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Abstract. We extend the theory of the "modified Feynman integal" developed

by the second author by extending his product formula for the imaginary resol-

vents of selfadjoint (unbounded) operators to those of normal operators. This

enables us to establish the convergence of the "modified Feynman integral" for

Hamiltonians with highly singular complex (instead of real) potentials. Such

Hamiltonians arise naturally in the study of the Schrödinger equation associ-

ated with dissipative quantum mechanical systems.

By slightly altering the proof of our results, we also give a very general

(operator-theoretic) interpretation of Nelson's "Feynman integral by analytic

continuation in the mass parameter" that is valid for singular potentials with

an arbitrary sign.

An interesting aspect of our "product formula for the imaginary resolvents

of normal operators" is that it extends, and in some sense unifies, the above two

approaches to the Feynman integral.

0. Introduction

In [LI, L2], a Trotter-like product formula was shown to converge to the

unitary group generated by the generalized sum of nonnegative selfadjoint op-

erators, using the imaginary resolvents of the intervening operators; in [L5], this

result was generalized to the case where one of the operators has a negative part,

relatively form bounded with respect to the other operator (with relative bound

strictly less than one). This applies to a "modified Feynman integral" [L2-L7]

when one specializes the intervening operators to be the usual L Laplacian

-A and the operator of multiplication by a real LXoc function q , with some
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supplementary condition on its negative part (cf. [L5, §4]); in this manner,

the second author has established in [L5] the existence of the "modified Feyn-

man integral" (which he had introduced in [L2]) in the most general case for

which the Schrödinger equation (with a real potential) can be solved without

ambiguity.

In the present paper, we first show how the abstract formula can be extended

to normal operators with sign conditions on their real and imaginary parts and

relative form-boundedness of the negative real part of one of the operators with

respect to the real part of the other. In the second and third sections, we consider

the application to Schrödinger operators (hence, in particular, to a modified

Feynman integral) in two distinct situations not contained in previously known

results:

(1) The case of the Schrödinger equation with a highly singular complex

potential (a magnetic vector potential is also allowed), which corresponds to the

pseudo-Hamiltonians treated, for instance, in [E]. Formally, it is the operator

%> = _(v - id)2 + v,

where a e LXoc(Cl; E), V - q - iq = q+ - q~ - iq' , and q+, q" , q are

real nonnegative functions in L,0C(Q), q~ is relatively form bounded with

respect to -A, with relative bound less than 1, and Q is a nonempty arbitrary

open subset of R . The new point is that one can consider a highly singular

imaginary part in the potential V ; in general, however, due to the term —iq ,

e is no longer a group but only a semigroup. Physically, this corresponds

to the fact that a quantum mechanical system with (nonreal) complex potential

is dissipative (or "open," in the sense of [E]), rather than conservative.

Just as in [L2-L5], one can then establish the existence of the "modified

Feynman integral" for Schrödinger operators with a highly singular complex

potential.

(2) The case of the semigroup e generated by an operator ßf corre-

sponding to the formal expression

-(V-z'a)2 -p + i(q-iq),

p a nonnegative real function with some adequate relative form-boundedness

and local Lp conditions, a, q, q with the same hypotheses as in (1), but with-

out any restriction on q~ other than LXoc(Cl) (or, alternatively, q e L](^(Cl),

£ > 0, depending on the restrictions on p ). In this case, the proof has to be

slightly modified, as the abstract result does not apply directly. The semigroup

corresponds to a "Schrödinger equation with imaginary mass" and potential

q + i(p — q). The application to the Feynman integral for a real mass can be

obtained (at least when p = 0) by analytic continuation in the "mass parame-

ter," a device introduced by E. Nelson (cf. [N]).

The theorem in (2) partially generalizes Theorem 4.1 of [B2] (detailed in [B3];

see also [N, K, and BP] for related results); we note that the product formula
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considered here holds for a scalar potential with the hypotheses of [BK] in their

full generality, and a vector potential with optimal restrictions, which was not

the case in [B2, B3], where, nevertheless, other formulae were considered.

1. The abstract result

Let T be a (not necessarily bounded) normal operator in a (complex) Hubert

space 77 with inner product (•, •} and norm || • || (i.e., T is a densely defined

closed operator on 77 such that T*T = TT*). Then one can write

T=Tx-iT2,

with Tx , T2 selfadjoint operators on H, where Tx, T2 are respectively the

real and minus the imaginary parts of T, which can be defined by using the

operational calculus given by the spectral theorem for normal operators, with

the functions SK(z) and -3(z) defined on the spectrum o(T) c C. (For all

the elementary facts about unbounded normal operators, see, e.g., [R, pp. 348-

355].) Since D(T) = D(T*), it easily follows that

T* = Tx + iT2.

