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CONVERGENCE OF THE SCHUR ALGORITHM

OLAV NJÀSTAD

(Communicated by Paul S. Muhly)

Abstract. Convergence of the Schur algorithm outside the unit circle is dis-

cussed with the aid of convergence theory for Schur continued fractions.

1. Introduction

In [6] Schur introduced and discussed what is now called the Schur algo-

rithm. This algorithm generates from a sequence {yn} of parameters a sequence

{Fn(z)} of rational functions. Under suitable positivity conditions, the func-

tions Fn(z), are Schur functions, i.e., functions which are analytic and bounded

by the constant 1 in the open disk D — {z G C: \z\ < 1} ; and the sequence

{Fn(z)} converges for z G D to a Schur function f(z). (The parameters yn

may in turn originate from a Schur function. For a general description, see §2.)

Schur illustrated the working of the algorithm by briefly sketching a few

examples [6, p. 144]. We shall mention the two main ones later, here called

Example 1 and Example 2 (see §4). In both these examples, the sequence {yn}

satisfies the additional condition Y^=\\yn\ < °°. In [5, p. 106] Runckel

observed that in the case of Example 1, the sequence {Fn(z)} also converges

in the outside domain E = C - D = {z G \z\ > 1} to an analytic function.

In this paper we discuss (under the restriction Y^LX \yn\ < oo) a necessary

and sufficient condition for convergence of {Fn(z)} in E to take place, and

point out that such convergence also occurs in Example 2. In our treatment we

make use of results on convergence of special continued fractions closely related

to the Schur algorithm: Schur fractions. The theory of these continued fractions

is in turn closely related to the theory of Perron-Carathéodory fractions and of

Szegö polynomials, and our condition for convergence may be stated in terms

of asymptotic behavior of Szegö polynomials.

For general theory of continued fractions we refer to [3]. For discussion

of the Schur algorithm we refer to [6], and also to [1, 5, 7]. The theory of

Schur fractions is discussed, e.g., in [1], [3], [4], [7], and the theory of Perron-
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Carathéodory fractions and their relationship to Szegö polynomials, e.g., in [1],

[2], [4].

2. The Schur algorithm and Schur fractions

The Schur algorithm may be defined as follows. Let {yn: n = 0, 1,2, ...}

be a sequence of complex numbers where \yn\ / 1 for all n . Let z G C, and

set

(2.1) ^z>w^ = TTj^    fOTB-0,1,2,...

T0(z , w) = t0(z, w),

Tn(z, w) = Tn_x(z, tn(z, w))   for n = 1,2,....

The approximants of the algorithm are defined as the rational functions

(2.3) Fn(z) = Tn(z, 0).

Convergence of the algorithm means convergence of the approximants.

The sequence {yn} also gives rise to a Schur fraction. This is a continued

fraction of the form

(24)      , | d-lypl2^  l  d-ly.lV   _  i  (i-lyj2)^
0 ?0z     +yx+      7xz     +    +yn+      ynz     +

We denote the numerators and denominators of (2.4) by An(z) and Bn(z).

These functions satisfy the recurrence relations

(2'5a)   (tH(fc:)+(t:;)' -,-2--

<"w(ti:)^»z(i;)+(i-w2)z(t
*■-»),        « = 0,1,2,

(2.5c) A_x = i,        A0 = y0,        B_x=0,        B0 = l.

The polynomials A2n, B2n  are of degree at most n, while the polynomials

A2n+X , B2n+X , are of degree at most n + 1 with constant term zero.

The even and odd numerators and denominators are related as follows:

(2.6a) A2n+X(z) = z^B^ (i) , B2n+X(z) = z"+1^ (±)

"+l~r>- /    '    \ r.      /     \ "+'"

(2.6b) ¿2„(z) = z"^B2n+x \j) , 52fl(z) = z-A2n+x (I

(where the bar denotes complex conjugation of coefficients). It follows that

(21)   rWf)_/Ydatiiln      ^(*)-ff^i(i)
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The even approximants of the Schur fraction coincide with the approximants

of the Schur algorithm, i.e.,

(2-8) JF„(z) = r„(z,0) = ^.

A Schur fraction is called positive if

(2.9) YogR,       \yn\<I   for« = 0,1,2,....

In this case the approximants Fn(z) = A2n(z)/B2n(z) are Schur functions.

Every Schur function f(z) gives rise to a sequence {fn(z)} of Schur func-

tions and a parameter sequence {yn} generating a positive Schur fraction as

follows:

(2.10) /0(z) = /(z),        /n+1(z)=z(("^Jj;))    for « = 0,1,2,...

