G R, we shall see that xr, rx G I. Note that xrR is a

direct summand of xR. Hence any <p G End(xrü) can be extended to ïp G End(x.R)

and if tp is nilpotent, ip can be chosen nilpotent. Thus xr G I. In order to prove

that rx G i, we may assume that x2 = x. Now End(zii) = xRx = End(iÜ2;) and

by symmetry rx G i.

Let x,y G i, we shall see that x + y G i. Let e, / G R be idempotents such that

xR = eR and yR = fR. Then e, / G i. Set M = eR + fR. By the proof of [3,
Theorem 1.1], we may assume that ef = fe = 0. Let n be a positive integer such

that the indices of nilpotence of eRe and fRf are < n. Set R = R/P, where P

is a prime ideal of R. Now M/MP = ~t~R © / R. By [3, Lemma 7.6], the indices

of nilpotence of eRe and fRf are < n. By [3, Theorem 7.9], eRe = Mm(D)

and f Rf = Mm>(D'), where m,m' < n and D and D' are division rings. Thus

End(ei? © / R) has index of nilpotence m + m' < 2n. Now, by Lemma 1.1, it is

easy to see that End(ei? © fR) has bounded index of nilpotence, thus eR © fR C I

and x + y G i.    D

THEOREM 1.3. Leí if [G] be a regular group ring. Suppose that G is A-

hypercentral.  Then the Type Iqo part of Qr(K[G)) is zero.

PROOF. Suppose that the Type I part of Qr(K[G\) is nonzero. Consider I =

{a G A"[G]|End(aiï[G]) has bounded index of nilpotence}. Then, by Lemma 1.2,

I is an ideal of K[G], and since the Type I part of QT(K[G)) is nonzero, I ^ 0. By

[10, Theorem 8.4.10], I n K[A(G)\ ¿ 0.
By [4, Théorème 1.3], we may assume that char K = 0. Let e G I fl K[A(G)\

be a nonzero idempotent. Set Ü = Go(Supp e). By [10, Theorem 2.1.8], 7r//(e) ^

0. Now there exists ß G if[(Supp ^(e))] such that / = 7T//(e)/J is a nonzero

idempotent. Clearly / is a central idempotent of K[H). Suppose that eK[G]e

has index n. We shall see that fK\H] has index < n. Suppose that (fa)m = 0,

for certain a G K[H). Then (efa)m = e(fa)m = 0, and so (efa)n = e(fa)n =

0. Hence irH(e)ßfan = 0 and (fa)n = 0. Thus fK[H\ has bounded index of

nilpotence. By [3, Corollary 7.4], fQr(K[H)) has bounded index of nilpotence.

By [3, Theorems 7.20 and 10.24], fQr(K\H}) is Type I/. By [2, Theorem 2.3],
[H : A(H)\ < oo and |A(Ü)'| < oo. Since [G : Ü] < oo, we have [G : A(G)] < oo

and |A(G)'| < oo. Now it is easy to see that G has a nilpotent subgroup of finite
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index. By [6, Theorem 6.1] and [2, Proposition 1.1], the Type I part of Qr(K[G])

is Type 1/ bounded.    D

Let R be a ring. If a right ideal I of R is essential in R, we write i <e R.

LEMMA 1.4. Let K[G] be a nonsingular group ring. Let H be a subgroup of G

such that [(if U5) : Ü] < oo and K[(H U S)] is nonsingular for all finite subsets S

of G.  Then

(i) I <e K[H] => IK[G] <e K[G),
(ii) Q'(K[H})ÇQr(K[G}).

PROOF, (i) Suppose that i <e K[H\. Let a be a nonzero element of K[G).

