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ON DUAL SPACES WITH BOUNDED SEQUENCES WITHOUT
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ABSTRACT. In this work we show that if X* contains bounded sequences with-
out weak* convergent convex blocks, then it contains an isometric copy of

Ly({0, 1}1).

1. INTRODUCTION

We are concerned with the relation between properties of the weak* topology
of the dual X" of a Banach space X and the property of X containing ¢,(T),
or of X containing L, ({0, l}r) for a set I". The results of this manuscript
are related to those of J. Bourgain [B], R. Haydon [Hy], R. Haydon, M. Levy
and E. Odell [HLO] and J. Hagler and W. B. Johnson [HJ]; in particular, they
generalize results obtained in [B, Hy, HJ].

The notations and terminology are mostly standard. The first infinite ordinal
is denoted by w,; the first uncountable by w, and the first ordinal with the
cardinality of the continuum, by @, . The ordinal w, is taken to be the smallest
ordinal such that there exists a family (Ne)e <o, of infinite subsets of N having
the property that ecr Ve is infinite for every finite F C @, , but not admitting
an infinite N C N, such that N\N¢ is finite for each ¢ < w,. It is easy to
see that, v, < w, < w_ . More about w, can be found in [F]; it is known for
example, that o, < w, =0, if we assume -~ CH and MA by their definition
w,,®,,w, ,and w, are initial ordinals and can so be identified with cardinals.
Only for technical reasons do we distinguish between the finite ordinals and the
elements of the positive integers N, which we consider as cardinals.

For a set I', the cardinality is denoted by |I'|; and g’f(l“) and &£ (I
denote the set of all finite and infinite subsets of I', whereas 2 (I') denotes the
power set. For simplicity, we consider only Banach spaces over the real field
R; for a Banach space X', B,(X) shall mean the unit ball and X *, the dual
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space of X . The weak topology on X and the weak*- topology on X" are also
denoted by o(X,X") and a(X",X) respectively.
Foraset I', L, ({0, l}r) is the L -space for the product measure

X %(50 +9,)
yerl
on the set {0, 1} furnished with the product o-algebra ®y€r97’ ({0,1}).
consider the following two properties of a Banach space X concerning the
weak* topology on X" :
We say that the Banach space X satisfies

(CBH) (convex block hypothesis) if X~ contains a bounded sequence (x,',)
which has no ¢(X", X)-convergent convex block, and

(ACBH) (absolutely convex block hypothesis) if X~ contains a bounded se-
quence (x:,) which has no o(X", X)-convergent absolutely convex
block basis,

where a sequence of the form (Zf"*k’ la x;: n € N) is called a convex block

(respectively an absolutely convex block ba51s) of ( ;) if (k,) is increasing

in N, (a,) C R} (respectively (a,) C R), and ¥ % ki =1 g ; = 1 (respectively

E T l|a|--1)foreach neN.

It is obvious that (ACBH) implies (CBH) and we remark that (ACBH) is
equivalent to the condition, considered by J. Hagler and W. B. Johnson [HJ]
and by R. Haydon [Hy], that X" contains an infinite-dimensional subspace
Y in which a(X", X)-convergence of sequences implies norm convergence. In
[HJ] it was first observed that nonreflexive Grothendieck spaces enjoy (ACBH)
and it was proven that (ACBH) implies that X contains an isometric copy
of ¢,. R. Haydon [Hy] improved this result by showing that (ACBH) implies
that L ({0,1}*”) is isometrically embedded in X" . J. Bourgain and J. Diestel
showed in [BD] that spaces having limited sets [cf. §3] which are not relatively
weakly compact have the property (CBH) and in [B] it was shown that (CBH)
implies that X contains an isometric copy of ¢,. Finally it was proven in
[HLO] that under the (set-theoretical) assumption that w, < w, (CBH) implies
that X contains a copy of ¢, (wp) , which is under this hypothesis equivalent to
L,({0,1}*?) c X* [ABZ]; the nonreflexive Grothendieck space constructed in
[T] under CH does not contain any copy of ¢, (w,) and, thus, shows that the
result in [HLO] is dependent on further set-axioms.