(2.11) y„=/„(0).

Let tn , Tn he the linear transformations defined by the parameter sequence

{yn}. Then

(2.12) fin(z) = tn(z, fn+x(z)),        fi(z) = Tn(z,fn+X(z)).

For more detailed discussions, see especially [1, p. 129-136; 5, p. 97-99; 6,

p. 137-140].

3. Convergence results

In this section we shall first mention some known results on convergence of

even and odd approximants of a positive Schur fraction. For proofs and further

details, see [1, 4, 5, 6].

Let (2.4) represent a positive Schur fraction with y0 ̂  0, i.e.,

(3.1) y0eR-{0},        \yn\<I   for n = 0, 1, 2, ... .

Then the even approximants A2n(z)/B2n(z) (which are Schur functions) con-

verge for z G D (uniformly on compact subsets) to a Schur function /(z),

which gives rise to the parameter sequence {yn} via (2.10)—(2.11) (see e.g. [1,

p. 134]). It follows that the odd approximants A2n+X(z)/B2n+X(z) converge for

zgE to the function (/(}))"' ■

Assume that in addition to (3.1), the following condition is also satisfied:

oo

(3-2) £W2<0°-
«=o

Then the even numerators A2n(z) and denominators B2n(z) converge sepa-

rately for z g D to analytic functions A(z) and B(z), where B(z) ^ 0

for z g D. Furthermore the odd numerators A2n+X(z) and denominators

B2n+X(z) converge to zero for z G D.   It follows that z_(,+  A2n+X(z) and



1006 OLAV NJÀSTAD

zHn+l)B2n+x(z) converge to B(\) and A(\) for ze£, while z~(n+1)A2n(z)

and z_("+1)B2n(z) converge to zero for zgE. See e.g. [4, p. 99-106].

We shall now prove a result concerning convergence of the odd approxi-

mants A2n+X(z)/B2n+X(z) for z e D, or equivalently of the even approximants

A2n(z)/B2n(z) for z G E. The relevant condition is in terms of asymptotic

behavior of the (n + 1)th degree polynomials B2n+X(z) for z G D. More

precisely, in terms of the limiting behavior of the quotient, B2n+x(z)/z"+ for

z G D. (The condition may easily be translated into a condition on asymp-

totic behavior of the Szegö polynomials determined by the parameters {yn}, as

indicated in §1.)

Theorem. Assume that the sequence {yn}, in addition to satisfying (3.1) and

(3.2), also is such that

zn+[

(3.3) lim-— = 0   for z = D.
™*2„+i(*)

Then the following hold:

(3.4) I. lim p±^ = §£ = f(z)   fiorzGD,

(3.5) II. limF„(r)= lim éM = íjíi\\        far z GE.
"^°° n^°° B2n(z)      V    \z ) )

Condition (3.3) is also necessary for I and II to hold.

Proof. Statements I and II are equivalent by (2.7). We shall prove I.

We may write

The second term of (3.6) tends to zero, since (3.1) is satisfied. By using the

determinant formula for continued fractions (see [3, p. 20]) we may write the

first term as follows:

my hn+iW   A2n(z)_z"+1uLod-\yk\2)
( ' } *2„+1(z)     Bu{z) -      B2n+x(z)B2n(z)    ■

Again since (3.1 )—(3.2) are satisfied, lim„^oo2?2n(z) = B(z) for z gD, where

B(z) t¿ 0. The product n¡t=o(l _ l^fel ) ls bounded, and tends to a finite limit

different from zero. Condition (3.3) then ensures that the right side of (3.7)

tends to zero, and vice versa. This completes the proof.   □

4. Examples

In both of the examples given below, (3.1)—(3.2) are clearly satisfied and by

using explicit formulas for A (z), B (z) given in [1, p.   147-150], it can be



CONVERGENCE OF THE SCHUR ALGORITHM 1007

seen through calculation that (3.3) is satisfied. Hence An(z)/Bn(z) converges

for z g D. This can also, by using the above-mentioned formulas, be verified

directly.

Example 1. Set yn = l/(n + 2), n = 0, 1,2,.... Here

lim d^f)     _L    forzeD
m-*°° B2m(Z)        2-Z

(see [1, p. 148], [6, p. 144]), and thus

lim  Ä2m\Z\ = 2 - -    for ZG E.
m^°° B2m(Z) Z

Example 2. Set y0 = \ , yn — j^-r , « = 1,2,.... Here

lim ^M = Lí + z)    forzGD;
m^°° B2m(Z)        2

hence

lim álm^l = Jl^   for z GE.
m^°°B2m(Z)        Z+1
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