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Abstract. We give a stability condition for the fixed point property in terms of

the fundamental metric and the metric of continuity introduced by K. Borsuk.

This condition is equivalent to that originally given by V. Klee but reflects richer

properties. We introduce the notion of a proximately universal map and study

many of its properties. Relationships among proximately universal maps and

some generalized refinable maps introduced by E. E. Grace are studied. In

particular we prove that every weakly refinable map r: X —» Y is proximately

universal whenever X has the proximate fixed point property. This generalizes

a result of Grace.

1. Introduction

In 1961, V. Klee introduced a stability condition related to the fixed point

property [13]. Roughly speaking, a compactum X satisfies such a condition

if for every function f of X into itself which is nearly continuous there is a

point of X which is nearly invariant under /. Every compactum which has

this property must also have the fixed point property. However, Klee described

in [13] a plane continuum in which the fixed point property persists but fails

to satisfy the stability condition. On the other hand, Klee proved that every

compact metric absolute retract satisfies the stability condition. This result was

later improved by Ho [10] (and according to him also by Finbow) who proved

that if an approximative absolute neighborhood retract in the sense of Clapp [6]

possesses the fixed point property then it also satisfies the stability condition.

Recently E. E. Grace obtained a number of interesting results [8] about the

preservation of the stability condition by refinable maps [7] or, more generally,

by two successively broader classes of maps, proximately refinable maps and

weakly refinable maps [9].
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In this paper we present further contributions to the study of the compact

metric spaces which have the proximate fixed point property (i.e. which satisfy

the stability condition). We show that if a compactum X has the proximate

fixed point property then it satisfies a stability condition which is stronger than

that described by Klee. More concretely, we see that compacta which are suf-

ficiently close to X in the fundamental metric introduced by Borsuk [2] (and

hence in the metric of continuity) still have the e-fixed point property for <5-

functions, with ô sufficiently small. We also prove that if a compactum X is

«S^-like, where & is a class of compacta with the proximate fixed point property,

then X has the fixed point property for nearly extendable maps [3]. Examples

of Borsuk [1] and Grace [8] show that being ^-like does not assure having the

fixed point property. The fixed point property for nearly extendable maps is

preserved by continuously weakly refinable maps [8] but not by refinable maps.

We introduce in the paper the class of proximately universal maps and study

many of its properties. This class of maps results from imposing a stability con-

dition upon the universal maps introduced by Holsztynski [11]. We prove that

a weakly refinable map r: X —> Y is proximately universal whenever X has

the proximate fixed point property. This improves Grace's Theorem 1 in [8].

We also see, among other things, that compositions of refinable maps and prox-

imately universal maps are always proximately universal. As a consequence, if

r : X —> Y is refinable and Y has the proximate fixed point property, then r is

proximately universal.

The author wishes to express his gratitude to Fernanda Romäo for her great

help in the preparation of this manuscript.

2. Definitions and preliminaries

Definitions [13, 14]. Let /: X —» Y be a function between compacta. Let

a positive number e be given. We say that / is e-continuous if there is a

ô > 0 such that d(f(x) ,f(x')) < e whenever x and x are points in X with

d(x,x') < â . A compactum X has the proximate fixed point property (p.f p.p.)

if for each positive number e there is a positive number ô such that every 3-

continuous function / : X —► X has an e-invariant point (i.e. a point x such

that d(x ,f(x)) <e).

Remark 1. Our definition of e-continuity is slightly different from that which

is usual in the literature. However, since we are dealing with compacta, this

definition will help to simplify the exposition.

In our next definition we introduce the notion of a proximately universal

mapping. Universal maps were first considered by Holsztynski in [11]. A map

/ : X —> Y is called universal if for any map g : X —> Y there exists x e X

such that f(x) = g(x). Our notion results from imposing upon universal maps

a stability condition similar to that considered in the fixed point property.
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Definition. Let / : X —> Y be a map between compacta. Then / is called proxi-

mately universal if for every e > 0 there is a ô > 0 such that every ¿-continuous

function g: X —» Y admits a point x e X such that d(f(x), g(x)) < e .