Our main purpose is to show:

1. Theorem. If X has property (CBH), then X" contains an isometric copy of
L, ({0, 1},

Together with the above-cited result of [HLO] we deduce:

2. Corollary. If X satisfies property (CBH), then X" contains an isometric
copy of L ({0,1}").
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2. PROOF OF THEOREM 1
The following lemma is due to H. P. Rosenthal [R]:

3. Lemma (cited from [HLO, p. 4, Lemma 3A]). Let X satisfy (CBH). Then
there exists a bounded sequence (x;) in X* and ¢ € R such that for every
convex block (y') of (x,',) and every n < % there exists an x € B,(X) such that

n

limsup(y;,x) >c+7, linmigf(y;,x) <c-nq,

n—oo
and

iesllll.l())() liﬂgp(x; ,X) — limgrgf(x; ,X)| = 1.

For the sequel, we assume that X has property (CBH) and that we have
chosen (x:,) Cc X* and c € R asin Lemma 3. To handle the space L,({0, l}r)
for a nonempty set I', we need the following notations: For a set A, the set of
all mappings ¢: A — {0, 1} will be denoted by 2% for A' c 4 and = 24 ,
the set of all extensions of ¢’ onto the whole of 4 will be denoted by 2¢'4
The union U{2A|A € @f(l")} is denoted by S and for the domain of ¢ € S
we write D(¢).

R. Haydon [Hy, p. 6, Lemma 3] provided the following characterization for
a Banach space Y to contain an isometric copy of L, ({0, l}r) .

4. Lemma. Let Y be a Banach space and T a set. Then Y contains an

isometric copy of L ({0, l}r) if and only if there exists a family (y(p: 9 € Sp)

in Y satisfying (a) and (b) as given below:

@ vy, = A=Al > y, forany A€ ﬁf(l“),A' CAand ¢ €2
pE29’ A

(since |29 = 2MI-14'

(v, 9€2”%).

Z a(/’y(o

pe224

, this means that Vo IS the arithmetic mean of

(b) = Y la,|  forany A€ PAT) and (a,: 9 €2")CR.

@E24

In this case, there is an isometry T: L, ({0, l}r) — Y such that T(e,) =y, for
@ € Sp., where e, € L, ({0, l}r) is defined by

._ AlD(e)l
€y = 2 X{6€2r16(7)=0(7) if y€D(p) }*

Another sufficient condition, for X* to contain L, ({0, l}r) can be formu-
lated using the following definition.
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Definition. Let I be a set. A family F = (x(4,B): 4 € L@I(F),B C 2”) in
B, (X) is said to satisfy (#) if the following condition holds:

(1) For every 4 € &,(I') and n € N there exists a family
(x'(p,n): p €2*) c C* such that

(a) x'(p,n)e co({x:nlm >n}), if ¢ € 2*,
and
pe29’ A < _f(mﬂ - Z) if 4 ¢ B >

whenever 4' ¢ 4, ¢' € 2% and B’ c 2*. For the sake of brevity, we
will denote the set {(4,B)|d € P«T), B C 2"} by I, the set of all fam-
ilies F = (x(4,B): (4,B) € I.) which satisfy () by S ; and the values
$(1—=1/(|A|+1)—1/n) and $(1—1/(|A|+ 1)) by A(A4,n) and A(A4) respec-
tively for 4 € g"f(l“) and neN.

With these definitions we are in a position to state the following result.

5. Lemma. Let I' be an infinite set. If . # O, then there exists an isometric
copy of L,({0, 0 in x*.
Proof. Let F = (x(4,B): (A4,B) € It) C B/(X) satisfy property (#). For

each ¢ € S and each n € N choose x'(p,n)e B, (X *) as prescribed in ()
and define for each y € S.. and each 4 € Z(I)

(5.1) Yy, 4)=2P00H T 41+ 1),

¢€2(W|D(VJOA)'A
The net (y'(v,A): v € S].)Aeng(r) has an accumulation point (y'(y): v € Sp)
in the product K := [ s co({x,: n € N}
the weak* topology on co({x: n € N}) " (the elements of Z,(I') are ordered

by inclusion). From (&) and (5.1), it follows that O'(w):we Sp) fulfills the
following three properties (5.2), (5.3) and (5.4):

)", endowed with the product of

(5.2) Y'(w) e () co{x),: m > nh) for each y € Sy,
neN
(5.3)
Y (y') =21 Z y'(w), ford cAde 2,(T) and v'e2”,
vey' A
> A(A) if y €B,
5.4 "(w),x(4,B)) - {
(5.4) y(w),x(4,B)) —c <—A4) ify¢B,

for A€ #,I), y €2 and B c 2
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~ ~

[Since y'(y) is a w’-accumulation-point of the net (y'(y,4): 4 € P/,
with D(y) C 4).]