If one supposes Tx, T2 to be nonnegative, then iT is seen to be m-accretive

(i.e., iT generates a contraction semigroup on 77) ; this follows from the ob-

vious fact that iT and (iT)* are both accretive (see, e.g., [P, Corollary 4.4, p.

15]). We shall denote by

Q(T) = £>(|7f/2) = D (yjj\) nfl (^)

1 II I-
the form domain of T ;  \T\'    and JT.   (j = 1, 2) can also be defined by

means of the spectral theorem.

If now A — Ax - iA2, B — Bx — iB2 are normal operators on H with A.,

Bj nonnegative (j = 1,2) and

Q = Q(A) n Q(B) dense in 77,

one can define the form sum A+B as the operator in 77 associated with the

sesquilinear form

s: QxQcHxH—>C

i.e., u e D(A+B) iff v h-> s(u, v) is continuous on Q for the 77-topology,

(A+B)u being the unique vector of 77, given by the Riesz representation the-

orem, such that

((A+B)u, v) = s(u, v),        VveQ.

i(A+B) is obviously accretive, and using the Lax-Milgram lemma, one can

easily show that it is in fact m-accretive.  The same conclusions still hold if
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one replaces the hypothesis " 7?, nonnegative" by a weaker assumption on its

negative part B . (Note that Bx - B- B , where B+ , B_ are respectively

the positive and negative parts of B, given by the spectral theorem.) Namely,

we shall assume, as in [L5], that B is relatively form bounded with respect to

Ax , with relative bound < 1 , i.e.,

(Li) Q(BJDQ(AX),

and there exist positive constants y < 1 and S such that:

(l.ii) IB  u <y Axu + ô\\u\ VueD(Ax

In this case, in the definition of the sesquilinear form 5, one has of course

to replace the term (sjB~xu, \fB\v) by (^jB~^u, y/B^v) - LÍbZu, ,/bZv) .

We can now state the following abstract result, which extends from selfadjoint

to normal operators the "product formula for imaginary resolvents" obtained

in [L5, Theorem 1, p. 263].

Theorem 1. Under the above hypotheses,

([I + i(t/n)A]   X[I + i(t/n)B]-l)"u
-it(A+B)

e u,

for all ue H, uniformly in t on bounded subsets of [0, +oo).

Proof. The proof parallels that of Theorem 1 in [L5], and we shall only indicate

the changes to be made in the argument. Fix k > 0, v e H ; for t > 0, set

U, = [I + t(X + iA)]~ V, = [I + it B\'

and

wt = Wukv.Wt,x = Wt    -Vt]  ',

Let us show that wt —> [À + iC]~ v , as i-»0+, where C = A+B . One has

wt e D(A) c Q(A) c Q(B_), and, by definition,

(2) v = Àwt + A2wt + iAxwt + t~ (I - V,)wr

By using the spectral theorem for normal operators, one obtains

t  (i-vt) R + IB, + i(IBÎ-I    ),

where RB , IBr, IB+, and IB    are nonnegative bounded selfadjoint operators

t\B\2[(I + tB2)2 + t2B2]   ' 'B B2[(I + tB2)i  + tBXY

given by

and

lBf - »±i\* -<-l"2>   ' - "\.

Taking the inner product of (2) against wl, one then has easily

IB±=BA(I + tB2)2 + t2B2]   '.

Kll < a IN;
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hence, also ||y<C3^uzr||, ||. RB wt\\, and \\.IBiWt\\ are bounded independently

of t. This, along with the observation (made in [L5], just before Equation (12),

p. 266) that

\\yJÇÇ\\<\\y/Jrç\\,        ̂ eQ(B_),
(a consequence of the spectral theorem), allows us to apply hypothesis (1) to

deduce, as in [L5, p.  266], that \\.llB±wt\\ and Hy^wzJI are also bounded

independently of /. We can then pass to the limit, weakly in 77, along a

sequence t   —► 0 ; w, tends to a certain w , and to identify the limits of the
"     n '

other bounded sequences, one can use the spectral and Lebesgue theorems. We

first obtain, in particular, that w e Q(A) n Q(B) = Q. Note also that by the

m-accretiveness of iB, one has

o(B)c{zeC: 3(z)<0};

so that, for z — x + iy eo(B) ,we obtain

,1    I2r/1        .   \2   ,   ,2    2i"' ?IZI lZl
t\z\ [(1 - ty)   + t x ]

y/(l-ty)2 + t2x2y/(l-ty) 2 + t2x2

(3) <    ,    ¿|Z| M = |z|.