As a consequence of the results in this paper it is easy to see that every map

of the unit interval I = [0,1] onto itself is proximately universal. However,

the identity map of the Warsaw circle is an example of a map which is universal

but not proximately universal.

In [2], Borsuk introduced a metrization of the hyperspace of a metric space.

Borsuk's aim was to obtain a metric suitable enough to deal with shape prop-

erties of compacta. In this way he defined the fundamental metric. Let X , Y

be two compacta contained in an AR-space M . By dF (X, Y) we denote the

infimum of the set of all positive numbers e satisfying the following condition:

There exist two fundamental sequences

/>{/«**• IV*.       i.= {Sk>Y,X)MM

and a neighborhood (U ,V) of the pair (X, Y) in (M,M) such that for

almost all k, d(x , fk(x)) < e for every x e U and d(y , gk(y)) < e for every

yeV.

Borsuk proved that the collection 2 of all compacta lying in M with the

metric dF is a metric space. We denote this space by 2F . Borsuk also proved

that for compacta X and Y we have dF(X, Y) < dc(X , Y), where dc de-

notes the well-known metric of continuity.

Borsuk introduced in [3] a new class of maps, called nearly extendable maps,

which play a significant role in connection with the Lefschetz-Hopf fixed point

theorems [4]. A map / of a compactum X into another compactum Y is

said to be nearly extendable if there exist AR-spaces M , N containing X and

Y respectively and there is a map /: M —> TV with f(x) = f(x) for every

x e X such that the following condition is satisfied: For every e > 0 there is

a neighborhood U of X in M such that for every neighborhood V of Y in

TV there is a map g: U —► V with d(f(x), g(x)) < e for every x e U.

Finally we recall the definition of a weakly refinable map, a notion introduced

by Grace in [9]. Let r : X —> Y be a map between compacta. We say that r is

weakly refinable if for every ö > 0 there is a ¿-continuous function g : Y —► X

such that d(y , rg(y)) <ô for all y e Y.

All the spaces considered in the paper are metric and we always use the letter

d to represent the corresponding distance. Compactum means compact metric

space and a map is a continuous function.

3. The proximate fixed point property

In our first result we give two conditions which are equivalent to the p.f.p.p.

The first of them is a stability condition for the fixed point property which is

stronger than that considered by Klee.
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Theorem 1. Let X be a compactum lying in an AR-space M. Then the following

statements are equivalent

(a) X has the p.f.p.p.
(b) For every e > 0 there is a S > 0 such that if Y is a compactum in M

with dF(X,Y) < S, then every ô-continuous function g: Y —► Y has

an e-invariant point.

(c) For every e > 0 there is a compactum Y and a ô > 0 such that

dF(X ,Y) < e and every S-continuous function g: Y —► Y has an e-

invariant point.

Proof. We shall only prove that (a) implies (b) and that (c) implies (a) since

the converse implications are obvious. Let e > 0 be given and consider n > 0

such that every ^-continuous function from X into X has an e/5-invariant

point. Let ô = min{rj/5 ,e/5} and consider a ¿-continuous function g: Y —► Y

where Y is a compactum such that dF(X , Y) < ó . Then there is a positive

¿' < ô such that d(g(y), g(y')) < ô whenever y and y are points of Y

with d(y, y) < ¿'. Let U and V be neighborhoods in M of X and Y

respectively such that d(x, X) < è'¡3 for every x e U and d(y , Y) < ô'/3

for y e V. Since dF(X, Y) < ô there are maps h: X -> V and l: Y -* U

with d(x,h(x)) < ô for x e X and d(y ,l(y)) < ô for y e Y. We can

also define functions a: U —» X and ß: V —► Y such that d(a(x) ,x) < ô'/3

for x e U and d(ß(y), y) < ô'¡3 for y e V. Obviously a and ß are ô'-

continuous and, as a consequence, h' = ßh and /' = al also are ¿'-continuous.

It is easy to see that d(h'(x) ,x) < 26 for x € X and d(l'(y) ,y) < 2¿ for

y e Y. Since h' is ¿'-continuous we have that gh' is ¿-continuous. Hence,

there is a p > 0 such that d(gh'(x) ,gh'(x')) < ô whenever d(x,x) < p.