We now choose a fixed y € I'. Since I' is infinite, it suffices to show that
the family ('(v") = y'(v°): v € Sr\(yy) » satisfies (a) and (b) of Lemma 4,
where for 6 € {0,1}, and y € S, w? € 22WY s given by c/IOID(W) =y

and l//o(y) = 0. Condition (a) follows from (5.3). In order to show (b),
let 4 € P (I'\{y}) and (a,: ¢ € 2*) ¢ R. From (5.2) and Lemma 3 it
follows that for any x € B,(X) and ¢ € 2* we have (x,y'((ol) - y'(q)o)) <1,
which implies that || 3,c,.a,(/'(9') - Y (o)) < Y yc241a,] . To show «>”
let ¢ > 0. Without loss of generality, assume 2A(A4) > 1 —e. Otherwise
replace 4 byan 4 € g’f(r‘\{y}) with 4 C A and ZA(/T) > 1 —¢ and note that
by (5.3) we have

Y MM, /8-y = Y 6,0 (0) - ¥ (0%).
get pext

Now take x := x(AU{y}, {(ollqp €2* and a,> 0}U{¢0|¢ €2” and a, < 0}).
By (5.4) we have

> a,0'0) -V )| 2 X a,x.¥'(0") - ¥ (0")

pe24 pe24
> Y a,sign(a,)24(4) > (1-¢) Y |a,|.
pEe1 pe24

The assertion follows since ¢ > 0 was arbitrary. 0O

By Lemma 5, it is enough to show that ‘Zu, # . As we will see from
Lemma 6, it is sufficient to show that for every o € [1,w,] each F € Zl ol
can be extended to an F € 9{0 ol

6. Lemma. Suppose that for every o € [1,w,], each family F = (x(A4, B):
(4,B) €1, ) C B)(X) satisfying (?[1 of) can be extended toan F;= (x(4,B):
(4,B) € Iy ) which satisfies (57['0’0[). Then ‘Zu; is not empty; in particular,
L,({0,1}*") can be embedded in X" .

Proof. In order to show that there exists an F € 9(0] , we define an F 5 € 9;
by transfinite induction for every g € [0, w,] such that F, ﬂ| L= F whenever
B<B.If B=B+1,with g < w, and with Fze 9; having been chosen, one
can use the assumption to get an extension F ) of F, 3 in 9; by reordering f
into (y,: 1 £n < a) foran a < w, and setting y, = f. If B is alimit ordinal
and if we assume that (F X B < B) has already been chosen, we first observe
that [ = U,§<,g Iy. So one can find a family Fp=(x(4 ,B): (4,B) € I;) such
that Fﬂ| L= F; whenever 0 < f < B. Since every 4 € 93](/9) is already an

element of 92’[([3), where B < B us sufficiently large, Fy satisfies (9;). o
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In order to show the assumption of Lemma 6, one needs the following Lem-
mas 7 and 8. Lemma 7 can be shown in a similar way as [HJ, p. 3, Lemma 2],
where (ACBH) is assumed, while Lemma 8 involves the classical Ramsey theo-
rem as presented in [O, Theorem 1.1].

7. Lemma. Let (y'") be convex blocks of (x.), for i = 1,...,k, k € N,
and let 6 > 0. Then there exist infinite N, ... ,N, C N, and for every B C
{1,...,k} there exists x(B) € B,(X) with

AT L A
<-(3-9) ifi¢B,
fori<k,neN, Bc({l,..., k}.
Proof. By passing to subsequences if necessary, we can assume that (y;) , where
yoi= 1355 ¥ for ne N, is a convex block of (x)) also. By Lemma 3, we
find x € B,(X) and infinite M,, M, C N with