Set G i = (H U Supp a). Since [Gi : H] < oo, by [9, Corollary 13], we have

Qr(A"[Gi]) = K[Gi] ®K[H\ Qr(K[H}). Since KlG^ is a free if [if ]-module and

<Qr(ff [if]) is a right nonsingular if [if ¡-module, we have that Qr(K[G{\) is a right

nonsingular if [if]-module. Hence iQr(Ä-[Gl])(iQr(if[Gi])) = 0. Since Qr(K[Gi\)

is right self-injective, iQr(if[Gi]) <e Qr(K[Gi\). Thus IK[G](laK[G] ¿ 0 and

so IK\G] <e K[G].
(ii) By (i) it is easy to see that Qr(K[G\) is a right nonsingular K[H]-module.

Since Qr(K\G\) is a right self-injective if [G]-module and K[G\ is a free K[H\-

module, Qr(K[G\) is a right self-injective if [if]-module. Thus {x G Qr(ff[G])|

(x: K[H\) <e  K[H)} is the maximal right quotient ring of if [if].    D

Let G be a group. Recall that A+(G) = {i€ A(G)|o(:r) < oo} is a characteristic

subgroup of G. As above we may define the A+-central series {A+} of G and

A+(G), the last term in this series.oo v     /i

LEMMA   1.5.   Let G be a group and let H be a subgroup of G.   Suppose that

K[N] is a nonsingular group ring for all subgroups TV of G.  Then

(i) i <e K[H] => iif [A+(G)tf] <e if [A+ (G)H\,
(ii)Q'(if[iî])çQ'(JÎ[A+(G)A]).

PROOF, (i) Let a be an ordinal. By transfinite induction, we shall see that I <e

K[H] => iif [A+(G)if] <e if [A+(G)if]. If a = 0, then the result is clear. Suppose

that a > 0 is not a limit ordinal and that ii^A+.^Gjü] <e if[A+_1(G)i/].

Consider G = A+(G)H/A+_1(G) and H = A+_1(G)Ü/A+_1(G). Now G =

A+(G)H and it is easy to see that [(HuS) : H] < oo for all finite subsets S of G. By

Lemma 1.4, we have iií[A+(G)ü] <e K[A+(G)Ü], Now suppose that a is a limit

ordinal and that iií[A^(G)ü] <e if[A^(G)ii] for all ß < a. Let ibea nonzero

element of if [A+(G)Ü]. There exists an ordinal ß < a such that x G K[A^(G)H].

Hence IK[A+(G)H]nxK[A+(G)H] ¿ 0 and so iif [A+(G)ü]nzif[A+(G)ü] ^ 0.

(ii) It follows as the proof of Lemma 1.4.    D

THEOREM 1.6. Let K[G] be a regular group ring. Suppose that G is A-

hypercentral.  Then the Type II part of QT(K\G\) is zero.

PROOF. Suppose that the Type II part of <3r(if[G]) is nonzero. Then there

exists a nonzero idempotent e G K\G) such that eQr(K[G])e is directly finite.

Let H be a countable subgroup of G such that Supp e Ç H. By Lemma 1.5,

eQr(K[H})e Ç eQr(K[G])e, so eQr(K[H})e is directly finite. By [5, Theorem 3.3],

the Type I part of Qr(K[H\) is nonzero. By Theorem 1.3, the Type 1/ part of

Qr(K[H\) is nonzero.  By [2, Theorem 2.3], [Ü : A(if)] < oo and |A(if)'| < oo.
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Now it is easy to see that [G : A(G)] < oo and |A(G)'| < oo. But by [5, Theorem

3.3] and [6, Theorem 6.1], we have that the Type II part of Qr(if[G]) is zero, a

contradiction, therefore the Type II part of Qr(K[G]) is zero.    D

REMARK. In fact the hypothesis of Theorem 1.6 can be relaxed and, by using the

techniques of Hannah's paper [5] plus Lemma 1.5, we can prove that the Type III

part of <5r(if [G]) is biregular.

