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LOCAL SPECTRUM AND GENERALIZED SPECTRUM

MOSTAFA MBEKHTA

(Communicated by Palle E. T. Jorgensen)

Abstract. This paper provides the proofs of those results announced in [5, §5]

that deal with the connection between the regular set and the local résolvant set

of closed operators on a Hilbert space. We also give some characterizations and

properties of Cowen-Douglas operators.

Introduction

Let H be a Hilbert space and let A be a closed operator with domain D(A)

and range R(A) in H. N(A) and a(A) will respectively denote the kernel

and the spectrum of A .

If U is a subset of C, we say that A has a generalized resolvent operator

Rg(A , X) in U ; if VA e U, Rg(A, X) is a bounded operator of H into D{A)

such that
(A - XI)Rg{A , X){A - XI) = (A- XI)

Rg(A, X)(A - XI)Rg(A, X) = Rg(A, X)

[4-6] contain discussions of a generalization of the resolvent set p(A) (the

complement of a (A) with respect to C), where the notion of inverse operator is

replaced by that of generalized inverse operator. Let reg(^4) denote the regular

set of A defined by

reg(yi) = {X £ C ; A has a generalized resolvent,

analytic on a neighborhood U of X).

It is clear that reg(A) is open and contains p(A). The generalized spectrum

of A, o (A) (the complement of reg(^4) with respect to C), has properties

analogous to those of a (A) in classical spectral theory (cf. [5, 6]).

We shall say that A is regular if R(A) is closed and V« > 0, N{A") Ç R(A).

In [4, Theorem 2.6] it was shown that X e reg(A) if and only if A - XI

is regular. The core of A, denoted by Co(^), is, by definition, the largest

subspace M of H such that A(Mr\D(A)) = M. Co{A -XI) is constant on

each connected component of reg(^4). If A is regular, then Co(.4) is closed
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and Co(A) = f)n>0R(An) = f\n>0R(A-XnI), where {Xn} is a sequence of two

by two distinct points of the component of reg(^4) that contains zero and is

convergent to zero (cf. [4]).

If u € H, denote by ôA(u) the set of p. e C such that there exists a neigh-

borhood V of p in C and a function / : V —► D(A) analytic on V such

that

VAeK„, (A-XI)f(X) = u.

SA(u) is called the local resolvent set of A at u and its complement with

respect to C, denoted by yA(u), is called the local spectrum of A at u (cf. [1,

7, 8]).
The first section of this paper provides the proofs of the results announced

in [5, §5], that deal with the connection between the regular set and the local

resolvent set of closed operators on a Hilbert space. It should be observed

that Corollary 1.3 is a local version of [1, Chapter I, Proposition 3.7] and that

Corollary 1.12 is a generalization of that same proposition.

In §2 of this paper, we give some characterizations and properties of Cowen-

Douglas operators (Theorem 2.5 and Corollary 2.6).

1. Results

Theorem 1.1. Let A be a closed operator; G a connected component of reg(A) ;

and X0 e G. Then

G ç SA(u) <*ue Co(A - X0I).

Proof. (=>)A0 e G C SA(u). Then by definition, 3U0 a neighborhood of X0 in

C, and / : U0 -> D(A) is a function analytic on U0 such that VA € U0,

(A - XI)f(X) = u. Hence VA e U0, u e R(A - XI), and, in particular,

u € n,>o WA ~ t-jl) ' where {Xj} is a sequence of points of GnU0 two by two

distinct that converges to A0 . Therefore u € Co(^ - X0I).

(<*=) Let p e G. By definition of reg(^4), 3U C G a neighborhood of

p in C and a generalized resolvent operator Rg(A, A) of A analytic on

£/,. Furthermore Px = (A - XI)Rg(A, A) is a projection such that R(P¿)

= R(A-XI). Co(A-XI) is constant on G ; hence, VA e U , we Co(^-A07) =

Co(A - XI) ç R(A - XI), whence VA e Uß , u = Pku. Therefore V/¿ e G, 317

neighborhood of p and f(X) = Rg(A, X)u analytic on U such that VA 6 U ,

(A-XI)f(X) = (A-XI)Rg(A, X)u — Pxu = u, whence p e SA(u), and therefore

GCÔ/u).

Corollary 1.2. Let A be a closed operator, and let reg(^4) = U/>0 G(. Then, if

ue H,

reg(^) ç SA(u) o u e  f] Co(A - XJ).
A,€G,

Corollary 1.3. Let A be a closed operator; G a connected component of reg(A) ;

and u e H. Then

GnSA(u)yi0^GçôA(u).
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Proof. Let A0 G GnâA(u). Then u e Co(A - X0I) (cf. [7, Proposition 1.3]).

Using Theorem 1.1, it follows that G ç âA(u).

Corollary 1.4. Let A be a regular operator and G be the connected component

of reg(^) that contains zero. Consider the equation

(E) (A-XI)x=y,

where y e H and X e G. Then

(1) v s Co(A) if and only if there exists a function x(X), having values in

H and analytic in G, that is a solution of(E).

(2) If y £ Co(A), (E) has a solution only for isolated X in G.

Proof. ( 1 ) is an immediate consequence of Theorem 1.1.

(2) Let y g. Co(A) ; and suppose there exists a sequence {Xn}n>: of two by

two distinct points of G that accumulate at a point A0 e G, and that (E) has

a solution for each Xn. Then y e f)„>\ R{A ~ ^-J) ~ C°(^ - XQI), and since

Co(A - XI) is constant on G, it follows that y 6 Co(^), a contradiction.