/ 1 6 .
(7.1) (yn,x)2c+5—ﬁ ifneM,

1 J .
3 + yyA ifne M2 .
From the properties of (x;) (compare Lemma 3), we deduce for each i < k
that

and (y;,x) <c

limsup (v, x) = <11msup o'V, x) - liminf (y! x))

n—o0,n€EM, n—o0 ,nEM, n—o0 ,nEM,

+ liminf (y ,X)

n—oo ,nEM,

<lte-ty0 oyl 0
= 2 4k 27 4k
By passing to a cofinite subset of M|, we may assume that
i) 1 4 .
. < -+ = )
(7.2) (v, ,x)_c+2+2k if neM,

Similarly we prove that we may assume that (y:l(i) ,X) > ¢c—1/2-6/2k if
n € M,. We deduce from (7.1) and (7.2) that, for each i <k and ne M|,

Wil x) =k, x) - Y W x
J<k,j#i
> k(c+1/2—-8/4k) — (k — 1)(c + 1/2 + 6/2k)
>c+1/2-6.
Similarly, we deduce that (¢, x) <c~1/2+6 for i <k and ne€ M,. Now
let BC{l,...,k}. If we define for each i € {1,...,k} N,:=M, if i€ B
and N,:= M, if i ¢ B and x(B) := x, then it follows for i < k and n€ N,,

i >(1_-¢ if i e B,
(1.3) <y,,”,x(3)>-"{ <(_2(1_)5) ;f;:B
S 2 :
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Repeating this process for every B € {B,,...,B,} = L({1,...,k}) we
get infinite sets N D N;') D - D Nl.(zk) for every i < k and elements
Xx(B,),x(B,), ...,Xx(By) € B/(X) such that for every £ € {1, ... ,2k}, i<k,
and n € N,.l) , (7.3) holds for B := B,. Taking N, := N,.(Zk) = negzk Ni(“ for i e
{1,...,k}, we note that the assertion holds for the chosen x(B,), ..., x(By).

8. Lemma. Let (J,: m € N) be a sequence of finite sets; for every m € N

and j € J, let L, ; again be a finite set. For every m e N, je€ J , and
¢ ¢

telL, let f((m),j): N+ m — R. Also, assume that ZZGL(,,,,,) j:m),j)(k) >0 for

meN,, j€J, ,and k € Ny+m. Then there exists a subsequence (k,,) of N,

and for each m € N and j e > a bijection b(m,j): {1,2, ... |L, y} —
L, ;. such that

|L(rn.1)l N

> S k) 20, whenever m<my <my<-o<my

=1
Proof. First let f“): N — R, for ¢ € {1,...,k}, k € N, be such that
EL] f“)(n) > 0 if n € N. We show that, for given infinite set N C N,
there exists an infinite M C N and a bijection b: {1,... ,k} — {1,...,k}
such that

k
@1 S fm,)>0  whenever m, <---<m, licin M.

The classical Ramsey theorem (compare [O, Theorem 1.1 and following re-
marks]) states that for any infinite N C N and any

> Sk
& C[N], :={(n,...,n )EN|n; <---<n}

there exists an infinite M C N such that either [ﬂ ,c¥ or& C [ﬁ ]k\[]l? I -
Let I={=,...,mn,} be the set of all permutations on {1,2,...,k}. Setting
M9 .= N and using Ramsey’s theorem, we can choose successively for each
ie{l,...,k'} an infinite MY c N with M ¢ MUY such that the set
A= {(ny,...,n) € IMTVLITE, /7% (n,) > 0} either contains [M"")],
or does not meet it. Now we have to show that there exists at least one i < k!
with [M (i)]k C &, . This can be seen as follows: Assuming that no & ™

contains [M (i)]k ,we conclude that & " N[M (k”]k = for every n € I1. This

means that for any m;, < m, < --- < m, in M™% and any permutation

nell, Y5 lf"(“(me) < 0. But this would imply, that for any m, <m,--- <
k! (e

m, of M* 0> Ee DD )(ml) _1)'Ez lz} ]f“ (m,) , which

contradicts the assumption. Thus, we have verified the assertion stated at the
beginning of the proof. Applying the same reasoning, for a fixed m € N and
for an infinite N C Ny +m, |J,| times, we get an infinite M, C N and, for




402 THOMAS SCHLUMPRECHT

every j € J,, abijection b(m,j): {1,...,|L, [} =L such that

(m.j)>

Lim j)

J)(E : .
(82 Y ff,fl'y'})”( )(ne) >0, for jeJ, and m, <---<n, . in M, .
=1

It can be assumed that (M, ) decreases. For an increasing sequence (k,, ), with
k, € M, if m € N, the assertion is then satisfied.