2. The Type I part. Next Lemma is an easy consequence of [1, Theorem 11].

LEMMA 2.1. Let K[G] be a regular group ring. Let e G if [G] be an abelian

idempotent. If f G eif [G]e is an idempotent then Supp / Ç (A(G) U Supp e).    D

THEOREM 2.2. Let K[G] be a regular group ring. Suppose that G is residually

finite. Then the Type Iqo part of Qr'(if [G]) is zero.

PROOF. Suppose that the Type I part of Qr(K[G]) is nonzero. We shall see

that [G : A(G)] < oo.
Suppose that [G : A(G)] = oo. Let e G if [G] be a nonzero abelian idempotent

and set H = (Supp e). Since G is residually finite, there exists TV < G such that

[G : TV] < oo and if n TV = (1). Let g G N\A(G)H. Now e(l - g) ± 0, since

7r/f(e(l — <j)) = e ^ 0. Since if [G] is regular, there exists ß G if [G] such that

e(l - g)ße(l - g) = e(l - g).

Hence

(e(l - g)ße)2 = e(l - g)ße(l - g)ße = e(l - g)ße

is an idempotent of eif [G]e. By Lemma 2.1, e(l - g)ße G if [A(G)if]. Hence

e = 7TA(G)tf(e(l - g)) = 7TA(G)/i(e(l - g)ße(l - g)) = e(l - g)ße.

Now p¿v(e) = pAr(e(l - g)ße) = 0, but H n TV = (1), a contradiction, thus

[G : A(G)] < oo. The result follows by Theorem 1.3.    D

Next theorem is a well-known consequence of the classification of finite simple

groups. We give a proof for the sake of completeness.

THEOREM 2.3. Let G be a locally finite group. Suppose that G satisfies Min-p

for all primes p.  Then G has a locally soluble subgroup of finite index.

PROOF. Suppose that G involves a countable infinite, locally finite simple group

H. By [8, Theorem 3.13], H satisfies Min-p for all primes p. By [8, Proposition 4.7]

and the classification of finite simple groups, there exists a field F of finite charac-

teristic and a natural number n such that the group H is isomorphic to a subgroup

of GL(n, F). Now by [8, Theorem 1.L.4], H is finite, a contradiction. Thus, by [8,

Theorem 4.4], G does not involve any infinite simple group. The result follows by

[8, Corollary 3.18].    D

Let G be a group. We denote by ir(G) the set of all primes p such that G has

an element of order p. If H is a finite subgroup of G, we denote by H the sum of

the finitely many elements of H in if [G].

THEOREM 2.4. Let if [G] be a regular group ring. Suppose that G is countable

and G/Aqo(G) satisfies Min-p for all primes p. Then the Type Iqo part ofQT(K[G\)

is zero.

PROOF. Suppose that the Type I part of Qr(K[G]) is nonzero. We shall see

that G = Aoo(G).
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Let e G if [G] be a nonzero abelian idempotent. Set Gi = (A0O(G) U Supp e).

Then the Type I part of <3r(if [Gi]) is nonzero. By Theorem 1.3, the Type If part

of Qr(K[Gi]) is nonzero. Let M be the smallest normal subgroup of Aoo(G) with

Aoo(G)/M abelian-by-finite. By [2, Theorem 2.3], M exists and it is a finite charac-

teristic subgroup of G. By [2, Theorem 2.3] and [6, Theorem 6.1] M/|M|Qr(if [Gi])

is the Type I part of Qr(if [Gi]). Hence e G M/\M\K[G] = if [G/M] and so the

Type I part of Qr(K[G/M]) is nonzero. Thus we may assume that Aoo(G) is

abelian-by-finite. By [10, Lemma 12.1.2], Aoo(G) has a characteristic abelian sub-

group A of finite index.

Now A is the direct product A = \~\AP of its p-primary parts. Set -k =

7r((Supp e)) and A^' = ELgTr ^p- Then An> is a normal subgroup of G. Con-

sider G = G/A^i, then, by [3, Lemma 7.6], e G if [G] is an abelian idempotent and

clearly it is nonzero, so the Type I part of <3r(if[G]) is nonzero. Thus we may

assume that 7r(A0O(G)) = c is finite.