Therefore if d(x ,x) < p then

d(l'gh'(x),l'gh'(x')) < d(l'gh'(x),gh'(x))

+ d(gh'(x), gh'(x')) + d(gh'(x), l'gh'(x')) <2ô + ô + 2ô<n.

Hence I gh is a ^-continuous function from X into X and, as a conse-

quence, there is a point xeX such that d(l'gh'(x) ,x) < e/5 . Set y = h'(x).

Then we have

d(g(y), y) = d(gh'(x), h'(x)) < d(gh'(x), l'gh'(x))

+ d(l'gh'(x), x) + d(x , h'(x)) <2S + e/5 + 20 < e.

Hence g admits an e-invariant point and this completes the proof that (a)

implies (b).

To prove that (c) implies (a) let e > 0 be given. Then, there is a compactum

Y such that dF(X ,Y) < e/5 and a ¿ > 0 such that every ¿-continuous func-

tion from Y into itself has an e/5-invariant point. Since dF(X, Y) < e/5 it

is easy to see, by an argument similar to that used before, that there is a S-

continuous function h : X —» Y such that d(h(x), x) < 2e/5 for every x e X.

Hence there is a n > 0 such that if /: X —► X is ^-continuous then hf is
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¿-continuous. Suppose that such a ^-continuous function / is given. We can

find a function /: y —► A" such that hfl is ¿-continuous and d(l(y), y) < 2e/5

for every y eY. This is also a consequence of the fact that dF(X, Y) < e/5 .

Hence, there is a point y e Y such that d(hfl(y), y) < e/5. Set x = l(y).

Then we have

d(f(x), x) = d(fl(y), l(y) < d(fl(y), hfl(y))

+ d(hfl(y), y) + d(y , l(y)) < 2e/5 + e/5 + 2e/5 = e.

Hence every ^-continuous function / : X —> X has an e-invariant point and,

as a consequence, X has the p.f.p.p. This completes the proof of the theorem.

Corollary 1. A compactum X lying in M e AR has the p.f.p.p. if and only if
for every e > 0 there is a ¿ > 0 such that if Y is a compactum in M with

dc(X ,Y) < ô then every ö-continuous function g: Y —> Y has an e-invariant

point.

Corollary 2. The set of all compacta in M having the p.f.p.p. is closed in 2F .

Remark 2. Borsuk's Example 4.3 in [2] shows that the subset of the hyperspace

2F   consisting of all compacta with the fixed point property is, in general, not

closed.   Cerin and Sostak have proved in [5], Theorem 3.3], the analogue of

Corollary 2 for the metric of continuity.

Grace proved in [8] that if ¿P is a class of compacta with the p.f.p.p. and X is

a compactum weakly refinably ^-like then X also has the p.f.p.p. However, if

we omit the condition of weak refinability then Grace's proposition is no longer

true. Borsuk described in [1] a continuum X which is quasi-homeomorphic

to a cube but X does not have the fixed point property. Grace gave in [8] an

example of a refinable, continuously weakly refinable map from a continuum

that does not have the f.p.p. onto a continuum with the p.f.p.p. Hence in both

cases X is like a continuum with the p.f.p.p. but X does not have the fixed

point property. In the next proposition we prove that if X is ^"-like (where

¿P is a class of compacta with the p.f.p.p.) then X has the fixed point property

for the class of nearly extendable maps introduced by K. Borsuk.

Theorem 2. Let £? be a class of compacta with the p.f.p.p. and let X be a

compactum. If X is ¿P-like then every nearly extendable map from X into

itself has a fixed point.