Now we can state and show the last step of the proof of Theorem 1.

9. Lemma. Suppose o € [1,w,] and that F = (x(A,B): (4,B) € Iy o) sar-
isfies condition (.9? Ll - Then there exists an extension F, = (x(A,B): (4,B) €
Iig o) of F, which satisfies (.9‘[’0'&]).

Proof. By induction, we will choose for every g € [0,a] N w, a family
(x(A,B): A C B, with 0 € 4 and, if f >0, B—1¢€ A; B c 2*) such
that the following condition (9.1) is satisfied:

9.1 For each y € [f,a]Nw, and n € N there exists a family
(Z'(p,n): 9 €2”) in X* such that
(a) z'(p,n) €co({x, :m>n}) if p €2’ and

(b)
<2|A|_|y| Z z'((p,n),x(A,B)>—c

¢€2W‘7
{ > A(A, n) if y € B,
<-A(4,n) ify¢B,

whenever 4 € Z(B)UR([1,7]) we2? and Bc2?.

(Since for every B € [0,a] N ;i Upcp<pld C B0 € 4 and, if 0 < g,
B ' —1 € A} = {4 c B0 € A}, the value x(A,B) is defined for each A €
g’f([l ,a[) UZ(B) and each B c 2 in the induction step 8.)

Having done this, we get an extension (X(A4,B): A € .@f(a),B C 2A) of F
satisfying (&), which can be seen as follows: For an arbitrary 4 € 97’f(a)
and an n € N, one chooses B € [0,a] N w, with 4 C B and a family
(Z'(p,n): 0 € 2'3) as, in (9.1). Then one observes that (x'(¢,n): ¢ € 2A),
can be defined by x'(¢,n) := 21118l Z:(ﬁez,,ﬂ Z'(¢,n) for ¢ €2 this family
satisfies (a) of (#) because of (9.1)(a) and from (9.1)(b) we deduce (&) (b)
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by the following equations:

<2"‘"‘“' > x'<¢,n>,x(A’,B’)>-

pe2¢’ A
=<2|A'I-IAI Z Hl4I-181 > Z/(¢’n),x(A,’B,)>_
pE2%’ A pE2? B
<2'”" ST 2 g, n),x(d B)>—c
(p€2¢ﬂ
2 if o' € B, , / , ,
{— . ¢/ , for A4 CA,(pGZA and B' c 2”.
< A(A n) ifo ¢B,

If p =0, no x(4,B) has to be defined. To verify (9.1), we chose for y €
[0,a] N @, and n € N a family (x'(¢p,n): ¢ € 2"y c X" as in A a[
(taking 4 := [1,y[) and set, for each ¢ € 2y Z'(p,n) = x (¢|[w[n)

follows that (z'(p,n): ¢ € 27) satisfies (a) and (b) of (9.1) for f =0. Indeed,
(9-1)(a) follows from (&, ), (a) and (9.1)(b) follows from (9[’1 op (b) which
can be shown in the following way:

<2|A|—|y| > Z,(¢’n)’x(A,B)> ~

QE2V Y

Hll0lt 7l Z x’(¢,n),x(A,B)>—

pe2v 1l
{ >A(A,n) if yeB
—A(A4,n) ify¢B,
whenever 4 € Z#([1,7]),v € 2% and B c 2.

