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UNIFORM PERSISTENCE AND REPELLORS FOR MAPS

JOSEF HOFBAUER AND JOSEPH W.-H. SO

(Communicated by Kenneth R. Meyer)

Abstract. We establish conditions for an isolated invariant set M of a map

to be a repellor. The conditions are first formulated in terms of the stable set of

M . They are then refined in two ways by considering (i) a Morse decomposition

for M , and (ii) the invariantly connected components of the chain recurrent

set of M . These results generalize and unify earlier persistence results.

1. Introduction

Let 3f be a metric space with metric d. A map /: 3? —► 3? defines a

discrete semi-dynamical system T:Z+x 3f —» 3? by T(n,x) — f"(x), where

Z+ denotes the set of non-negative integers and f"(x) denotes the «th iterate

of x under /. Let J^ be a subspace of 3f. We say that / is uniformly

persistent (with respect to p') if there exists n > 0 such that for all x G 3f\%S ,

liminfn_>ood(f"(x),%/) > n. In applications to ecological equations, 3f will

be the set of all possible states of the system and y the set of extinction states.

In that case, uniform persistence captures the idea of non-extinction of the

system.

The object of this paper is to obtain criteria for uniform persistence. These

criteria are formulated as conditions imposed on the global attractor M of f/ .

Hence, we first study uniform persistence on compact spaces X (§§2 and 3) and

apply these results to the general problem in §4. In particular, the persistence

results in Freedman and So [9,10] will be improved to include uniform persis-

tence. The approach we use here is similar to the one used in Garay [11] and

Hofbauer [14] for flows. It provides a more elegant approach to the persistence

problem as it uses modern dynamical systems theory. Hence, this approach

allows us to give simpler proofs for earlier persistence results based on average
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Lyapunov functions (cf. Hutson and Moran [17], Fonda [8], Hofbauer, Hutson

and Jansen [15] and Hofbauer and Sigmund [16]).

2. Repellors

In this section and the next, the standing assumptions are:

(a) X is a compact metric space,

(b) /: X —► X is a continuous map, and

(c) M c X is compact invariant, that is, f(M) = M.

For notation and terminology concerning discrete semi-dynamical systems

not explained here, we refer the reader to LaSalle [18], Bhatia and Hajek [2]

and Hale [12].

M is said to be a repellor if there exists a neighborhood U of M such that

for all x £ M there exists n0 - njx) > 0 satisfying f"(x) £ U for all

n > n0.  U is called a repellor neighborhood of M.

The following theorem is a special case of the Ura-Kimura theorem for maps

(cf. Bhatia and Hajek [2, Chapter 9]).

Theorem 2.1.  M is a repellor if and only if

( 1 ) M is isolated, that is, there exists a closed neighborhood U of M (U

is called an isolating neighborhood of M) such that M is the largest

invariant set in U, and

(2) WS(M) c M, where WS(M) := {x G X:f"(x) -. M as n - +00} is

the stable set of M.

Proof. The => part is obvious. To show the converse, let F be a compact

isolating neighborhood of M. Then for each x $ M, there exists arbitrarily

large n such that f"(x) £ V . (Otherwise, the co-limit set of x,A+(x) :=

n^loc^U^„/ "(•*)) > wiN be an invariant subset of V. Since V is an iso-

lating neighborhood of M,A+(x) c M.   This contradicts (2).)   Let B =

ixvvwn)-
Claim. There exists A > 0 such that B = (j"=0f"(cl(X\V)).

Indeed for all x G cl(A"\K), there exists n(x) > 1 suchthat f"(x)(x) G X\V .

By compactness of cl(Jf\F), there exists N > 0 such that for all x G cl(X\F),

there exists n, 1 < n < N such that f"(x) G X\V, since X\V is open. This

proves the claim.

Thus B is compact, positively invariant (that is, f(B) c B) and disjoint

from M and U — X\B is a repellor neighborhood for M.    a

Remark. The set A - fÇ=of"(B) is an attractor, that is, there is a neighbor-

hood U of A such that the co-limit set of U, K+(U) := ft™=0cl(\j°°=n f (U)),
is A. It is called the dual attractor to the repellor M. Moreover,

WS(A) = X\M.
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Corollary 2.2 (Fonda [8]). Let X\M be positively invariant. Then M is a

repellor if there exists a continuous function P: X —* R+ satisfying the conditions:

(1) P(x) = 0 for xgM, and

(2) there exists a neighborhood U of M such that Vx G U\M3n > 0 such

that P(f"(x))>P(x).

