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ABSTRACT. Strong starters and skew starters have been widely used in vari-
ous combinatorial designs. In particular skew balanced starters and symmetric
skew balanced starters are crucially used in the construction of completely bal-
anced Howell rotations. Let n = 2™k + 1 be an odd prime power where m > 2
and k is an odd number. The existence of symmetric skew balanced starters
for GF(n) has been proved for m > 2 and k # 1,3,9. In this paper, we present
a new approach which gives a uniform proof of the existence of symmetric skew
balanced starters for all m > 2 and k > 3.

1. Introduction. Let n be an odd prime power. A set of p = (n — 1)/2 pairs
(z1,91),...,(zp,yp) is called a skew balanced starter (SBS) if

(1) {331,3/1, <oy Tp, yp} = GF(n) - {O}a

(i) {£(zi — )1 = 1,...,p} = GF(n) - {0},

(i) {£(zi +y:): e =1,...,p} = GF(n) — {0},

(iv) the multiset of differences {z; — z;: 7,5 =1,...,p, ¢ # 5} and the multiset
of differences {y; —y;: 7 =1,...,p, © # 5} together contain every nonzero element
of GF(n) the same number of times.

An 8BS is called symmetric and denoted by SSBS if in addition:

(\;)) {z1,...,23p} = {-21,...,—7p} (which implies {y1,...,9p} = {~v1,...,
—yp}).

Write n = ek + 1 where e = 2™ and k is odd. Note that condition (v) implies
that p must be even, hence m > 2. It is well known [3] that an SBS of order
n = 2k + 1 yields a complete balanced Howell rotation (also known as balanced
Room square) of order n + 1 and an SSBS of order n = 2™k + 1 for m > 2 yields
a complete balanced Howell rotation of order 2(n + 1). Berlekamp and Hwang
[1] gave a construction for SBS of order n = 2k + 1 for all odd £ > 1. The
construction of SSBS has been extensively studied in the literature (see [5] for a
review). In particular, Du and Hwang [3] gave a construction which works for (i)
m=2and k > 1, (ii) m = 3 and k > 1, (iii) m > 4 and k > 9¢3. Later, Yu and
Hwang [7] showed that the construction of Du and Hwang works for all m > 2 and
k > 4e. They also conjectured that the construction works for allm > 2 and k > 1.
Recently, Yu and Hwang (8] proved the conjecture except for the two cases of k = 3
and k = 9. In this paper, we present an alternative approach to show the existence
of SSBS including the two cases k =3 and k = 9.
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2. Some preliminary results. From now on we will only be concerned with
the case m > 2. Let GF*(n) denote the multiplicative group of GF(n). Let z be a
generator of GF*(n) and for any element y € GF(n) we write T;(y) = z if y = z*.
An element y € GF*(n) is called a desirable element if it satisfies the following
three conditions:

(i) Tz(y) = —1 (mod e).

(ii) Tz(y — 1) = Tx(z — 1) (mod 2).

(iii) Te(y + 1) = Tx(z + 1) (mod 2).

Du and Hwang [3] proved that if y is a desirable element, then the following
pairing (referred to as the DH pairing in [8]) is an SSBS for GF(n):

com 3 ;om : . . -
(2827 +20+1 2127 +25+2) 1=0,1,...,k—-1; 7=0,1,...,2m"2 — 1,
(xizm+2"‘“+2]‘+2y, xi2"‘+2’"“+2j+2)’

i=0,1,...,k—1; j=0,1,...,2m" 2 — 1.

Partition the element of GF*(n) into e residue classes C; = {z***: i =1,...,
k—1},t=0,1,...,e—1. Yu and Hwang [8] noticed that if for some odd ¢ the class
C; contains two elements u and v such that

(a) T(u—1)=T(v—1)+1 (mod 2),

(b) T(u+1)=T(v+1)+1 (mod 2), and

(c) one of the two elements, say u, is a generator,
then v~! is a desirable element. They proved that except for k = 9 and k = 3,
such a class C; exists for m > 2. Furthermore, for k£ = 9 there exists a C; which
contains two elements u and v satisfying (a) and (b).