Hence, in fact,

IL/aJíH^O,        Vi € Q(B),

from which one easily deduces now that, along tn ,

RBwt—>0,     weakly.

Now, let y e Q = Q(A) n Q(B) ; the inner product of (2) with y gives, upon

passing to the limit in the second member,

,y)=Mwl,y) + ̂ ^2w¡,^2y) + ^^wt,^y\+^^wl,^yJ

+ i    (y/7xW, , ̂ A~xy) + {^ff^W, , yjï^y) - (yfcWt ' x/V^)
= X(w, y) + is(w,y);

so that, by definition of C = A+B, w e D(C), and

(A + iC)w = v ,

i.e., w! tends weakly to w = (Á. + iC)~ v .

The remainder of the proof can be carried out just as in [L5, pp. 267-268],

and we omit it.    D

Remark 1. (a) A corollary analogous to [L5, Corollary 1, p. 269]—in which the

form domain Q(C) is not necessarily densely defined in 77—is also available.
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(b) Even in the case of nonnegative selfadjoint operators [LI, L2], let alone

in the case studied in [L5] or the present situation of normal operators, it is not

known whether one can replace the "imaginary resolvents" by the corresponding

semigroups in the statement of Theorem 1. See [L2-L7], especially [L2], for a

discussion of this very difficult and intriguing problem.

2. Application to a modified Feynman integral

We specialize now to 77 = L (Cl), Cl a nonempty open subset of R ,

N > 1 . Let A = -A be the nonnegative Laplacian in H, and B the maximal

multiplication operator by a function V = q+ - q~ - iq', where q+ , q~ , q

are real nonnegative functions in LXoc(Cl), q~ relatively form bounded with

respect to -A, with relative bound less than 1. In this case, the form sum

A+B extends, hence coincides with, the natural realization ßif of -A + V(x),

with domain

D(ßT) = {« € Hl (Cl) : Vu e LXXoc(Cl), -Au +Vue H}.

In fact, ßV + X is known to be zzz-accretive for some A > 0 (see, e.g., [BK]).

In the case Cl = R   , with some supplementary assumptions on q~ , one can
1 1

even replace " u e 770 (Q) " by " u e L (Cl) " in the definition of the domain (see

[BK]). (The hypothesis q > 0 is not required for the results of [BK] to hold and

a somewhat stronger hypothesis is assumed on q~ , but then it is the closure of

the operator ß? + X that is known to be m-accretive. In the case when q has

a sign, however, even with the stated hypothesis on q~ , the methods of [BK]

easily adapt to show that ß?' + X itself is m-accretive with D(ß?) c D(A+B).)

We can then apply Theorem 1 to A and B, which gives us a representation

of the solutions of the Schrödinger equation

d*¥iu—=f>rv,     (t>0)

corresponding to the pseudo-Hamiltonian ßif. (See [E] for a description of

the properties and physical relevance of such operators to the study of "open",

i.e., nonisolated, quantum systems.) When Cl = R , this gives us an explicit

representation of e as a limit of iterated integral operators that generalizes

the modified Feynman path integral introduced by the second author [L2-L7]

to the case of a complex potential with a highly singular (merely Lloc) negative

imaginary part. (See [L2, §6.B], as well as [L5, §4, in particular Theorem 2,

p. 270], and [L6, §4c] or [L7, Part I] for the definition and properties of the

modified Feynman integral in the case of real potentials.)

We can also replace -A by a more general elliptic operator L with a vector

potential, formally,

N

(4) L = L(a) = -J2(dk~ iak)[b]k(d] - iaß],
j,k=X
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where the  b ,   form a symmetric uniformly elliptic matrix of real-bounded

measurable functions on Cl and a is an /V-dimensional vector of L]oc real

functions on Cl. L is the nonnegative selfadjoint operator associated with the

closure of the minimal energy form corresponding to (4) (i.e., the closure h of

the form defined on C^°(Cl)). The form domain of L is

Q(h) = Q(L) = {ue L2(Cl) : \u\ e Hx(Cl), Vu - iau e L2(Cl)},

and L is the maximal restriction, as an operator on 77, of the operator

L:Q(h)^Q(h)' c3f'(Cl)

-     f
u>-^ Lu = h(u, •) = - J2   / bjk[(dj-iaj)u][(dk-iak)-]dx.

j,k=XJn

See [B1-B3] for the definition of such operators and for the properties that

enable us to apply Theorem 1 in this case.