Proof. Without loss of generality, we can assume U is closed. Suppose 3x £

M with cl(y+(x)) c U,y+(x) := {x ,f(x) ,f\x), ...}; then 3j; G cl(y+(x))

such that P(y) > P(z) for all z € cl(y+(x)). Hence, y £ M and P(y) >

P(f(y)) for a'l n > 0. This contradicts (2). Therefore, U is an isolating

neighborhood of M and Vx ^ M, A+(x) qt M. Hence, by Theorem 2.1, M

is a repellor.     D

Corollary 2.3 (Hutson and Moran [17]). Let X\M be positively invariant. Then

M is a repellor if there exists a continuous function P:X —» R+ such that

( 1 )   P(x) = 0 if and only if x G M, and

(2) for all xgM , sup{]T^O ¥(fk(x)):n > 1} > 1, where y/:X -» R+  is

a continuous function with P(f(x)) > y/(x)P(x).

Proof. Let Un = {x G X: y/(x) ■ ■ ■ y/(f"~\x)) > 1}. Then Un is open and

U := (J^ti Un D M. Therefore P satisfies the conditions in Corollary 2.2 and

M is a repellor.     D

Remark. This shows that M is a repellor if one can find a function P as above

suchthat (// > 1 on \JxeM A+(x).

Let r be a compact invariant set and let x ,y gY . An t-chain from x to y

is a sequence of points x0 = x , xx, ... ,xn= y in Y with d(f(xi) ,x/+1) < e

for i = 0, ... ,n - I . We say that x is chained to y if for all e > 0, there

exists an e-chain from x to y. A compact, invariant subset A of Y is chain

transitive if any two points x and y in A are chained in A. If x is chained

to itself (in T), then x is said to be a chain recurrent point and we write

x € ¿%(Y). Now, x ^ ¿%(Y) iff there exists an open set fcT such that

f(cl(U)) c U, x £ U and f(x) G U, or equivalently, iff there exists an

attractor A c Y such that x e WS(A)\A (see Block and Franke [4, Theorem

A]). Hence, 31 (Y) = f\(A U A*), the intersection being taken over all attractor-

repellor pairs (A,A*) of Y.

The equivalence classes C(x) = {y G Y:x is chained to y and y is chained

to x} are called the basic sets of Y. C(x) are chain transitive and they are

the invariantly connected components of 3?(Y) (see Conley [7] for flows and

Akin [1] for maps). A compact invariant set is invariantly connected if it is not

the disjoint union of two non-empty compact invariant sets.

Corollary 2.4 (Butler-McGehee lemma for maps (cf. Freedman and So [10])).

Let M be an isolated invariant set and let x G X be such that A+(x) n M ¿ 0

and A+(x)<£M. Then A+(x) n (WS(M)\M) ¿ 0.
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Proof. Let Xx = A+(x) ,MX — A+(x) n M, /, = f\x and restrict ourselves to

the dynamics of/, on X{ for the moment. Suppose A+(x)n(Ws(M)\M) = 0.

Then M, is isolated invariant, XJMX is positively invariant and WS(MX) c

Mx . By Theorem 2.1, Mx is a (non-empty) repellor. Since Xx is chain transi-

tive (see Bowen [3]), it cannot have a non-trivial attractor-repellor pair. Thus,

Mx = Xx and this contradicts A+(x) £ M .     D

Remark. There is a characterization for attractors analogous to Theorem 2.1.

It can be used to show that, under the hypotheses of Corollary 2.4, there exists

a negative orbit in A+(x)\Af whose a-limit is contained in M.

3.  MORSE DECOMPOSITIONS, BASIC SETS AND REPELLORS

Let M be a compact, invariant set. A finite collection {Mx, ... ,MJ of

compact invariant subsets of M is called a Morse decomposition if the M¡ are

pairwise disjoint and for each x G M\lj"=1 Mt there is an / with A+(x) c Mi

and for any negative orbit x_ through x there is a j > i with A~(x_) c M¡,

where A~(x_) is the a-limit set of x_ (cf. Mischaikow and Franzosa [19]).

