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SMALL DEFORMATIONS

OF A CLASS OF COMPACT NON-KÄHLER MANIFOLDS

L. ALESSANDRINI AND G. BASSANELLI

(Communicated by Clifford J. Earle, Jr.)

Abstract. Small deformations of Kahler manifolds are Kahler too; we prove

here that this is not true for balanced manifolds nor, more generally, for p-

Kähler manifolds (p > 1) , i.e., the property of being p-Kähler is not stable

under small deformations.

1. Introduction

The aim of this paper is to prove that if M = {Mt} is a complex analytic

family of compact complex manifolds, and Mt is p-YJ&hler (p > 1), then,

even if \t-t0\ is small, Mt may be a non p-Kähler manifold; i.e., the property

of being p-Kähler is not stable under small deformations (see Theorem 2.3 for

the definition of p-Kähler manifold).

It is well known that the situation is completely different in the case of Kahler

manifolds [KS]. In what follows, we shall distinguish the case p = dimMt— 1 :=

n - 1 (§4) from the general case (§3): indeed, an (« - 1)-Kähler manifold is

nothing but a manifold equipped with a balanced metric, i.e., a hermitian metric

« such that if co is its Kahler form and ô is the formal adjoint of d in the

metric « , it holds that ôco = 0 (see [M] for a survey on balanced manifolds).

The condition of being balanced (or co-Kähler) is, in a sense, dual to that of

being Kahler, so it may be interesting to emphasize the different behaviour of

small deformations of Kahler and balanced manifolds

2. Preliminaries

(See also [HK].) Suppose V is a complex vector space of complex dimension

« and let a  := i" 2~p .
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2.1. Definition. ( 1 ) An element of Ap' (V) that can be expressed as vxh---f\v

with v¡ G F is called decomposable.

(2) y/ G AP'P(V) is called strongly positive if y/ can be written as E.crp£. A

Cj , with Í € AP'°(V) decomposable.

(3) Q G AP'P(V) is called weakly positive if Q A y/ is a positive volume

for every strongly positive (« - p, « - p)-vector.

Let SPP and WPP denote the cones of strongly positive and weakly positive

(p, p)-wectors.

Let M be a connected complex manifold of dimension « ; we denote, as

usual, by iV the sheaf of germs of holomorphic p-forms and by Ep the sheaf

of germs of C°°   p-forms.

Moreover, let EP'P(M)R denote the Fréchet space of real (p, p)-forms, while

E1 JM)R denotes its dual space of real currents of bidimension (p, p).

2.2. Definition. ÍÍ G EP'P(M)R is called transverse if Vx G M, £lx belongs

to the interior of the cone WPp(T'xM*). T € E' _(M)r is called positive if

T(il) > 0 for every transverse (p, p)-form Q.

2.3. Theorem. Let M be a compact complex manifold of dimension n, and p

an integer,  1 < p < n . The following assentions are equivalent:

(1) There exists on M a closed transverse (p, p)-form;

(2) There are no nontrivial positive (p, p)-currents which are (p, p)-compo-

nents of boundaries.

In this case, M is called a p-Kähler manifold.

Proof. See [AA].    D

Remarks, (see [AA] and [AB]).

(1) M is 1-Kahler if and only if M is Kahler.

(2) M is (« - 1)-Kähler if and only if M is balanced.

(3) If M is Kahler, then it is p-Kähler for every p < n .

More about p-Kähler manifolds can be found in [AA] and [AB]; we only

recall here the definition of nßs, a nontrivial 3-Kähler manifold that we shall

use in the next section.

Let G be the following subgroup of GL(4, C) :

G:=l X €GL(4,C)/X =

(1 zx z3 z5\

0 1 0 z.

0 0 1 z\
Vo 0 0 1 )

and let Y be the subgroup of G consisting of matrices with entries in Z[v^T].

T is a discrete subgroup of G and G/Y becomes a holomorphically parallelis-

able compact connected complex manifold of dimension 5, called nß,. We can
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identify the complex Lie group G with (C5, *), where

(z, , ... , z5) *(wx, ... , w5) = (zx+wx, ... , z4 + w4, z5 + w5 + zxw2 + z3w4),

and we can choose a basis {0,}1<;<5  for Qx(nß5)  such that dtp- = 0 for

7 = 1, ... , 4 and d<p5 = -cpx A 4>2 -<p3 A cf>4 . Call {0.} the dual basis.

2.5. Proposition.   nß5 is not Kahler nor 2-Kähler, it is p-Kähler for p = 3,4,5.

Proof. See [AB].

The theory of small deformations can be found in [K] or [KM, Chapter 4].

3. The case p < n - 1

Take M = nß5 and y/(t) := td^x , ieC.

V? G C, the vector (0, l)-form y/(t) satisfies the equation

dy,(t)-\[y/(t),y/(t)] = 0,

and therefore, by Kuranishi's theorem [K],  y/(t) defines for \t\ < e a locally

complete complex analytic family of deformations {Mt} of M.

By solving

(dCj-w(t)Cj = 0,
W,(0) = z., 7 = 1,..., 5,

we get

so that, if

and

Í Ci =*i+«i
\ Cj = Zj, j = 2, ... , 5,

cpjt=dCj>t    for 7 = 1, ... , 4

{4>j t, 4>j t}J=x      5 becomes a basis for H (Mt, E ).

3.1. Proposition. For \t\ < e, Mt is balanced, but it is not 3-Kähler if t ^ 0.

Proof. A 4-Kähler form for Mt is Q = a4l!,A,4(pA A(f>4 (as usual, l! denotes

the sum over all increasing multiindices, A = (ax, ... , a ) and (pA = (<pa A

■■■A(p      ).

Let r\ be the (2, 2)-component of d(cpx , A(j>5 tA(f>2 t), i.e.,

fi= y—^^i,íA^2,fA^i,íA<^2,í'

and let T  be the real smooth (3, 3)-current defined by n , that is,

Tn
[a):=       rjAa.

J M
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Since, if a G WP (Mt), nAa is a nonnegative multiple of the volume of M(,

T is a positive (3, 3)-current which is the (3, 3)-component of a boundary

and T   is trivial only for / = 0. We can conclude by Theorem 2.3.   a

4. The case p = « - 1

Let us choose the simplest example of a compact balanced non-Kähler man-

ifold, the Iwasawa manifold 73. Nakamura [N, pp. 94-96] builds up, via Ku-

ranishi's theorem, a locally complete complex analytic family of deformations

Mt of MQ = 73, depending on six effective parameters t¡¡.

For our purpose it suffices to choose /.. = 0 for (i, j) ^ (1,2). Call

tX2 := t:   we get on Mt coordinates {£, t, Ç2 t, Ç3 ,} such that, if

<Pjtt = dCJ>,   for 7 = 1,2   and   <piJ = dÇ3t + (t£2j - Cm)¿Í2,í>

then

{cpj t, ¿. t}, , 2 3 becomes a basis for H (Mt, E ).

If Q were a closed transverse (2, 2)-form on Mt, by Stokes' theorem,

0=/    d(QAoxt<p3 t) = /   ClAoxtdcp3 t = -      Q.Aax\t\24>2 t A<¡>2   ,
Jm, ¡Mt ÍMt

but, for t ^0, the last term is negative.

We have therefore proved the following:

4.1. Proposition. There exists a nonbalanced small deformation of I3.
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