Il
T

Suppose now that for § > 0, x(4,B) has been chosen for each 4 C f — 1
with 0 € A4 and each B c 2*. For n € N we set y(n) := max{y < a: |y| <
n} (thereby concluding that y(1) = 1,»(2) = 2,... and if a < w,, then

= ¥(laf) = y(la+1])...); for 4 € P (a) we set £(A4) := max(A4) + 1
(so we have 4 C £(A) C a foran 4 € ng(a)) and, for y € S, {(y) =
¢(D(y)). Choosing, for every n € N, ('(p,n): ¢ € 27%%) as in (9.1)(b)
(for B— 1), and setting, for y € S, and n € N with y(n) > £(y), ¥'(w,n) =
APWNIBL S | mos 2'(9 ) we get a family (7'(w.n): y €S, y(n) >
{(y)) with properties (9.2), (9.3) and (9.4) as stated and verified below.
By (9.1)(a) (for g -1),

9.2) V(p,n)eco{x,:m>n}) if €S, and y(n) >{(p).
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From the definition of 7'(y,n) we have for 4 € P (a), 4' C 4, ¥’ € 24
and y(n) > £(4)

(9.3)
2IA (=14 Z 7 (W n) — olA'I=l4l Z IPW)I=lr(m)UB] z 21(4’ n)
yev' 4 ye2v’ A pE2V YMUB
= ol I=lr(mupl Z o ) =5 n).
p'e2v’ y(muB

Finally (9.1)(b) implies, for 4 € gf([l ,aUR(B-1), v e 2% and y(n) >
£(A),

(9.4)
(7'(w,n),x(4,B)) —c = <2""“'”")“"' ) 2’(¢,n),x(A,B)> -

QE2V H(mUB
{ > A(4,n) if yeB
<-A(4,n) ify¢B.

Define now, for me N,

J, = A{(4,B,p)|4 € P, ym])UP(B-1)ny(m)),BC 2" and y €2},

m

for (4,B,y)€J,  theset L, , 5, : =2 and for ¢ € Lim,4,8,4) 20d
k>m:
jz",A aBrW)(k)
_ [ 2N 0. k) x(4,B) — e~ A4 k) ifyeB
2T (' (9. k), x(4,B) +c~ M4, k)  ify¢B.

We conclude, from (9.3) and (9.4), that the assumption of Lemma 8 is satisfied.
Indeed, we have, for me N, k>m and (4,B,y)e J,,

S S an k=@ ST 5 (g, k) x(4, B)) F e - A4, k)

PEL(m 4.8 4) @E2Y AUB
= +(5'(w,k),x(4,B)) Fc—A(4,k) > 0.

So we can find a subsequence (k,) of N such that the family O'(p,n):pe S,
y(n) > £(p)), where y'(p,n) = y'(p,k,) if ¢ €S, and y(n) > £(p), still
satisfies (9.2), (9.3) and (9.4), and such that, moreover, the following property
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holds:

(9.5) Forevery neN, A€ Z([1,y(n)DUL(B-1)nyn)), BC
2*  and VA 2* | there exists a bijection

b(A,B,y,n): {1,... 2H"0R"I4ly _ ov.d0B

such that
2A|—|Auﬁ| 214UBI-14] / .
Z y(b(A1B’W’n)(l)»ni),x(A’B) —-C
i=1
2140B1= 1]
(4,8 ,y ,n)(i)
> r (k,) +A(4,k,) > A(4,n)
i=1
if weB,
B 214UBI- 141 .
- 3 PUEEPOG )~ A4, k,) < ~A4,n)
i=1
{ ify¢B,

whenever n <n; < - < nyuup-4 -

By (9.2) we find an N € &_(N) such that for each ¢ € 2f O'(p,n):ne
N,n > |B|) is a convex block of (x;). Applying Lemma 7 we find for every

9 E 2% an N(p) € Z_(N) and for every B C 2% an x(B,B) € B;(X) such
that
2 A(B) ifpeB,
<-AB) ifp¢B,
for Bc2®,pc2” and ne N(p).

(9.6) ' (9.n),x(B.B)) - c{

For an arbitrary 4 ¢  with 0, (—-1)€ 4 and B C 2% we set x(A,B) :=

x(B,U,es2"?).