Here, we first show that for the existence of SSBS, condition (c¢) is superfluous.

THEOREM 1. Suppose that for some odd t the class Cy contains two elements u
and v such that (a) and (b) hold. Then the following pairing is an SSBS for GF(n):
(z27+2H2y 2722 =01, k—1; j=0,1,...,2m" 2 — 1,
(zi2"'+2""1+2j+2v, zi2"’+2"'_1+2j+2)’ i=0,1,....,k—1; j=0,1,...,2m"2.

PROOF. We first prove that for any 7,7’ € {0,1,...,k — 1} and 7,5’ € {0,1,...,
2m=2 _ 1}, gi2"+2i+2y £ 4927 +2771427'+2 Quppose to the contrary that

2" 2542 z'2""+2""1+2j’+2v

Since T'(z%2"+27+2y) = 25 + 2+t (mod e) and

u==zx

T(z*%" +2"'“+2j'+2v) =2m 1427 4241 (mod e),

we have 25 = 2™~1 + 25’ (mod e), i.e. j — 5’ = 2™~ 2 (mod e). However, |5 —7/| <
2m=2 — 1 and e = 2™, hence it is impossible that ;7 — ;' = 2™~2 (mod e).

Now, we verify conditions (i)—(v) in the definition of SSBS. Note that ¢ is odd.
Therefore 7:2" +23+2y and zi2"+2" "' +25+2y ; =0,1,...,i~1,5=0,1,...,2m 1 —
1, run through z?**! s = 0,1,...,2™ k. It follows that (i) holds. Conditions
(i) and (iii) can be easily derived from (a) and (b). Condition (iv) holds since
(z1,2%,...,2%771), (1,22%,...,2?P~2) form a difference set by the Bose theorem [2].
Finally, condition (v) is satisfied since T(—1) = 2™~k =0 (mod 2). O
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The pairing in Theorem 1 is a generalization of the DH pairing. In fact, if y is
a desirable element, then 27!,y € C_;. Let u = 27!, v = y. Then u and v satisfy
(a) and (b). Substituting them into Theorem 1, we can obtain the original DH
pairing. As a corollary of Theorem 1, we can conclude that SSBS exists for k =9
(not necessarily for the DH pairing). Thus we only have the case k = 3 left. In the
following, however, we will present an approach which works for every case rather
than a singular case.

A class C; is called a desirable class if t is odd and C; contains two elements
u, v satisfying (a) and (b). Following [8], denote O(E) to be the set of all odd
(even) nonnegative integers less than e. An element y € GF*(n) will be called
an (E,E) type if T(y — 1) is even and T'(y + 1) is even. Similarly, we define the
(E, O) type, the (O, E) type and the (O, O) type. The numbers of elements in C; of
types (0,0), (E,E), (E,0), (O, E) are denoted by N;(O,O)(N¢(E, E), N¢(E,O),
N;(O,E)). Clearly, for an odd t C; is desirable if and only if N;(O,O)N,(E, E) +
N:(E,O)Nr(O,E) > 0.

THEOREM 2. Lett be odd. Then Cy is desirable if and only if the following two
conditions hold:

(a’) C; contains two elements u and v such that T(u—1) = T(v—1)+1 (mod 2).

(b’) Cy contains two elements u' and v’ such that T(u' +1) = T(v' +1)+1
(mod 2).

PROOF. If C; is desirable then (a’) and (b') hold clearly. We now show that
conditions (a’) and (b’) imply conditions (a) and (b). Suppose that v and v, and
also u’ and v’, do not satisfy conditions (a) and (b). Then necessarily, T(u + 1) =
T(v+1) =2z (mod 2) and T(v' — 1) = T(v' — 1) = v (mod 2) for some z and y.
Since T'(u — 1) and T'(v — 1) have different parities, one of them, say, T(u — 1) is
congruent to y + 1 (mod 2). Similarly, since T'(u’ + 1) and T'(v’ + 1) have different
parities, one of them, say, T'(u’ + 1) is congruent to z + 1 (mod 2). Then u and v’
satisfy conditions (a) and (b). O

3. Main results. The cyclotomic number (s,t) for given n = ek+1 is defined as
the number of elements y € GF*(n) such that T;(y—1) = s (mod e) and T;(y) =¢
(mod e). Define 8 = exp(2wi/e) and let J(u,v) be the Jacobi sum

PR ER !
yeEGF*(n)
y#1

for a character z on GF(n) of order e. The following properties of the Jacobi sum
can be found in [6):
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LEMMA 1.