Remark 2. It would be interesting to extend to normal operators the abstract

perturbation theorem established in [L6, Theorem 3.1, p. 43] in order to ex-

tend to singular complex potentials the "dominated convergence theorem" for

Feynman integrals obtained in [L6, Theorem 4.1, p. 52, and Corollary 4.1,

p. 57].

3. The case of imaginary mass

With the notation of the preceding section, we can also take A = -iA2 = i A,

and B as in §2. If one wanted to apply Theorem 1 directly, hypothesis ( 1 )

would impose that q~ is essentially bounded, as now Ax =0. In this case,

however, we can modify the proof of Theorem 1 to obtain the analogous result

by assuming only that q~ e LXoc(Cl) ; i.e., the real part of the potential can be

any locally summable function on Cl. We can also add a nonnegative imaginary

part p to the potential with some boundedness hypothesis relatively to -A,

provided that, in the product formula, p appears in the same resolvent factor

as -A. (Otherwise, the resolvent associated with the potential would, in general,

be unbounded.) Finally, as above, we can replace -A by the general operator

L. Under these general hypotheses, one can no longer define " A + B " as a

form sum in a suitable way, but we can consider an m-accretive realization of

" i(A + B) ", defined in [BK] for the case A = /A and in [Bl, B3], for A = -iL.

We shall consider the following set of hypotheses, exactly the same as in [BK]:

(5-i) VeLXXoc(Cl), V = q + i(p-q),

(5.ii) q,p,q real-valued functions,        p,q >0,

(5.iii) p e L°°(Cl) + L"(Cl),     with <

p = f when N > 3

p > 1 when N = 2

p — \     when N = 1 ,
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and

(5.1V) either   q e LX¿C(Cl)    or   p e L{^2)+£(Cl),

when N > 2,    for some arbitrarily small e > 0.

We note that hypothesis (5.iii) can be replaced by the weaker assumption that

p e LXoc(Cl) is infinitesimally form bounded with respect to -A, i.e., V(5 > 0,

there exists Xs > 0 such that

(5.v) [ p\u\2<ô [ \Vu\2+Xä [ \u\2,        WeHX.
Jq Ja Jo.

Since

|V|w||< \(V-ia)u\,        Viz e Q(L),

(cf. [LS] or [B3]), this hypothesis implies, in particular, that we can define the

form sum L+(-p + Xn) — L-p + Xa as a positive selfadjoint operator with

form domain Q(L), a being the ellipticity constant of [bjk], Xa given by

(5.v).  (L-p + Xa is the maximal restriction to an operator on 77 of

L-p + Xae5?(Q(L),Q(L)'),

see [B3, II, §2].)

Then it is known that the operator iC such that

D(C) = {u e Q(L) : Vu e LxXoc(Cl) ,Lu + iVueH},

Cu = -iLu + Vu,        VueD(C),

is closable, its closure iC being such that iC + Xn is m-accretive. See [BK] for

the case L — -A and [B3] for the general case. In the adaptation of the proof

in [BK] to a general L , the following lemma plays a crucial role and it will also

be used later.

Lemma 1. Under the above hypotheses, let g e L°°(Cl) with a nonnegative real

part, and let u e 77 ; then, for X > Xa :

\(L(a)-p + g + X)~xu\<(L(6)-p + X)~x\u\, a.e. in Cl.

Proof of Lemma 1. This lemma is closely related to Lemma 6 of [LS], whose

proof can be easily adapted to this situation (see [B3, Lemma 2.1, p. 28]). We

just note that in [LS], although g is taken nonnegative and p = 0, g is only

supposed Lloc. Since we suppose that g e L°°(Cl), we do not need to start

with u in L°° and the proof does not require the use of Lemma 4 in [LS].    G

The solution of the general Schrödinger equation with imaginary mass and

complex potential V :

i^ = (-iL(a) + V)V,        (t>0)

is given by the semigroup e~' , for which one has the following product

formula.
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-it(C-iX )
u —► e ° u,

n

Theorem 2. Under the above hypotheses,

([I + (t/n)(L-p + Xa)fX[I + i(t/n)(q - iq')fX)"

for all ueH, uniformly in t on bounded subsets of [0, +00).

Proof of Theorem 2. We shall use the notation of the proof of Theorem 1, with

A = -iA2 = -i(L-p + Xa),        B = q - iq'.