Proof. We can assume that X lies in the Hubert cube, Q . Let h : X -> X be

a nearly extendable map and consider a map h : Q —> Q such that h(x) = h(x)

for every x e X. Let e > 0 be given. Then, there is a n > 0, n < e/3,

such that d(h(x) ,h(x')) < e/3 whenever x and x are points in Q with

d(x , x') < n . Since h is nearly extendable there is a neighborhood U of X in

Q such that for every neighborhood U' of X in Q there is a map h' : U —► U'

with d(h'(x) ,h(x)) < e/12 for every x e U. We can assume that d(x ,X)<n

for every x e U. Since X is ,5a-like there is a compactum Y e¿P and maps

/: X -► Y,  g: Y -► U such that d(gf(x),x) < e/12  for every x e X
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(see [15], p. 27, Theorem 9]). Select p > 0 such that d(g(y), g(y')) < e/12

whenever d(y ,y')<p and consider a p! > 0 such that every //-continuous

function from Y into itself has a /¿-invariant point. An argument similar to

that used in the proof of Theorem 1 shows that there is a neighborhood U'

of X in Q and a function a: U' -* X such that d(a(x),x) < e/12 for

x e U' and /a is //-continuous. Consider now a map h' : U —► c/' such

that d(h'(x) ,h(x)) < e/12 for x e U. Then fah'g is //'-continuous and, in

consequence, there is a point y e Y such that d(fah'g(y) ,y)<p. Hence

d(gfah'g(y),g(y))< e/12

and

d(h'g(y), g(y)) < d(h'g(y), ah'g(y)) + d(ah'g(y), gfah'g(y))

+ d(gfah'g(y),g(y))<3e /12.

This implies that

d(hg(y), g(y)) < d(hg(y), tí'g(y)) + d(h'g(y), g(y))

< e/12 + 3e/12 = e/3.

Select now a point x e X such that d(x , g(y)) < n. Then

d(h(x),x) < d(h(x), hg(y)) + d(hg(y), g(y)) + d(g(y),x) < e.

Hence for every e < 0 there is a point which is e-invariant under h and this

implies that h has a fixed point. This completes the proof of the theorem.

The author does not know whether the p.f.p.p. can be replaced in Theorem

2 by the weaker assumption of f.p.p.

The fact that a compactum X has the fixed point property for nearly extend-

able maps is not preserved by refinable maps: Grace gives in [8] an example

of a refinable map from a continuum with the f.p.p. onto the circle. We have

however the following result whose proof is left to the reader.

Theorem 3. If f: X —> Y is a continuously weakly refinable map between com-

pacta [8] and X has the fixed point property for nearly extendable maps then

also does Y.

In the sequel, we are going to study some of the basic properties of proxi-

mately universal maps. Later we shall establish some relations among this kind

of maps and refinable maps.

Theorem 4. Let f: X —» Y be a map of compacta. Then,

(a) If f is proximately universal then f is universal.

(b) If f is proximately universal then f(X) = Y and Y has the p.f.p.p.

(c) X has the p.f.p.p. if and only if idx is proximately universal.

(d) Consider a map g: Y —> Z. If gf is proximately universal then so is

g-
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(e) Let A be a closed subset of X. If the restriction fA: A —> Y is proxi-

mately universal then so is f.

(f) Suppose h : X' —► X and g: Y —» Y' are homeomorphisms and f is

proximately universal. Then gfh is proximately universal.

(g) The set of all proximately universal maps from X into Y is closed in

Y    (with the topology of uniform convergence).

(h) If Y is an approximative absolute neighborhood retract in the sense of

Clapp then f is proximately universal if and only if f is universal.

(i) If X is connected, Y = [0, 1] and f is onto, then f is proximately

universal.

Proof, (h) is a consequence of the fact, proved by Ho [10], that if F € AANRC

then for each e > 0 there is a ¿ > 0 such that every ¿-continuous function

g : X -* Y has a continuous e-approximation. The rest of the proof is left to

the reader.

We now quote another result of Ho [10] from which we can derive a charac-

terization of proximately universal maps when we consider compacta embedded

in the Hubert cube.

Lemma 1 ([Ho]). Let X be a paracompact topologicalspace and V beanormed

linear space. Then each ô-continuous function f: X —► V has a continuous d'-

approximation.

Ho's lemma is also valid when V is the Hubert cube.

Our next result can be proved without effort with the help of Ho's lemma.

We leave its proof to the reader.

Theorem 5. Let f: X —» Y be a map of compacta, where Y lies in the Hubert

cube, Q. Then f is proximately universal if and only if for every e>0 there

is a neighborhood V of Y in Q such that for every map g : X —► V there is a

point x e X with d(f(x), g(x)) < e.

