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ABSTRACT. Let H be a subgroup of G2 and let
My(G.2,H) = {f € My(G)|f(H) C H}.

In this paper we characterize in terms of properties of H when My(G, 2, H)
is a simple near-ring.

I. INTRODUCTION

Let G be a group written additively and k a positive integer, kK > 2. R. Re-
mak has pointed out in [5] that one can construct subgroups of the direct power
G* as follows. For j € {1,2,...,k}, let B; be a subgroup of G, Fj a
normal subgroup of B, such that Bj/Fj =B, /Fj +1 With isomorphisms g,
je{l,...k—-1}. Let a be an ordinal, {bmln < a} a set of coset rep-

resentatives of Fl in B, where b10 = 0 and define a subset H C G by

H=U,,l(b,+B)xI\7(0;00,_ 0 00,(b, +B,))]. Here H is called a

k-fold meromorphic product and will be denoted by H = B, /7?l 13(,' B, /Fz 1502
S B, /Fk . It is straightforward to verify that H is a subgroup of G*.

o Nﬂk—x
However, only for £ = 2 can every subgroup of G* be obtained as a mero-
morphic product.

Theorem 1.1 (Klein-Fricke) [5]. Every subgroup of G x G is a 2-fold meromor-
phic product.

Let M(G)={f:G— G} acton G* componentwise, i.e. let S, .0,
x.)=(f(x;), ..., f(x;)). For any subgroup H of G* we define MG,k ,H)
= {f € M(G)|f(H) € H}. In a similar manner, let M, (G) = {f: G —
G|f(0) = 0} and define M (G.k,H) = {f € My(G)|f(H) € H}. These
M(G,k,H) and M,(G,k,H) are subnear-rings of M(G) with identity id:
G- G,idx)=x, VxegG.
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H. Wielandt [6], suggested relating the properties of M(G,k,H) and
My(G.k,H) with those of the subgroup H . Because of the above theorem
much more can be said for the case k = 2 and henceforth we restrict ourselves
to this case.

Recall, for any group G, with |G| > 2, M(G) and M (G) are simple near-
rings. (For this and other basic information about near-rings the reader is re-
ferred to the book by Meldrum [3] or the book by Pilz [4].) As one might expect,
the situation for M(G,2, H) and M,(G,2, H) is much different from that of
M(G) and M, (G). In fact, as we shall see, neither of these near-rings need
be simple. Further when M (G,2, H) is simple, it need not be the case that
M(G,2,H) is simple.

Example 1.2. Let G=12,+12,, H = G/A~, G/B where A =7, + {0} and
B = {0}+Z, . By calculations, or using Theorem III.12 we see that M(G,2, H)
is simple. However, if ¢,: G — G denotes the constant function ¢, (x) = a,
Vx € G then M (G,2,H) = {C(o,()) ,c“’l)} is an ideal of M(G,2,H). Thus
My(G,2,H) is simple but M(G,2, H) is not.

It is the purpose of this paper to characterize in terms of properties of the
subgroup H when M, (G, 2, H) is simple. In the next section we present some
general results which reduce the problem to a special case. In the final section
we focus on this particular case.

II. GENERAL RESULTS

X

Let H = B//B, ~, B,/B,. We first show that in some special situa-
tions, M,(G,2,H) and M(G,2, H) are always simple. In fact if B, N B, =
G then H = G/G 350 G/G so H = Gx G and M (G,2,H) = My(G)
while M(G,2,H) = M(G). Thus M (G,2,H) is simple and M(G,2,H) is
simple when |G| > 2. If B,UB, = {0} then H = {(0,0)} so M(G,2,H)=
M(G,2,H) = M,(G). Thus we take B, N B, # G and B, UB, # {0}. We
now give an easy but basic result used throughout the paper.

Lemma IL1. Let H = B,/B, kS
f(B)CB,, i=1,2.
Proof. For b,€B,, (b,,0) € H. Therefore (f(b,),0) € H which implies
f(b))€B,.