We now take v e L (Cl) n L°°(Cl), and we first show that:

wl^[X + i(C-iXa)]~Xv,

along a sequence t„ —► 0, weakly in 77.
"   n

One has

wteD(A)=D(L-p)cQ(L),

but now wt is the solution of the following elliptic equation:

(6) v = (L-p + Xa)wt + Xwt + Rtwt + Iq,wt + ilqwt,

with

R.
1,2 .   2 2,-1t(q   + q   W + tq'Y + tq^] Iq;=q'[(I + tq')2 + t2q2]   '

and

Iq=q[(I + tq')2 + t2q2]-X.

As in the proof of Theorem 1, one can easily bound

l|wtll> \lL~P + ÀaW, iR,wt and h;wt

independently of t ; and so we can justify that for a sequence t„ -* 0,  w,
"    n '

converges weakly in 77 to

(7)

with

(8)

w e Q(A2) = Q(L),

q'\w\2 eLX(Cl).

In particular, q'w e L.   (Cl). If we multiply (6) by a test function

tp e C0°°(f2) C Q(A2) n T.2 (\[q'dx\ n L2 Uq2 + q'2 dx\ ,

and integrate on Cl, we can pass to the limit in the right-hand side of the

equation obtained in this fashion, much as in the proof of Theorem 1. We

point out the differences in the argument. For the term in Rt, one has to use

lRB<p
t^o

0,       \ftpeC0x>(Q),
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a consequence of Lebesgue theorem, and estimate (3), combined with the hy-

"1oc(pothesis V e Lx   (Cl). For the last term,

(9) f irqw,<P,
Ja   H<

we notice that, by the Lebesgue theorem,

Lv -^+q<p,
qi    r—0+

either in L     (Cl), or in L (Cl), according to the hypotheses on q (cf. (5.iv)).

To pass to the limit in this term, it is then sufficient to obtain a bound on wt

either in V +£) (suppçp) or in L°°(suppç?), independently of t. This can be

achieved by using Lemma 1 with g := Rt + I, + i I   .

Combining with (6), one obtains:

\wt\ < y/,    a.e. in Cl,

where >// is the unique 770 (Cl) solution of

(10) L(Q)y/-pij/ + (X + Xa)y/ = \v\.

But now, hypothesis (5.v) and an easy generalization of Theorem 2.3 of [BK]

ensure that

ve n l"(q)-
2<p<oo

Hence, in particular, wt is uniformly bounded in L{X+   (Cl), which allows to
I 4-F

conclude in the case q e L]oc (Cl).

In the alternative hypothesis p e Lloc (Q), we can apply standard elliptic

local regularity to equation (10) to conclude that \p e L^Cl). Hence wt is

uniformly bounded in L°°(suppçz) ; so, once again we can pass to the limit in

(9), which guarantees, q> e C^(Cl) being arbitrary, that

(11) qweLXxJCl).

From (5.v), (8), and (11), we deduce that

(12) Vw e LXXoc(Cl).

We can then pass to the limit in (6) in the sense of distributions, which gives

/ v<p = (yjL-p + Xaw , \Jl-p + Xalp) +     (X + q + iq)wcp

(13) -h(w,lp)- / pw(p + Xa     wtp +     (X + q +iq)w<p,
Jn Ja Ja

Vçz e C^°(Q), and by definition of L, we obtain from (13), in 2¡'(Cl) :

v — Lw - pw + X w + (X + q + iq)w = Lw + iVw + (X + X )w.
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We thus have, in particular,

(14) Lw + iVw = v - (X + Xa)w eH;

(12) and (14) now imply

weD(C),        [X + i(C -iXa)]w = v.

We have concluded that along a sequence tn tending to 0+ , wt tends weakly

to

w = [X + i(C-iXa)fxv.

Using the same argument as in the proof of Theorem 1 of [L5], we can easily

conclude that we have strong convergence as i->0+. The density of L (Cl) n

L°°(Cl) in L (Cl), and the boundedness of the operators involved, now allow

us to reach the same conclusion for a general v e L (Cl). The remainder of the

proof can be performed exactly as in [L5].   D

Remark 3. (a) The above results in §3 allow more general conditions on the

complex (time independent) potential than those allowed by probabilistic meth-

ods about the "analytic operator-valued Feynman integral." (See e.g. [J, §3] and

the references therein, especially [C, N, and H].)

(b) Assume that Cl = RN\F as in [N], where F is a closed set of capacity

zero. Then, as was noted in [K, Remark 2.5 and Lemma 2.6, p. 107], we

have L2(Cl) = L2(RN) and T70'(Q) = HX(RN). Hence, the results of §3 can be

applied to potentials that are arbitrarily singular on F (and, in particular, are

more general than those in [N], [H], or [J]).
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