Remark. It was shown in Freedman and So [10] that an acyclic covering, as

introduced in Butler, Freedman and Wattman [5] and Butler and Waltman [6],

is a Morse decomposition. The proof is based on the Butler-McGehee Lemma.

The following theorem is a refinement of Theorem 2.1 if a Morse decompo-

sition of M is given. It improves Theorem 3.3 of Freedman and So [10] as it

yields uniform instead of strong persistence. Its proof shows that the existence

of an acyclic covering for M is equivalent to M being isolated. The point is

that one should choose an acyclic covering of M so that the assumptions can

be easily checked.

Theorem 3.1. Suppose {Mx, ... ,MJ is a Morse decomposition of M such that

each M-t is isolated in X. Then M is a repellor if and only if WS(M¡) c M

for each i.

Proof. The => part is obvious. For the converse, we have to show that condi-

tions (1) and (2) in Theorem 2.1 are satisfied.

First we will show (2). Let x £ M. Suppose A+(x) c M. Then A+(x) c

3?(M), the chain recurrent set of M. Since 3?(M) c U"=i M, and A+(x)

is invariantly connected, there exists / such that A+(x) c M¡, contradicting

WS(M¡) CM.

To show (1), assume M is not isolated. Then for every n, there exists

Xn $. M with y+(xj c {x:d(x,M) < l/n}, where y+(xj is the positive

orbit through xn . The sets Qn - A+(xn) are compact, invariant and chain

transitive. By (2), we know iln <£ M. A subsequence of {QJ, which we

again denote by {fi„}, converges in the Hausdorff metric to a compact set

Q c M. Since f(QJ converges to f(Q.), Q is invariant. By the argument

in Garay [11, Proof of Theorem 2],  Q is also chain transitive.   Therefore
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Q c 3?(M) c U"=i M¡. Since D, is invariantly connected, Q c M¡ for some

j. Hence any neighborhood of M¡ must contain some Qn for large n and Mi

is not isolated.     D

The proof of Theorem 3.1 actually shows:

Theorem 3.2.  M is a repellor if and only if each basic set A of M satisfies

( 1 )   A is M-isolated, that is, there is a neighborhood U of A in X such

that if a complete orbit y(x) C U then y(x) c M, and
(2)   Ws(A)cM.

4. Uniform persistence

Let 3f be a metric space with metric d,f:3f —> 3f be a continuous map

and y C 3? is closed with f(3f\p') c 3f\jj .

We assume that 3? has a global attractor X, that is, X is the maximal

compact invariant subset of 3f and d(f"(x),X) —»0 as n —► oo, for all

x G 3f. This assumption is satisfied in many applications including maps,

time-periodic ordinary differential equations, retarded delay equations as well

as semi-linear parabolic equations (cf. Hale [12] and Hale and Waltman [13]).

Note that J^ is in general not a positively invariant set. Let M be the

maximal compact invariant set in y . Then M c X.

Theorem 4.1. fis uniformly persistent (w.r.t. p) if and only if

( 1 )   M is isolated in X, and
(2)   Ws(M)cy.

Proof. The => part is again obvious. For the converse, we first observe that

Theorem 2.1 as applied to f\x (and the remark following it) gives us an at-

tractor A (for f\x) dual to M. Since A is non-empty and compact, ^ is

closed and A n^ = 0, we have n := d(A ,_JO > 0. Now consider x e 3?\y .

Then A+(x) (which exists by the above assumptions) is contained in X and

A+(x) cf_ M, by (2). Since A+(x) is chain transitive, A+(x) c A. Hence,

liminf^oo¿(r(x),|0>>7.     □

In the same way we get the following modifications of Theorems 3.1 and 3.2.

Theorem 4.2. Suppose {Mx , ... ,MJ is a Morse decomposition of M ( under

f\M) such that each M. is isolated in X. Then f is uniformly persistent if and

only if Ws(Mi)cp' for each i.

Theorem 4.3. f is uniformly persistent if and only if each basic set A of f\M

satisfies

( 1 )   A is M-isolated, that is, there is a neighborhood U of A in X such

that if a complete orbit y(x) c U then y(x) c M, and
(2)   Ws(A)cy.
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