Another useful tool is given next. The proof is omitted since the result is

well known.

Lemma I1.2. Let Ny = My(G,2,H) and let U be a subset of G with the
property f(U) C U, Vf € N,. Define Anny (U) = {f € N|f(U) = {0}}.
Then Anny (U) is an ideal of N .

B,/B, and let f € My(G,2,H). Then

[

Lemma IL3. If B, U Bé # G then My(G,2, H) is not simple.
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Proof. Let U = B|UB, and note that f(U) C U, Vf € M(G,2, H) and so by
the above lemma, I = Ann, (U) is an ideal in M(G,2, H). Moreover, since
id ¢ I, 1 G My(G,2,H). Further, I # {0} since the function #: G — G
givenby A(x)=0if xeU and h(x)=x if x ¢ U isin I.

We have B, UB, # {0}. Suppose now one of B, B, is {0}, say B, = {0},
so H = {0}/{0} 75«82/32. Thus M,(G,2,H)=M(G,2,H). If My(G,2,H)
is simple, then from the above lemma, B, = G, hence H = {0} x G and
M(G,2,H) = My(G,2,H) = My(G). Conversely if B, =G, M(G,2,H) =
M (G) is simple.

Corollary I1.4. Let H = {0}/{0} X, B,/B,. Then M(G,2,H) = My(G,2,H)
and My(G,2,H) is simple < B, =G.

Henceforth we also take B, # {0} # B,. In the following result we collect
some necessary conditions for M, (G,2, H) to be simple.

Proposition ILS. Let H = B,/B, ~_ B,/B, and let N, = My(G,2,H) be
simple. Then

(i) B,nB,={0};

(ii) if B, #G, H =B,/B, X, G/{0};

(iii) if G is finite, H = G/B, %, G/B,.
Proof. (i) We take U = B, N B, and suppose U # {0}. From Lemma IL1,
f(U)C U andso I = AnnNo(U) is an ideal, I # N,. Let b be a nonzero
element in U and define h: G— G by h(x)=0, xe U, h(x)=b, x ¢ U.
Then h # 0 and h € I, a contradiction to the simplicity of N, .

(ii) From Lemma I1.3, B,UB, = G and since B, # G we must have B, = G.
Assume B, # {0} and choose 0 # b, € B,. Define h: G — G by h(x) =0,
x€B,,and h(x)=0b, if x ¢ B,. For (u,v)€H,

(0,0), wveB,,
(0.b,), v¢B,.
Thus he N, and for U=B,, {0} & Anny, (U) % N, , a contradiction.

(iii) From Lemma I1.3, B, = G or B, = G,say B, = G. If B, # G then

from (ii), H = G/{0} =~ B,/B, which is impossible when G is finite. Thus
we must have B, =G and so H = G/B, %, G/B,.
Convention. For the remainder of this paper we take G to be a finite group,
written additively with identity 0. We let S* = S\{0} for any subset S of G.
We also let N, denote M (G,2,H).

From (iii) of the above proposition we need only consider subgroups H of

the form H = G/A ~_ G/B where AN B = {0}. We handle first the case
A ={0}.

(f(u).f(v))={
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Theorem I1.6. Let H = G/A X, G/B, A= {0}. Then B = {0} and considering
o as an automorphism of G we have N, = {f € M (G)|fo = af}. Moreover,
N, is simple < all o/ -orbits of G* have the same size where o/ = (o), the
cyclic group of automorphisms of G generated by o .

Proof. Since G is finite, 4 = {0} implies B = {0} so H = {(a,0a)|a € G}
where we consider ¢ as an automorphismof G. But f € N, & (f(a), fo(a)) €
H . However (f(a),u) € H & u=df(a),so Ny ={f € My(G)|fo =0of},
the centralizer near-ring % (& ;G) where & = (o). The final statement now
follows from Theorem 1.1 of [2].

We conclude this section with a general result about functions in M(G,2, H)
and obtain as a corollary a result to be used in the remaining case.