It is easily

J(0,0) =n—2,

J(0,v) = J(u,0) = -1,

J(u,v) = J(v,u) has absolute value either \/n or 1,
J(u,v) = (-1)**J (u, —u — v),

J(u,v)J(—u,—v) =n for u,v andu+v#0 (mod e),

o =5 S e,

t=0
verified and well known [7] that

LEMMA 2.

LEMMA 3.

S (B = "p%=0, fu#0, 2 (mode)
teo teoO
= —%, ifu= % (mod e),
Z(—ﬂ)tu = Z g =0, ifu#o, % (mod e)
teE teE
= %, tfu= -;— (mod e),
e—1 e—1
S = (=A™ =1, fu#0 (mode).
t=1 t=1
1 e—1e—1
= 6_2 Z Z uﬂ—su th(u ’U)
u=0v=0

e—le—1

(0= BT 5 grcsore0 5 g

1=035=0
e—1 e—1
SEPPD IR IR SRy
€ u=0w=0
e—1 e—1
= — Z Z ‘Bt(‘w-'l-u) uSJ(u 'U))
u=0w=0
1 e—1le—1
= ZZ,B_"’ “J(u,—u—v) settingv=-w—u
€ u=0v=0
e—1e—1

T2 Z Zﬁ_w us(~1)*¥J(u,v) by Lemma 1
u=0v=0

e—le—1
1

= 222( DB~ J(u,v) since kisodd. O
u=0v=0
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LEMMA 4.
_J(n—1-Ay)/2e, ft #0,
86Zo(svt)“{(n_e_+_1t_At)/2e, ift=0,
[ (n—=1+Ap)/2, ft#0,
SGZE(S’“ = { (n—e+1 iAt)/2e, ft=0,
where Ay = Zf,;:) Bt J(e/2,v).
PROOF.
e—1e—1
S0 =5 T 5 St
s€0 €0 u=0v=0
e—1e—1
= E S (-1EaI(u) Y g
u=0v=0 s€O

1]e —to e 3 n— to g (€
_;{igﬂ ‘ J(O’v)_ig(—l)( Di2g-t J(E,U)}
1 e—1 o e—1 o e
=£{n—2—;ﬂ t —vgoﬂ tJ(E,’U)}
3 1 ) e—1 o 4
o Uk DL

_f(n—1-Ap)/2e, ift #0,
T l(n—e+1-A;)/2, ift=0.
Similarly, we can verify the other equation. 0O

LEMMA 5. Y020 A? = e®(ke — 2k + 1).

PROOF.
EE R RICON DT
teoO teO u=0v=0
=30 (50) T (5) Do
u=0 =0 teo

e—1
u=0

GG 5053
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Similarly,
2_ ¢ )
Y A= 2{ e "+2+ZJ( u) }
teE
Therefore,
e—1
Y Al =e((e—2n+2) =e((e—2)(ke+1)+2)
t=0
=e*(ke—2k+1). D
LEMMA 6.

S (Z(s,t)) (Z(s, t)) > %(k(k —1)e— (k- 1)?).

t=1 \s€eO SEE
PROOF. By Lemma 3 and Lemma 4, we have

e

% () (500

t=1 \s€0 s€E
e—1
1 2 2
=12 ((e—l)n—l) E At)

> :1—:33 ((e —1)(n—1)? — €*(ke — 2k + 1))

(by Lemma 3, Ay is a real number, so A2 > 0)
= 1 ((e — 1) (ke)? — (ke — 2k + 1))
= 7(k(k~De~(k-1)?). ©
Let P denote the number of odd ¢ satisfying (a’).