Corollary 3. Let X be a compactum lying in the Hubert cube, Q . Then X has

the p.f.p.p. if and only if for every e > 0 there is a neighborhood U of X in Q

such that for every map f:X—>U there is a point x e X with d(f(x), x) < e.

The advantage of Theorem 5 and Corollary 3 is that they allow us to replace

¿-continuous functions by maps. In fact, they also represent a kind of stability

condition because they state that maps taking values outside, but very close to,

our compacta still have e-fixed points.

Ho's lemma can be also used to give a characterization of the class of weakly

refinable maps introduced by Grace [9]. If r: X —» Y is a map between com-

pacta lying in the Hubert cube, Q , then since Q is an absolute retract we may

consider a map f:Q-+Q such that f(x) = r(x) for every x e X. Then we

have the following result whose proof is omitted.

Theorem 6. Let r: X —► Y be a map of compacta, where X and Y lie in the

Hubert cube Q . Then r is weakly refinable if and only if for every ¿ > 0 there
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is a map h: Y —► U (where U is the ô-neighborhood of X in Q) such that

d(fh(y), y) < ¿ for every y e Y.

In our next result we establish a relation between the notion of a weakly

refinable map and the notion of a proximately universal map. This result im-

proves Grace's Theorem 1 in [8] and it can be proved following the pattern of

Grace's proof. However we give a different kind of proof which makes use of

our Theorem 6.

Theorem 7. Let r: X —» Y be a weakly refinable map of compacta and suppose

X has the p.f.p.p., then r is proximately universal.

Proof. We can assume that X and Y lie in the Hubert cube Q . Consider a

map r:ß-»ß such that f(x) — r(x) for every x e X. Let e > 0 be given

and select a ¿ > 0 such that d(f(x) ,f(x')) < e/2 whenever d(x,x) < ¿.

By Corollary 3 there is a neighborhood W of X in Q such that every map

f: X -* W has a ¿-invariant point. By using Theorem 6 it is easy to see that

there are neighborhoods U and V of X and Y respectively in Q (with U c

W) and a map h: V —> U such that d(rh(y), y) < e/2 for y e V . Consider

a map g: X —> V . Then, there is an x e X such that d(hg(x), x) < ¿ and,

as a consequence, d(rhg(x), f(x)) < e/2.

Hence d(g(x), r(x)) < d(g(x), rhg(x)) + d(fhg(x), r(x)) < e which proves

that r is proximately universal.

Corollary 4 (Grace). Suppose r: X —► Y is weakly refinable and X has the

p.f.p.p. Then Y has the p.f.p.p.

Proof. It is an immediate consequence of Theorem 4, (b) and Theorem 7.

In our next theorem we study the behaviour of the composition of refinable

maps and proximately universal maps. It should be noted that it is not in general

true that the composition of two proximately universal maps is proximately

universal (Holsztynski's examples in [12] also apply in the proximate case).

Theorem 8. Let X, Y and Z be compacta. Then,

(a) Iff:X—*Y is proximately universal and r: Y —> Z is weakly refinable,

then rf is proximately universal.

(b) If r: X —> Y is refinable and f: Y -* Z is proximately universal, then

fr is proximately universal.

Proof. Part (a) is a generalization of Theorem 7 and its proof is omitted, we

shall prove Part (b). Let e > 0 be given and consider a ¿ > 0, ¿ < e/3,

such that for every ¿-continuous function h: Y —► Z there is a point y e

Y with d(h(y) ,f(y)) < e/3. Let g: X -* Z be a ¿-continuous function

and select a ¿' > 0 such that d(g(x) ,g(x')) < ô and d(f(x),f(x')) < e/3

whenever d(x, x) < ¿'. Since r is refinable it is not difficult to see that

there is a surjective map r': X ¿* Y with d(r ,/•') < ¿' and a ¿'-continuous

function h: Y —* X such that d(hr .id^.) < ¿'. Then gh is a ¿-continuous
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function from Y into Z and, in consequence, there is a point y e Y such

that d(f(y), gh(y)) < e/3. Select a point x e X such that r'(x) = y, then

d(fr(x), g(x)) < d(fr(x), fr'(x)) + d(fr'(x), ghr'(x))

+ d(ghr'(x),g(x))<e.