Lemma IL7. Let H = B /B, X_ B,/B, and let f € M(G,2,H). Then Yu €
B,, fu+B,)C f(u)+B, and VweB,, f(v+B,)C f(v)+B,.

Proof. Let 6(u+B,)=x+B, and o(f(u)+B,)=y+B,. Since (u,x)eH,
(f(u), f(x))€ H so f(x) € y+B,. Butthenforevery b€ B, (u+b,x)e H
implies (f(u+b), f(x)) € H,and since f(x)€ y+B,, f(u+b)e f(u)+B,.
Similarly we get f(v + B,) C f(v) + B,.

Corollary IL8. Let H = G/A X, G/B with ANB={0}. If f€N,, ac 4,
beB, f(a+b)=f(a)+ f(b).

Proof. Since A and B are normal subgroups of G with ANB = {0}, a+b =
b +a. From the above lemma, f(a+b)= f(a)+b, be B and f(b+a)=
f(b)+a,acA.Since a+b=b+a, fla)+b=f(b)+a=a+ f(b) and
since ANB={0}, a=f(a), b= f(b).

III. THE case H = G/A X G/B, A # {0}

We start this section by defining two ascending chains of normal subgroups
of G which play an important role in determining whether or not N, is simple.
Let A, = A. Let A, be the subgroup of G such that 4,/4 = a_'((A +B)/B).
Then A, is a normal subgroup of G and 4, C 4, . Inductively we define 4 j

to be the subgroup of G such that A;]A= a_'((Aj_l + B)/B). These A, are
normal subgroups of G and A4 -1 € 4. Analogously we define B, = B, B,
to be the subgroup of G such that ¢((B +A4)/A4) = B,/B and again inductively
Bj to be the subgroup of G such that 0((Bj_, + A)/A) = Bj/B. The B, are
normal subgroups of G with B,_, € B,. Since G is finite these ascending
chains must eventually become stationary.

Let H = G/A X, G/B, A # {0}. Since G is finite, |4| = |B| and also

3 integer / > 0 such that 4, = 4,,, = --- = 4,,, for each integer ¢, ¢ >

0. From a_'((Aj + B)/B)_A;,,/4 and the fact that |4| = |B| we obtain
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|Aj+B| = ]Aj+l| and by symmetry |B;+4| =B, |. Since |4)| = |4, = 14,+
B|=|4,||B|/|4,nB| weget |4,NB|=|B|,so By=B C A,. Suppose B, C 4,.
By definition, 0~ '(B,,,/B) = (B,+A)/AC A,/A= A, ,/A=0d"'((4,+B)/B).
Hence B, /B C (4, + B)/B which implies B, , C 4,. Thus, if for some m,
B, = G then for some n, 4, = G. Since the above argument is symmetric in
A and B we have the following.

Lemma IIL.1. 3n, 4, =G« 3m, B, =G.

If there exists an integer n such that 4, = G then there is a least such integer
n. In this case we say G has A-length n and denote this by n = A/(G). In
a symmetric manner we define the B-length of G. The previous lemma says
that G has an A-length < G has a B-length.

We show now that the subgroups 4; and Bj are N-invariant. By Lemma
IL7 Ay = A and B, = B are N -invariant. If a, € 4, then there exists an
a € A, such that o(a;+4) =a+B,so (a,,a)e H. If f € N, then f(a,,a)=
(f(a,), f(a)) € H and since f(a) € 4, then f(a,) € A, . Continuing we have
f(A4;) € A; by induction. Similarly for the B ’s.

Suppose G does not have an A-length and let / be the least non-negative
integer such that 4, = 4,,, =--- and 4, # G. Define f: G— G by f(x) =0,
x€A and f(x)=x, x ¢ A;. Weshow fe€N,. Let (u,v)eH.If ue 4,
then 3w € 4,_,, b € B suchthat v = w +b. Butthen v € 4,_, + B C 4,
since we showed above 4, = 4, , implies B C 4,. Thus (f(u), f(v)) =
(0,006 H.If u¢ A then v ¢ A, hence (f(u), f(v)) = (u,v) € H. Thus
f € Ann n,(U) where U =4, and {0} G N, . This establishes the next result.

