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HISAO KATO
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Abstract. It is well known that if X is an arc or a circle, then there is no

expansive homeomorphism on X (see [2] and [3]). In this note, we show that

if A- is a Peano continuum which has a neighborhood M such that cl(Af) is a

1-dimensional AR, then there is no expansive homeomorphism on X . In par-

ticular, no 1-dimensional compact ANR admits an expansive homeomorphism.

1. Introduction

Let I bea compact metric space with metric d. A homeomorphism / of

X is expansive if there exists c > 0 (called an expansivity constant for /) such

that d(f"(x) ,f"(y)) < c for all integer n implies x = y. It is well known that

the 2-adic solenoid and the 2-torus admit expansive homeomorphisms (see [6]

and [7]). Also, Bryant [2] proved that there is no expansive homeomorphism on

an arc. Jakobsen and Utz proved that there is no expansive homeomorphism

on a circle [3].

By using those results, Kawamura showed that if X is a Peano continuum

and X contains a free arc, then X does not admit an expansive homeomor-

phism [4]. Naturally, the following problem arises: If X is a 1-dimensional

compact AR (or 1-dimensional compact ANR), is it true that X does not ad-

mit an expansive homeomorphism? It is well known that there are may kinds of

1-dimensional compact ARs (or 1-dimensional compact ANRs) which contain

no free arcs. In this note, we prove that if X is a Peano continuum which has

a neighborhood M such that cl(M) is a 1-dimensional AR, then there exists

no expansive homeomorphism on X. In particular, no 1 -dimensional compact

ANR admits an expansive homeomorphism. The proof is different from the

proofs of Bryant, Jakobsen and Utz ([2] and [3]).
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2.  SeLF-HOMEOMORPHISMS OF DENDRITES

In this section, we prove that if A!" is a dendrite (=1-dimensional compact

AR), then there exists no expansive homeomorphism on I. To prove this

result, we use an idea of Mané [5].

2.1. Lemma [1,(13.5)]. A continuum X isa 1 -dimensional AR ifand only if

X is a nondegenerate Peano continuum and X contains no circle.

2.2. Lemma [5, Lemma 2.1]. Let f: X —> X be an expansive homeomorphism

of a compact metric space X and let c > 0 be an expansivity constant for f

and 0 < e < c/2. Then there exists ô > 0 such that if x,y G X, d(x,y) <

S, and e < sup{d(fJ(x),fJ(y))\ 0 < j < n} < 2s for some n > 0, then

d(f(x),f(y))>S.

2.3. Theorem. Let X be a l-dimensional compact AR. If f: X —> X is a

homeomorphism, then f is not expansive.

Proof. Suppose, on the contrary, that / is expansive. Let S > 0 be as in 2.2.

Since X is locally connected, there are subcontinua XX,X2, ... ,Xm of X such

that X = UX¡ and diamX, < S for each i. Let Xni} = f(X.) nf~H(Xj).

Since f"(Xt) and f~"(X-) are subcontinua in X and X contains no circle,

X" - = fn(X/) n f~"(Xj) is connected (it may be empty). By the proof of

[5, p. 318-319], we can conclude that limn^oo(sup/ diam X" ) = 0. Note that

X = U{Xn I 1 < i ,j < m} . Since diam X < Y]m . diam X" , we can conclude

that X is degenerate, which is a contradiction.

3.  SELF-HOMEOMORPHISMS OF CERTAIN PEANO CONTINUA

In this section, we prove that if X is a Peano continuum and X contains a

neighborhood M such that cl(M) is a l-dimensional AR, X does not admit

an expansive homeomorphism. In particular, no l-dimensional compact ANR

admits an expansive homeomorphism.

3.1. Lemma [1, (13.6)]. A continuum X isa l-dimensional ANR if and only

if X is a Peano continuum of dimension 1 and X does not contain infinite

circles.

3.2. Theorem. If X is a Peano continuum which has a neighborhood M such

that cl(M) isa l-dimensional AR, then X does not admit an expansive homeo-

morphism. In particular, no 1- dimensional compact ANR admits an expansive

homeomorphism.

Proof. By 2.1, cl(M) is a dendrite. Choose nonempty open sets Ux, U2 in M

such that cl Ux c U2 c cl U2 c M. Let Y be a component of cl Ux such that

Ux n Y / 0. Note that Y is a dendrite. Suppose, on the contrary, that there

is an expansive homeomorphism /:I-»I. let ô > 0 be as in 2.2 and let

XX,X2, ... , Xm be subcontinua of X such that X = (J'" , X. and diam X: < S
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for each i. Note that there is a natural number p > 0 such that if Z is a

subcontinuum of X, then the number of components of Z n Y is less than

p . Suppose, on the contrary, that there is a sequence {Zn} of subcontinua of

X such that \{C\ C is a component of Y n Zn}\ > n , where \A\ denotes the

cardinal number of a set A. Since M does not contain a circle, we can see that

|{C| C is a component of (cl U2-Ux) with Cncl Ux ¿0¿ CnX-U2}\ = 00.

This implies that X is not locally connected, which is a contradiction.

Now, let X"j = f(Xi) r\f~"{Xj) n Y. Since Y contains no circle, we

can conclude that the number of components of X" . is less than p . By the

proof of [5, p. 318-319], lim^^ diam C" '.  = 0, where C" j   is a component

of X" j. Since Y = \J C" ' , we can conclude that diam 7 = 0. This is a

contradiction.

Question 1. Is it true that Menger's universal curve admits an expansive home-

omorphism?

Question 2. If X is a dendroid (= pathwise connected treelike continuum) or

a treelike continuum, is it true that X does not admit an expansive homeomor-

phism?

Added in proof. Recently, the author proved that there are no expansive home-

omorphisms on hereditarily decomposable treelike (or circlelike) continua.

References

1. K. Borsuk, Theory of retracts, Monografie Matematyczne 44, Polish Scientific Publishers,

Warszawa, 1967.

2. B. F. Bryant, Unstable selfhomeomorphisms of a compact space, Vanderbilt University Thesis,

1954.

3. J. F. Jakobsen and W. R. Utz, The nonexistence of expansive homeomorphisms of a closed

2-cell, Pacific J. Math. 10 (1960), 1319-1321.

4. K. Kawamura, A direct proof that each Peano continuum with a free arc admits no expansive

homeomorphisms, Tsukuba J. Math. 12 (1988), 521-524.

5. R. Mané, Expansive homeomorphisms and topological dimension, Trans. Amer. Math. Soc.

252 (1979), 313-319.

6. R. F. Williams, A note on unstable homeomorphisms, Proc. Amer. Math. Soc. 6 (1955), 308-

309.

7. T. O'Brien and W. Reddy, Each compact orientable surface of positive genus admits an expan-

sive homeomorphism, Pacific J. Math. 35 (1970), 737-741.

Faculty of Integrated Arts and Sciences, Hiroshima University, Higashisenda-

Machi, Naka-Ku, Hiroshima 730, Japan