Hence fr is proximately universal and the proof of the theorem is complete.

Corollary 5. Suppose r: X -* Y is a refinable map and Y has the p.f.p.p. Then

r is proximately universal.

Proof. It is an immediate consequence of Theorem 4, (c) and Theorem 8.

Our next result gives a relation between the proximate universality of the

product of the mappings and the proximate universality of the composition

of the same mappings. This product criterion of proximate universality is a

proximate version of a theorem of Holsztynski [12].

Theorem 9. Let fx : Xx —*• X2 and f2: X2 —► X3 be mappings of compacta. If

the Cartesian product fxxf2:XxxX2—>X2x X3 is proximately universal, then

the composition f2fx : Xx —> X3 is also proximately universal.

Proof. We consider in Xx x X2 the formal analogue of the Euclidean distance.

Then if g: A", —► A"3 is a function we can define G: Xx x X2 —> X2 x X^ by

C7(x, ,x2) = (x2 ,g(xx)) and for every ¿' > 0 there is a ¿ > 0 such that if

g is ¿-continuous then G is ¿'-continuous. Let e > 0 be given and consider

an e > 0, e < e/2, such that d(f2(x), f2(y)) < e/2 whenever d(x ,y) < e .

Select a ¿' > 0 related to e by the proximate universality of fxxf2. Then, if

g : X{ —* XJ is a ¿-continuous function we have that G is ¿'-continuous and, in

consequence, there is a point (x, ,x2) el, x X2 such that d((fx(xx) ,f2(x2)),

(x2,g(xx))) < e . Hence d(f2fx(xx) ,f2(x2)) < e/2 and d(f2(x2) ,g(xx)) <

e < e/2 . This implies that d(f2fx(xx), g(xx)) < e and, in consequence, f2fx

is proximately universal. This completes the proof of the theorem.

At the end of this paper [10], Ho raised the question whether an FANR

satisfying the f.p.p. must also satisfy the p.f.p.p. It is well known that the

Warsaw Circle (which is an FANR) has the f.p.p. but it is easy to see, with the

help of our Corollary 3, that it does not have the p.f.p.p. Hence, the answer

to Ho's question is negative. A second question raised by Ho is the following:

What kind of spaces satisfy the conjunction of the two following properties?

( 1 ) There is a ¿ > 0 such that any two ¿-close maps of X are homotopic.

(2) For each e > 0 there is a ¿ > 0 such that each ¿-continuous function of

X has a continuous e-approximation.

This question is relevant because Ho showed that a Lefschetz number can be

assigned to ¿-continuous functions of compacta satisfying conditions ( 1 ) and

(2) and this number can be used in a sufficient condition for the function to

possess an e-invariant point. Our next result gives an answer to Ho's question.

We recall that a compactum X is an absolute neighborhood homotopy retract
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[ 16] if there is a neighborhood U of X in Q and a map r: U —► X such that

r|^ ¡a id^.

Theorem 10. /I compactum X satisfies the conjunction of properties (1) and

(2) if and only if X e AANRC n ANHR, where ANHR denotes the class of
absolute neighborhood homotopy retracts [16].

Proof. Ho remarks in [10] that condition (2) characterizes compact AANR c 's.

We shall prove that an AANR c , X, belongs to the class of ANHR's if and only

if X satisfies condition (1). If X e ANHR then there is a closed neighborhood

U of X in Q and a map r : U —* X such that r,x ~ id^. We can assume

that U e ANR and in consequence there is a ¿ > 0 such that two ¿-close maps

taking values in U are homotopic. Consider two ¿-close maps / , g : X —> X .

We have that jf ~ jg, where j: X —> U is the inclusion and, in consequence,

/ = idx.f ~ r[x.f = rjf ~ rjg = rxx.g ~ idx-g = g. Conversely, if X e

AANRC and X satisfies condition (1) then there is a ¿ such that any two

¿-close maps of X are homotopic and there is a neighborhood U of X in Q

and a map r: U —> X with d(r(x),x) < ¿ for all x e A*. Hence r,x ~ id^

and A" G ANHR.
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