Lemma IIL.2. If N, is simple, 3n such that n = Al(G).

LemmaIll3. ANB=A4,NB=--=4NB={0}ANB=ANB, = =
AN B, ={0}.
Proof. Suppose ANB=A NB=---=4,nB={0}. Weshow 4AnB, = {0},

0 < j <I. To this end suppose x; € 4 ﬂBj, X; # 0. Then Ix,_, # 0 in
A/ NB;_, suchthat (x;,_,,x;)€H. For if X = 0 then X; € ANB ={0},a
contradiction. Continuing one obtains x; # 0 in 4 -1 NB,. Butthen 3x, #0,
X, €A ;N B, a contradiction. The converse follows in the same manner.

Lemma II14. Let ANB=A NB=---=4, NB={0} and A, N B # {0}.
Then Vj, 1< j<k, A NB,_, # {0} and 3 isomorphisms o0,:A,NB,_, —
Aj—lan—(j—l)'

Proof. As in the above lemma, 4, NB # {0} implies 4,NB, , #{0} 1</ <

k . Now let O;éxeAjan_j, j>1.Then 3y #0 in A,_ 0B, _;_y such

that (x,y)€ H. Forif y =0, then x € ANB,_; = {0}, a contradiction to the
above lemma. Also y is unique since (x,y),(x,y) € H implies y -y € B
and since y -y € A wegety=7y. Thus we have a function 0,:4;N
Bk-j — Aj—l N B,

—U=1) defined by aj(x) =y . Moreover g; is one-one since
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(x,y),(X,y) in H implies x —X € ANB,_.. Since j > 1 this gives x =X.

Also, o is onto for if y € A; yNB,_ G-1) then Ix € 4 an_j such that
(x,y) € H. But this means aj(x) =y. To show g; is an isomorphism let
X, X, € A NB,_ ;. Then there exist unique y, ,y, € 4; i1 an_(j_,) such that
(X, ) (x2 yz) eH Since H, A nB,_;, and A;_ an_(j_l) are groups
we have (x, +x,,y, +y,) € H w1th o, (xl +x2) = yl + YV, = dj(xl) +0;(x,).

Theorem IILS. If N, is simple then 3n, n = Al(G) and Vk, 0 < k < n,

A, NB={0}.

Proof . From Lemma II1.2, 3n, n = AI(G). Suppose 3k < n such that ANB =
= A,_,NB = {0} but 4,NB # {0} . We show there exists a nonzero function

f €N, such that f(A4) = {0}. But then for U = 4 in Lemma IL.2, N, is not

s1mple contrary to hypothesis.

_ To construct the desired function, we use the above lemma to obtain nonzero

bj in Ak_jnBj, 0 < j < k such that

(+) (by.b,). (B, .B,). . (k b)) €H

Let F denote the (k + 1)-tuple (bo,bl ooy ,bk). Since n = Al(G),
3Im, m = BI(G) and since 4,_, N B = {0} implies AN B, _, = {0} we have
m > k. Let x € G*. Thus, there is a unique j, 0 < j < m such that
xX€B j\B ', where we take B_, = {0}.Let x=0b ;- Then there exist elements

bj_l € Bj_l\Bj_z, ,bj_k €B k\ —(k41) such that

(++) (bj-k'bj—k+l)’ (b, b)) €H.