LEMMA 7. P>e/4+1 for k> 3.

PROOF. Note that ) (s,t) and 3, p(s,t) are two nonnegative integers such
that 3°.co(5,t) + X,cg(s,t) = k. Since k is odd, we have

(E(s,t)) (Z( t)) e )]

s€0 sE€EE
For any t € {1,2,...,e — 1} condition (a’) does not hold if and only if

(S (Ze0)-

Thus, we obtain

e

i (Z(s ) ) (Z(s,t)) < (P+ g - 1) - i(k"’ -1).

t=1 \s€O SEE
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By Lemma 5, we have
(P+e/2—1)(k*~1) > k(k—1)e— (k- 1)2.

Therefore,
k—1 e
P - 241
Z%+1° k+r1 2t
S8, e, 2 _e 2
=4 2 +1 4 k+1

Since P is an integer, P > e/4+1. O
LEMMA 8. There exists a desirable class for k > 3 and m > 2.

PROOF. Let @ denote the number of odd ¢ satisfying (b'). We claim that P = Q.
To see this, it suffices to prove that ¢ satisfies (a) if and only if e/2+¢ satisfies (b’).
We verify it as follows.

Tu—1)=T(v—-1)+1 (mod 2)
@ T(-u+1)=T(-v+1)+1 (mod 2)
& T(a*?2u+1) =T(z*?v+1) (mod 2).

Clearly, u,v € C¢ if and only if z¢%/2u, 2°¥/20 € Ceg /941 = Ceja4+. This concludes
our claim. Now, we have P+ Q > 2(e/4+ 1) = e/2 + 2. Hence, there exists an odd
t satisfying both (a’) and (b’). O

THEOREM 3. SSBS exists for all k > 3 and m > 2.
PROOF. By Lemma 8 and Theorem 1. 0O

4. Some concluding remarks. Our approach also proves the conjecture of
Yu and Hwang (7]. It suffices to prove that for k = 3 and 9 there exist two elements
u and v satisfying conditions (a), (b), (c). Note that for k¥ = 3 every C; for an odd
t contains 2 generators. Therefore, at least one of the two elements in a desirable
class is a generator. For k = 9 every C; for odd t contains 6 generators. If C; does
not contain two elements u, v satisfying (a), (b) and (c), then one of the following
cases occurs:

(1) Nt(oa O)Nt(E, E) + Nt(O’ E)Nt(Ev 0) =0.

(2) N:(O,0)N(E,E) # 0; N¢:(O, E)N;(E,O) = 0, and there is no generator of
(0, 0) type or (E, E) type in C;.

(3) N:(O,O)N¢(E,E) =0, N;(O, E)N{(E,O) # 0, and there is no generator of
(O, FE) type or (E,O) type in C;.

Lemma 7 rejects the possibility of (1). If (2) occurs, then N;(O,0) + Ny (E, E) = 3,
)

N:(0,0)N,(E, E) + N,(O, E)N,(E, 0) < 2.

Similarly, if (3) occurs then the above inequality again holds. Thus we have

> {Ni(0,0)N,(E,E) + N;(O,E)N(E, 0)} < e.
teO
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However, Yu and Hwang [8] have proved

tez;{Nt(o, O)N,(E, E) + N,(O, E)Ny(E, 0)} > %k(ls —ge>e,

for k =9, a contradiction.

Finally we show that no desirable element can exist for ¥ = 1. Note that for
k = 1 each of the e cyclotomic classes contains only one element. Therefore the
only element which satisfies condition (i): T;(y) = —1 (mod e)is y = z~!. But

z—1=—z(z”! 1) =22 (g7 - 1).

Therefore
Tz(x_l - 1) ¢ Tz(z - 1)7

i.e., condition (ii) of a desirable element is violated.

Of course the above proof only shows that the DH pairing does not work for
k = 1. The nonexistence of SSBS for £ = 1 remains an open conjecture [5].
However, when conditions (iii) and (v) of SSBS are waived (an SSBS then becomes
a balanced starter), then Hanner [4] proved that balanced starters exist for all odd
prime powers.
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