By Theorem 2.3 and [6, Theorem 6.1], we may assume that G is locally soluble.

Set G = G/Aoo(G). By [8, Corollary 3.18], G has an abelian normal subgroup B

such that G/B is residually finite and every Sylow subgroup of G/B is finite. Since

A(G) = (1) it is easy to see that B = (1), so G is residually finite and every Sylow

subgroup of G is finite.

For each p G er, let Sp be a Sylow p-subgroup of G. Set S = (Sp \p G a), then S is

a finite subgroup of G. Since G is residually finite, there exists a normal subgroup

TV of G of finite index such that TV n S = (1). By [8, Theorem, p. 190] it is easy

to see that TV is a cr'-group. By [10, Lemma 12.4.12], there exists a «r'-subgroup

TV of G such that TVA00(G)/A00(G) = TV. Hence TV = TV and A(TV) = (1). Since

Aqo(G)TV is a subgroup of G of finite index, we have, by [6, Theorem 6.1], that

the Type I part of Qr(K[Aoo(G)TV]) is nonzero. Let ß be the smallest ordinal such

that the Type I part of QT(K[A0(G)N}) is nonzero. Let / G K[Aß(G)N] be a

nonzero abelian idempotent. It is clear that ß is not a limit ordinal. Suppose that

ß # 0. Now [{Aß-i(G)N U Supp /) : A/3_i(G)TV] < oo and, by [6, Theorem 6.1],
the Type I part of Qr(K[A^_i(G)TV]) is nonzero, a contradiction, thus ß = 0 and

the Type I part of QT(K [TV]) is nonzero. Since if [TV] is prime and TV is countable

we have, by [7, Theorem 2.3], that TV = (1). Hence Aoo(G) = A00(G)TV. Since

[G: Aoo(G)TV] < oo, we have G = Aqo(G). Now by Theorem 1.3 we obtain the

result.    D

PROPOSITION 2.5. Let if [G] be a regular group ring. Suppose that G is count-

able and locally soluble. If the Type I part of Qr'(if [G]) is nonzero, then G/A00(G)

satisfies Min-p for almost all primes p.

PROOF. Let e G if [G] be a nonzero abelian idempotent. Set 7r = 7r((Supp e)).

As in proof of Theorem 2.4, we may assume that Aoo(G) is abelian-by-finite and

7r(Aoo(G)) = <7 is finite. Let p be a prime such that p & n U a. Set r = it U a U

{p}. Since G is a countable locally soluble group, by using the theory of the Hall

subgroups, it is easy to construct a r-subgroup Gi of G such that:

(i) (SuppeKG,.

(ii) If F is a finite r-subgroup of G, then there exists g G G such that F9 Ç Gi.
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We shall see that all p-subgroups of Gi are finite. By (i), the Type I part of

Qr(K[Gi]) is nonzero. Since 7r(Gi) is finite we have, by [2, Proposition 1.2] that

the Type I part of Qr(if [Gi]) is M/|M|<3r(if [G,]), where M is the smallest normal

subgroup of Gi such that G\/M is abelian-by-finite. So we may assume that Gi

is abelian-by-finite. Let A be an abelian normal subgroup of G\ of finite index.

Suppose that there exists an infinite p-subgroup P of G\. Then Q = A n P ^ (1).

Let g G <2\(1). Consider B = {gx\x G (Supp e)). Then B is a finite p-subgroup

of A. Since p £ it, eB/\B\ is a nonzero idempotent of eif [Gi]e. By Lemma 2.1,

Supp eè/\B\ C A(G)(Supp e). Now (1 - g)eÈ/\B\ = (1 - g)Be/\B\ = 0, but g is
a p-element and p & n U a, a contradiction, thus all p-subgroups of Gi are finite.

Now by (ii), all p-subgroups of G are finite.    D
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