We make the convention that if any of the subscripts i in (++) are negative
then B, = {0}. In the (k + 1)-tuple, (bj_k 'bj—k+l ) e ,bj) , each element b,
isin 4, oris not. In this way we geta (k + 1)-tuples of 0’s and 1’s associated

o (b_y.....b;),1.e define &;_, by
. A-__{O ifb,_, €4,
I~ 1 if b,_; ¢ 4,.
We call (sj_k Y e ’8/') the signature of x = bj , denoted by E(x). We must

show E(x) is well defined. To this end let (b;_ P ,bj'.) be another (k + 1)-
tuple associated with x = b. that is

(b;_k,b;_kﬂ),. (1 .b)eH where b'. /€B,_\B

Note that b;_, —b,_, € 4, so b;_, =b, | +a and b] lEA eb_,€4,.

J
Then from (b 2,J 1+a)(,2',—1)€H weget(j a)eH SO

Jj—i—1"

12’

bj'_z,bj_2 € A, thus b]_2 € A e b,_, €4, . Ingeneral, bj_, —-b,_,€A_,,
1<i<k,so b;._,. €4, & bj_i € A, . This shows that E(x) is well defined.
We define f: G — G as follows. For x € G, x € Bj\Bj_l , say X = bj,

define f(x) =¢, b, +&_y_yby_, + - +&by=E(x)- F, where E(x)-F
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denotes the scalar product of the (k+1)-tuples E(x) and F . From the previous
paragraph f is well defined.

Claim 1. f(b;+a,)= f(b;) Va,€A.
Since a,€ 4, for i=1,2,... ,k3a, € A\A,_, such that (a,aq,_,),...,
(a,,a,) arein H. Using (++) we obtain

(bj_k +ak,bj_k+l +a,_y), .- ,(bj_l +a, ,bj+a0) € H

Since a,,a,,...,a, € A, we have bj_,. +a, €A, & bj_i € A4,,ie. E(bj) =
E(bj+a0). Hence f(b; + a,) =f(bj).

Claim 2. f€N,.

Every element of H has the form (b;_, +a,b;) for some j where b; €
Bj\Bj_l , bj_l € BJ._I\BJ._2 and a € A. From Claim 1, f(bj_l+a) = f(bj_l)
so to show f € N it suffices to show (f(b;_,).f(b;)) € H. Let F, =
(bj_k_l ,bj_k, ,bj_l) be a (k + 1)-tuple determined by bj_l asin (++).
But then F, = (bj_k ) e ,bj_l ,bj) is a (k + 1)-tuple determined by bj SO
f(bj) = E(bj)-F] and f(bj_,) = E(bj_,)'Fz. From (+), (8j—kbk—l ,ej_kbk),
co o (8_5b) ,sj_zzz),(ej_lgo,sj_lgl) € H and since b, € B, b, € A we have
(0.by), (b,,0) € H. Adding gives (E(b;,_;)-F,,E(b))-F,) € H. Thus

fEN,.

Claim 3. f(A) ={0}.

For ae A, E(a)=(0,...,0) so f(a)=0.

From Claims 2 and 3, f € Anny (4). Moreover B ¢ A, (forif B C 4,
then |4, ,,|=|4, + B|=|4,| andsince A, C A, , then 4, =4, =4, ,=
--+, contradicting n = AI(G) ) so for b € B\A4, , f(b) = 30 # 0 hence we have
the desired function.

In a sequence of lemmas we establish the converse. For convenience we say
H = G/A iﬁa G/B has property X if 3n, n = AI(G) and Vk, 0 < k< n,
ANB, ={0}.

Lemma II1.6. Let H satisfy property X. Then for each i, 0 < i< n, |4]|=
|B,| = |4|"*" . Therefore |G| = |4|"*" and BI(G)=n.

Proof. We know |4, = |Aj_|+B| forall j, 1<j<n.Since 4, ,NB = {0},
|4;| = |4,_,||B|. From |4,| = |4||B| = |4|" we get |4;] = |4/'*", hence
|G| = |4,] = |4|""'. From Lemma IL3, BnA4, = {0} Vk, 0<k<n so

in a symmetric manner we get |B,| = |A|"+l , hence B, = G. But this means
BlI(G)=n.