Now we have to verify (9.1). Toward thisendlet n € N and y € [f,a]Nw,
be arbitrary. We may assume that y(n) > y, otherwise we replace n by a
sufficiently large 7 € N. We choose ¢ € N such that

£212-n- 2" sup(|Ix)| + 1).
JEN

Next we choose for each i€ {1, ...,¢} and (062'8 an n(¢,i) € N with
(9.7)

(a) n(p,i)>2n and n(¢,i)€ N(p),

(b) max({n(p,i-1)lp €2’}) <min({n(p,i)lpe2’}), ifl<i<e.
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By (9.7)(a) and (9.2), the family (z'(¢,n): ¢ € 27) satisfies (9.1)(a). To show
(9.1)(b), let A€ 2([1,y)ULF(B), BC 2* and w € 2" it remains to show

A(A,n) ifyeB,

- / >
9.8) @AMy z((p,n),x(A,B))—c{ <At iweB.

pe2v 7

To do this, we consider two cases:

Casel. 0€ 4 and (f—1)€ A4 (thus 4 C f and x(A4,B) was defined in the
present induction step). For this case we remark first that, by (9.3),

4
QM-I Z/(q”n):%ZzlAl—lﬂl S (e n(e i)
i=1

¢€2W b ¢'€2W'ﬂ

Moreover, y € B < 2¥* UWGBZ"W and y ¢ B 2¥F NUpes 29 F =,
thus, by the definition of x(A4, B)
@S Y ig,n(e' ), x(4,B)) - ¢
p'e2v .k
=25 <y’<¢’,n<«»’,i>>,x 4, 2'”)>—c
prev b vEB

v

{ 3(1 = 37) 2 A(4,n) if yeB,
<-4 - ) <-A4,n)  ify¢B,

which implies (9.8).

Case2. A€ P(f-1)UP(1,y]) (thus, x(4,B) was chosen in a previous
induction step or was given by the assumption). Setting b := b(4, B,y ,2n)
(compare (9.5) and remark that

A€ P17 UP,(B~1) C PL[1,72mD U, (B - 1))
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we obtain
M 5
¢€2w7
A
ZZI (b Z Vo, n(ply, i)
pE2V Y
Zzul |AUB| Z 2|Auﬂl 7l Z y(¢l,n(¢llﬂ,i))
¢€2V JAUB //ezw 7
Al- / ;
ZZz' TN Y0 n(e'l,,0) by (93)]
i=1 ¢/€2w.AUﬂ
[ 214UB1- 141
AUBI—1]A . . .
= 2 22 ST b)Y b))
i=1 J=1
[the image of b is yidiadd ]
_ 1 jaupl-14
= €2

£41=2!41=14081 5l4]-|408]
E Z UORICH N ESEY))

2l4i= IAUﬂlzlAl |4UB|

+ Z S Y 00), b))

J=i+l
¢ i—(£+1-241- 14081
i . . .
+ > Yoo VGG, kG, D)
i=t4+2—2141-1408] j=1

[by changing the order of summation].

Now we remark that the norm of the second and third sum between the brackets
of the last lines does not exceed the value 2°#! sup /eN le;. I, which is not greater
than £/12n by the choice of ¢. For the first sum, we remark that by (9.7)(b)

2n < n(b(1),i-1+1) < n(b(2),i—=1+2) - < n(b(24FI= 1y [j_ 14 oM4AI=l4ly

whenever i e {1,...,/+1 —2“”’9'""'}. It follows from (9.5) that the first sum
multiplied with l/£(2AUﬂ'—|A|) is, up to the factor g :=¢/(¢{ + 1 — 2'AUB'_|B|)
a convex combination of elements y' which fulfill

> A(A,2n) if weB,

(v ,X(A,B))—C{ <-A(4,2n) ify¢B,

From the choice of ¢ it follows that |1 —g| < 1/12n which implies the assertion
(9.8) and finishes the proof.
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3. AN APPLICATION TO THE LIMITED SETS IN BANACH SPACES

A subset 4 of a Banach space X is said to be limited if all weak*-convergent
sequences in X~ converge uniformly on 4. It is easy to see that all relatively
compact sets are limited, while in [BD] it was shown that every limited set has
to be weakly conditionally compact. More about limited sets can be found in
[BD, DE, S].

In [BD, Proposition 7] it was shown that in Banach spaces, not containing
¢, , every limited set is relatively weakly compact. This was done by proving
first that spaces possessing limited sets which are not relatively weakly compact
enjoy property (CBH).

With Corollary 2 we get the following generalization of this result (remark
that by [P], L, ({0, 1}") c X™ iff ¢, C X):

10. Corollary. If the dual of a Banach space X does not contain L,({0,1}*"),
then all limited sets are relatively weakly compact.
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