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Abstract. We study the existence of many nonclosed pure subgroups of non-

discrete locally compact abelian groups. It is shown that every nondiscrete

locally compact abelian group has uncountably many nonclosed pure subgroups.

This in particular solves a question of Armacost. It is also shown that, if G is

a nondiscrete locally compact abelian group and if either G is a compact group

or the torsion part t(G) of G is nonopen, then G has 2C proper dense pure

subgroups, where c denotes the power of the continuum. This in particular

gives a partial answer to another question of Armacost.

It is well-known that if a locally compact (Hausdorff) abelian group has no

nonclosed subgroups, then it is discrete (see, e.g., [1, 1.26]). In connection with

this fact, Armacost [1, 7.24] asked whether every locally compact abelian group

with no nonclosed pure subgroups must be necessarily discrete. Recall that a

subgroup 77 of an abelian group G is called pure in G (or a pure subgroup

of G) if «77 = 77 n nG for every integer n . (For an abelian group G and an

integer n , nG denotes the subgroup {nx : x e G} of G.) In this note we first

show that Armacost's question has an affirmative answer. We indeed prove the

following stronger result.

Theorem 1. Every nondiscrete locally compact abelian group G has uncountably

many nonclosed pure subgroups.

Note that there exist nondiscrete locally compact abelian groups which con-

tain no proper closed pure subgroups (cf. [1, Proposition 7.11]).

In [8] it was observed that not every nondiscrete locally compact abelian

group has a proper dense subgroup. Later, Khan [6, Proposition 5.1] proved that

a nondiscrete locally compact abelian group G has no proper dense subgroups

if and only if t(G) (the maximal torsion subgroup of G) is open and pG is

open for every prime p . (See also [5]. For some related results, see [1, 2.26], [2,
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6-8, 10].) In conjunction with these results, the following question was raised

in [1, 7.18(c)]: Which locally compact abelian groups have no proper dense pure

subgroups? We prove the following theorem as a partial answer to this second

question of Armacost.

Theorem 2. Let G be a nondiscrete locally compact abelian group. If either

G is a compact group or t(G) is nonopen, then G has 2C proper dense pure

subgroups, where c denotes the power of the continuum.

Armacost shows that if a locally compact abelian group G is not totally dis-

connected, then G contains at least one proper dense pure subgroup [1, 7.18(b)].

Note that, if a locally compact abelian group G is not totally disconnected, then

t(G) is nonopen (see, e.g., [4, Theorem (24.21)]). It is also easy to see that there

exist totally disconnected locally compact abelian groups G such that t(G) are

nonopen. For example, the /?-adic integers Jp and the p-adic numbers F

for every prime p are nondiscrete totally disconnected torsion-free groups and

hence t(Jp) and t(Fp) are nonopen. Thus Theorem 2 strengthens and improves

the Armacost's result mentioned above.

We now turn to the proof of Theorem 1. Recall the following result, which

is fundamental in studying pure subgroups of an abelian group and which plays

an important role in proving our Theorem 1. The proof is simple and is to be

found in [3, Proposition 26.2].

Lemma 1. Let G be an abelian group, and let K be a countably infinite subgroup

of G. Then there exists a pure subgroup H of G such that 77 is countably

infinite and contains K.

To prove Theorem 1, we need another simple lemma, which is essential in

our constructions of nonclosed subgroups.

Lemma 2. Let G be a nondiscrete locally compact abelian group and let x be

an element of G. Then there exists a sequence {xn}™=x of distinct elements xn

which converges to x as n —> oo.

Proof. We may assume that x — 0 (the identity element of G). It also suf-

fices to show that G has a closed metrizable subgroup 77 which is nondiscrete.

By the structure theorem of locally compact abelian groups, there exist a non-

negative integer n and a locally compact abelian group C70 such that G is

topologically isomorphic with R" x G0 and G0 contains a compact open sub-

group K [4, Theorem (24.30)]. If n =¿ 0, then we have only to take 77 = R".

If n = 0, then G — G0 and K is infinite because G is nondiscrete. Thus

it follows from [9, Theorem 2.5.2] that K has an infinite compact (and hence

nondiscrete) metrizable subgroup 77.   D

Proof of Theorem 1. We use the symbol cox to denote the smallest uncountable

ordinal number. We proceed by transfinite induction to construct countably

infinite pure subgroups H for all a with a < u>x . Let us make use of Lemma

2 to choose a sequence {x }™=x   in G such that {*„}^li  converges to 0 as
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n -» oo and consists of distinct elements of G. Let a0 denote the minimum

element of the set {a: a < cox} of all ordinal numbers less than cox and let

Ka be the subgroup generated by {xn}^Lx. Then Ka is countably infinite,

and hence Lemma 1 implies that there exists a pure subgroup 77 of G such

that 77    is countably infinite and contains K   . Now suppose that ß < œ.
a0 a0 i

and that the countably infinite pure subgroups 77a of G have been defined for

all a < ß . Let Lg denote the subgroup generated by the union U{77q : a < ß} .