Let y: N, — M,(A) be the restriction map, y(f) = f/A. It is clear that
v is a near ring homomorphism. When H satisfies property £ we show
is an isomorphism. Since M (A4) is simple we will have the converse of Theo-
rem IIL.5. We first show y is one to one.
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Lemma IIL.7. Let H satisfy property X.
(i) Vj, 0<j<n, 4;nB,_; ,={0}.
(ii) (4,nB,_,)+ (4, an )+ +(4
(i) 4,_,NB,_, Z GB(A nB,_,).
(iv) G=4A®B®(4,_ an_l)

Proof. (i) Let x € A4;NB,_; . Then Ja;

n—1 N B,) is a direct sum.

_y»+++ » @ such that (x,aj_l),

(aj_l ,aj_z), ....(a,,a,) € H where a, € A,NB,_;, . Thus a; = 0 and
from this a, =a2=~~=a , =x=0.

(i1) It suffices to show (4,NB,_ )+ -+ (4,_ lﬁB (-1 N(4;NB, = {0},
forall i, 2<i<n-1. But thls is immediate since x € (4, N _1) +--+
(4;_, an_(,._l)) N(4,NnB,_;) implies x € 4, , NB,_, = {0} by part (i).

(iii) Consider 4,NB,_; forany i, 1 <i<n-1. From part (i) 4,_,N(4;N
B,_;)={0} so 4,_,®(4,nB,_,) is a subgroup of 4; with order |A|'|A,an_,.|.
By Lemma IIL.4, [4,NB,_,| = |4| and therefore |4,_, @ A4,NB,_,| =1|4|'|4] =

|4"*" . This in turn implies |Y/—,' ®(4,nB,_,)| =|4|"~" . On the other hand,

from |4|™' = |G| >|4,_,+B,_,| = |A|2"/|An_lan_l| weget [4,_ NB,_,|>
|4]"~" and since AN (4,_,NB,_,)={0}, [A®(4,_,NB,_)|=l4]|4,_ N
14" or |4,_,nB,_,| =|4]""". Since X' ®(4,nB,_) C 4,_,NB,_,
the result follows.
(iv) It is clear that A®BN(4,_,NB,_,) = {0} . Hence A®B®(4,_,NB,_,) is
a subgroup of G of order |A||A4| |A|" '=14"",ie. G=A®B®4,_,NB,_,.

Corollary II1.8. Let H satisfy property ¥ andlet w e G. Then w =a+b+c,
a€Ad, beB, ced,_NnB,_ and Vf € Ny, f(w) = f(a+b+c) =
a+b+f(c), acA, beB.

Proof. From part (iv) of the above lemma, w = a+b+c¢, ac€ A, b € B,
c€A, NB,_,. FromLemmall.7, f(a+b+c)=f(b+c+a)=f(b+c)+a,
acAand f(b+c)=f(c+b)=f(c)+b, beB.

Lemma IIL9. Let H satisfy property L and let f € Anny (4).

() f(4)CA,_, ¥, 1<j<n.

(i) f(B)={0}.

(iii) £(B,)CB,_,, ¥, 1<j<n.

(iv) f(AGBB) {0}.

(v) f(G) C A,_,NB,_,.
Proof. (i) Let a; € A;. Thus 3a, € 4 such that (a,,a,) € H. But then
(f(a,)).f(ay) = (f(a,),0) € H implies f(a,) € A= A,. Continuing, let a; €
Aj and suppose f(Aj_l) c4;,. Then for some a, €4, , (aj,aj_l) €H
so (f(a;).f(a;_)) € H.Since f(a;_|)€A;_,, fla)€A;_,.

(ii) From part (i), f(G) = f(4,) € 4,_, and so f(B) C 4,_,. But from
Lemma IL1, f(B) C B so we have f(B)C A4, ,NB={0}.
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(iii) Follows from (ii) using the same arguments as in (i).
(iv) Follows from (ii) and Corollary IL.8.
(v) From (i) and (iii), f(G)= f(4,)C 4,_, and f(G)=f(B,)CB,_,.

Lemma IIL10. If f € N, and f(A) = {0} then f(G)={0}.

Proof. Let f € N, such that f € Kery, ie. f(4) = {0}. For x € G, from
Corollary III.8, x =a+b+c,acAd, beB, ceA,_NB,_, and f(x) =
Zz+l3+f(c) ,a€ A, be B. From the above lemma, f(x)eA,_nB,_,. Thus
if f(c)=0 then f(x)e(4,_,NB,_)NA®B = {0} from Lemma IIL7, (iv).
Therefore f(A) = {0} implies f is the zero map which means Kery = {0}.
To complete the proof we show f(4,_,NB,_,)={0}.

Let we 4, ,NB,_,, w=x +x,+---+x,_, where x; € 4,NB,_,,
i=1,2,...,n—=1. If w =0 we are finished so we take w # 0. Let /
be the largest integer such that x;, # 0. If / =1, w = x; and f(w) €
f(A4nB,_|)CANB, ,={0}.1f I =2, w=x,+x,. Since x, €4, NB,_,,
3a, € AN B, such that (x,,a,) € H. Also, since x, € 4,NB,_,, Ja, €
A, NB,_, with (x,,a,) € H. Therefore (x, +x,,a,+a,) € H and thus
(f(x, +x,), f(ay+a,)) € H. However, from Lemma IL7, f(a, +a,) = a, +
f(a,),a, € A and by the previous case f(a,) =0. Now (f(x, +x,),a,) € H
implies f(x, + x,) € 4,. But x,,x, € B,_,| imply f(x, +x,) € B,_,. Thus
f(x; +x,) € A,nB, , = {0} from Lemma IIL.7, (i). Assume the results
for all elements of the form x, +---+x,_, andlet u = y, +---+y,. As
above, Ja, € 4,NB,_; with (y,,,.a) € H, 0 <i < /-1 and we obtain
(F(0). @+ +a_)) = (f(u) &y + f(a, + - +a_,)) = (f(),ay) by the
induction hypothesis. Hence f(u) € 4, and u € B,_, implies f(u) € B, _,,
so we have f(u) = 0. The result follows by induction.

We now have that y: N, — M, (A4) defined by y(f) = f/4 is a monomor-
phism when H satisfies property X. It remains to show that every function f
on A with f(0) =0 can be extended to a function in N, .

From Lemma III.4 we have isomorphisms o,

On—1

B=A4,nB, % A,_ NB "5 . —~4nB,_ 2

g,
ANB,_, —-A,NB, = A.

n—1

i NB_joy—

Let f, € My(4). We extend f, to a function f € N,. First let f = f,
on A= A,NB,. Weextendto 4 NB, . Let x € 4 NnB,_,. From the
definition of o,, (x,0,(x)) € H and 0,(x) € 4,. But then fo,(x)€ 4. We
define f(x) to be the unique elementin 4, NB,_, such that o, f(x) = fo,(x).
Assume now we have defined f on AN Bn_(j_,) and let x € 4, N B"_j.

Then (x,aj(x)) eH ,aj(x) € Aj_l NnB and faj(x) €4, NnB

n—(j=1) n—(j=1)"

Define f(x) to be the unique element in A;NB,_; such that ajf(x) = faj(x).
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Therefore Vj, 0 < j < n wehave f defined on A;,NB, . and faj(x) = ajf(x)
Vxe€A4;nB,_;. Recall from Lemma IIL.7 (iv), G=(4NB,)®(4,NB,_|) ®
- @®(4,_,NB)®(A4,NnB). Weextend f linearly to G, ie. for x € G,
x =Y ,x; where x;€ A,NB,_, define f(x)=3",f(x,).