Since {a: a < ß) is at most countably infinite and 77q is countably infinite

for every a with a < ß, the union u{77Q : a < ß} is countably infinite and

therefore L„ is too. Thus we can select an element y„ of G which is not

contained in L„, because G is nondiscrete and hence has cardinal number

greater than or equal to c [4, (4.26)]. Let F„ denote the subgroup generated

by Lg and y„. Then, by Lemma 1, there exists a pure subgroup 77„ of G such

that 77j is countably infinite and contains K„, which completes our transfinite

induction. It is clear from the definition of {77q: a < ojx} that 77n § 77„ for

every a and ß with a < ß < cox . It remains only to show that 77Q is nonclosed

in G for every a with a < a>x . To see this, suppose that Ha is closed for

some a. Since Ha is a countably infinite locally compact abelian group, the

Baire category theorem and [4, Theorem (5.8)] imply that every element of 77a

is an isolated point. But this is a contradiction because 0 is not an isolated

point. This completes the proof of Theorem 1.   D

We now proceed to the proof of Theorem 2. The following fact is easily seen

by a routine argument, so we omit the proof.

Lemma 3. Let G be a locally compact abelian group and let K be a proper pure

subgroup of G. Let n denote the natural homomorphism from G onto G/K.

Then we have:

( 1 ) If K is closed and if H is a proper dense pure subgroup of G/K, then

77 = A (77) ¿s a proper dense pure subgroup of G.

(2) If K is dense in G and if 77 is a proper pure subgroup of G/K, then

77 = A (H) is a proper dense pure subgroup of G.

Proof of Theorem 1. We first consider the case where t(G) is nonopen. Note

that their proof of [10, Theorem 2.5] shows the following: Every locally compact

abelian group whose torsion part t(G) is nonopen has a proper dense subgroup

K such that G/K is algebraically isomorphic with T (the circle group). We

now claim that there exists a proper subgroup H of G such that 77 contains

K, G/H is torsion-free, and the torsion-free rank rQ(G/H) of C7/77 is equal

to c. To see this, let us take 77 = n~\t(G/K)), where n denotes the natural

homomorphism from G onto G/K. Then 77 is a subgroup with the desired

property. It is clear that 77 is a proper subgroup of G containing K. Note

that C7/77 is algebraically isomorphic with (G/K)/t(G/K) and therefore with

T/i(T). Thus G/H is torsion-free and r0(G/H) — r0(T/7(T)) = c. This com-

pletes the proof of our claim. Since 77 includes K, 77 is dense in G. Note
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that 77 is pure in G because G/H is torsion-free. Since rQ(G/H) = c, G/H

has Ie neat subgroups {Ha} [3, §31, Exercise 18]. (Recall that a subgroup

F of an abelian group A is called a neat subgroup of A if pB = F n pA

for every prime p.) As is easily verified, neatness and purity are equivalent

in torsion-free groups. Hence each neat subgroup Ha is pure in G/77. Now

let 77Q = p~ (Hn) for each a, where p denotes the natural homomorphism

from G onto G/H. Then Lemma 3 implies that 77Q is a proper dense pure

subgroup of G for each a. Thus we conclude that G has Ie proper dense

pure subgroups.

Next suppose that G is compact. As we have already seen, G has 2C proper

dense pure subgroups if t(G) is nonopen. Thus we may assume that t(G) is

open. Then it follows from [4, Theorem (25.9), (25.30(b)), and (A.25)] that

there exist a prime p and a positive integer r such that G is topologically

isomorphic with the direct product of Gx = \\Z(pr) (the direct product of

countably infinite many copies of the finite cyclic group Z(pr) of order pr)

and a compact abelian group G2 of bounded order. Let Kx denote the weak

direct product of all components of Gx . Then, of course, F, is a countably

infinite dense pure subgroup of Gx . It is also clear that F, x G2 is a dense

pure subgroup of (7, x G2 and that (Gx x G2)/(KX x G2) is a p-group of

bounded order. Since Gx has cardinal number equal to c, Gx/Kx and hence

(Gx x G2)/(KX x G2), also, have cardinal number c. Thus we conclude that there

exist a prime p and a proper dense pure subgroup F of G such that G/K is

a p-group of bounded order and has cardinal number equal to c. Let F be a

maximal pure independent subset of G/K and let F denote the subgroup of

G/K generated by F. Then (G/K)/F is divisible ([3; §33, Exercise 1] or [4,

(A.24)]). Since G/K has bounded order, F coincides with G/K. Thus F has

cardinal number equal to c. Let {FQ} denote the family of all proper subsets

of E, and let Ha denote the subgroup of G/K generated by Ea for each a.

Then, of course, {En} has cardinal number equal to 2C. It is also easy to see

that each Ha is a proper pure subgroup of G/K and that {Ha} has cardinal

number equal to 2C. Now Lemma 3 implies that G has 2C proper dense pure

subgroups. This completes the proof of Theorem 2.   D

Remarks. 1. The cardinal number 2C in Theorem 2 is best possible in the

sense that there exist nondiscrete locally compact abelian groups which contain

exactly 2C proper dense pure subgroups. It is easy to see that R and T have

exactly 2C proper dense pure subgroups.

2. In [6, Theorem 5.1] Khan proved that the nonclosed subgroups of a nondis-

crete locally compact abelian group do not satisfy the maximum condition. The

proof of our Theorem 1 improves Khan's result: The nonclosed pure subgroups

of a nondiscrete locally compact abelian group do not satisfy the maximum

condition. Khan [6, Lemma 5.1 and Theorem 5.2] also proved that if G is a

nondiscrete locally compact abelian group and if either G is a compact group
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or t(G) is nonopen, then the proper dense subgroups of G satisfy neither the

maximum condition nor the minimum condition. From the proof of Theo-

rem 2 we can easily show an improvement of this Khan's result: If G is a

nondiscrete locally compact abelian group and if either G is a compact group

or t(G) is nonopen, then the proper dense pure subgroups of G satisfy neither

the maximum condition nor the minimum condition.
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