We next show that f € N,. Let (u,v)€H, u=3Y_ju;, u, € 4,NB,_,
and v =37 v, v,€A4,NB,_;. For i=1,2,...,n,(u;,0,(u;)) € H and
since (u,,0) € H, we have (u,0,(u)+---+0,(u,)) € H. From (u,v)€e H
and (0,v,) € H weget (u,vy+v, +---+v,_|)€H. Thus (0,0 (u)—vy+
o,(u,)—v,+---+0,(u,)=v,_,) isin H so o,(u,)-v,+---+0,(u,)-v,_ €B.
Butalso o,(u,)—v,+--+0,(u,)-v,_, € Ay+---+A4,_, = A4,_, , hence g (u,)—
Vy+---+0,(u,) —v,_, =0 which in turn gives v =g, (u,)+---+0,(u,) +v,.
Therefore f(v) = fo,(u,)+ -+ fo,(u,)+f(v,) =0 f(u)+ -+, f(u,)+f(v,)
and f(u) = Yo f(w;). But, (f(u,).0) € H, (f(u,),0,f(u;)) € H for
i=1,2,...,n and (0, f(v,)) € H together imply that (f(u),f(v)) € H,
consequently f € N,. Combining this with the previous lemma gives the
following.

Theorem IIL11. If 3n, n € AI(G) and Yk < n AN B, = {0} then N, is
simple.

Combining Theorems III.11 and IIL.5 we have our major result.

Theorem IIL12. Let H = G/A X~ G/B, A # {0} # B, AnB = {0}.
My(G,2,H) is simple < 3n,n= Al(G) and Yk, 0< k<n, AnB, ={0}.

We conclude this section and the paper by showing that for the near-ring
M,(G,2, H) the concepts of simplicity and 2-semisimplicity coincide. This is
identical with the situation for centralizer near-rings & (& ;G) when & is a
cyclic group of automorphisms.

Theorem I11.13. Let H = G/A 35,0 G/B, ANB = {0}, N, is simple & N is
2-semisimple.

Proof. If A = {0} then as in Theorem IL.6, N, is the centralizer near-ring
& (& ;G) where & = (o). Consequently this case follows from [2].

Now take 4 # {0} and suppose N, is not simple. If Vn, A4, # G we
let / be the least index such that 4, = 4,,,. Let I = {f € N|f(4,) = {0}
and f(G\A,) € 4,}. Then [ is a nilpotent N -subgroup. Suppose 3q, € 4,,
a, # 0 such that (a,,a)) € H. Define f:G — G by f(x) =0 if x € 4,
and f(x) =a, if x ¢ A4,. Since 4, = A, =, B C A4, consequently,
for (x,y)e H,xe€ A, oyed. If x¢ A, (f(x),f(y)=I(.a)eH
while if x € 4,,(f(x).f(y)) =(0,0)€ H. Thus f €I and I # {0}. It
remains to show that such an a, exists. Since / is least with 4, =4, , =---,
3beB, b#0, be A\A,_,. Further, since b € 4,, o(b+A4) =a,_, +B,
a,_,€A,_,.Butthen g(q,_,+4)=a, ,+B, a_,€4,_, and continuing we
obtain o(aq,_,+A)=a,_+B,... ,0(a,+A4) =ay+B, g(ay+4)=0(4)=B.
Adding gives a(b+a,_,+a,_,+---+a,+A4) =a,_,+a,_,+ --+a,+B. Now let
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a=b+a_,+a_,+---+a +a,. Then g€ (b+a_, + - +a,+4)N
(@_,+---+ay;+B) so (a;,a) € H and a, # 0 since b ¢ A4,_, while
a_, +t11_2+~~-+¢10€A1_l .

If 3n, n = AI(G) and N, is not simple, then as in the proof of Theo-
rem IIL5 we get that Ann,, (A4) is a nonzero N -subgroup of N, . We note that
if fe Anny (N) then f(4) € 4,, f(4,) C4,,...,and f(G) = f(4,) C
A,_, . From this we have the product of any n elements in Ann NO(A) is 0, so
Ann NO(A) is nilpotent and again N, is not 2-semisimple.
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