Remark 1.5. Set HX(A) = Ç\x €G Co(A - XJ). Then the following inclusions

are true:

p(A)c f| ôA(u) ç reg(^) ç   f]   ôA(u).

Indeed, the middle inclusion follows from the fact,

p| ôa(u) ç {X £ C ; R(A- XI) = H} ç reg(A).
ueH

The last inclusion follows from Corollary 1.2.  It is a proper inclusion, as is

shown by the following example:

Let H - / ; {en} be its natural basis; and A be the operator defined

by Aen = en+l . It is easy to see that N(A) = {0} and that R(A) is closed.

Hence, A is regular. Also Co(^) = f]n>QR(An) = {0}, hence H{(A) = 0},

and therefore Ç\u€H ,A) âA(u) = C. On the other hand, reg(,4) = C\n where FI

is the unit circle.

Lemma 1.6. Denote by HQ(A) = {u e D°c(A);hmn^oo\\Anu\\1,n = 0}   the

quasinilpotent part of A . Then

(i) V« >0, N(A") C H0(A).

(ii) // A is regular then, ll^Ä) = \Jn^0N(An) ç Co(A).

Proof, (i) Obvious, (ii) See [4, Proposition 2.10].

Proposition 1.7. Let A be a densely defined closed operator on H such that A

and A* have the S.V.E.P. (single value extension property). Then

p(A) = reg(A).

Proof. It suffices to show that reg(^i) ç p(A). From [7, Corollary 1.5] it follows

that if A has the S.V.E.P., then VA e reg(^), N(A - A7) = {0}. By symmetry
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between A and A*, we see that VA e reg(.4), N(A* -XI) = {0} , and therefore

ieg(A) ç p(A).

Corollary 1.8. Let A be a densely defined closed operator on H such that A

and A* have the S. V.E.P. Then

A is semi-Fredholm => A is a Riesz-Schauder operator.

Proof. If A is semi-Fredholm, then there exists a neighborhood U of the origin

such that VA G C7\{0} , A—XI is regular (see [3, Proposition 4.3.1a]). According

to the preceding proposition, it follows that VA € U\{0} , A - XI is invertible.

From the continuity of the index, we conclude that A is a Fredholm operator

with index zero.

Moreover, if M and N provide a Kato decomposition of degree d of

A, then A,M is regular and A,N is nilpotent of order d. Let us show that

M n H0(A) = Co(A) n H0(A). Indeed Co(^) ç M =» Co(A) n HQ(A) ç

MnH0(A). Furthermore, Mr\HQ(A) = HQ(A,M), and the fact that A,M is reg-

ular implies that Mr\H0(A) C Co(A). Hence MnHQ(A) = Co(A)nHQ(A). But

A has the S.V.E.P., which implies that Co(^) n H0(A) = {0} (cf. [7, Corollary

1.5]), and hence that M n H0(A) = {0} .

On the other hand, N ç N(Ad) c HQ(A) ^ HQ(A) = M n H0(A) © TV.

Therefore H0(A) = N ç N(Ad), whence V« > d, N(An) C N(Ad) so that

N(A ) = N(A +l). Finally, by making use of the symmetry between A and

A*, we see that R(Ad) = R(Ad+i).

Proposition 1.9. Let A be a regular operator and M a closed subspace of H

invariant by A, such that HQ(A) ç M. Then A,M is regular.

Proof. Let us show first that R(A,M) = A(M n D(A)) is closed. Observe that

(1) N(A) ÇH0(A) C M =>M = N(A) ® M il N(Af .

Let un G R(AW). Then 3vn G D(A) n M such that un = Avn. It follows

from (1) that the vn A. N(A) can be chosen. Suppose that un -» u. Since

R(A) is closed, it follows that vn —> v and, since M is closed, v g M, whence

M=^t) ER(A{m).

It remains to show that Vn > 0, 7V((yi|M)") ç T?^,^). Since A is regular,

V« > 0, N(A") ç ü(y4), which implies that, if « G N(An), then 3v g Z)(^)

such that u = Av g 7/0(^í) ç M. Thus m g M and u G 7V(/i'!+1) ç M, and

therefore V« G N(An), we have m g R{A]m) . Since V((^|w)") ç N(An), it

follows that V« > 0, N((AlM)n) c Ä(^!M), and that A¡M is regular.

Corollary 1.10. Let A be a regular operator with N(A) — {0} . Then for every

closed subspace M of H invariant by A, A,M is regular.

Proof. Using Lemma 1.6(ii), we see that R(A) is closed and that the equation

N(A) = {0} implies that H0(A) = {0} . Hence, for every subspace M of H,

HJA) ç M, and the conclusion follows from the preceding proposition.
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Corollary 1.11. Let A be a closed operator that has the S. V.E.P. Then, for every

closed subspace of H invariant by A, reg(yi) ç reg(A,M).

Proof. According to Proposition 1.7, if A has the S.V.E.P., then VA G reg(^4),

N(A - XI) — {0}. The rest of the proof is a consequence of the previous

corollary.

Corollary 1.12. Let A be a closed operator that has the S. V.E.P., and let G be a

connected component of reg(^4). Then for every closed subspace of H invariant

by A,

Gno(AlM)¿0^GCc(AlM).

Proof. According to Corollary 1.11, G is contained in a component of reg(A,M).

Moreover, A has the S.V.E.P.. Then o(A,M) = \JueMyA (u). Now the proof

follows from applying Corollary 1.3 to the operator A<M.

Remark. This last result is a generalization of [1, Chapter I, Proposition 3.7].

2. Applications to Cowen-Douglas operators

The following lemmas will be needed:

Lemma 2.1. Let A be a closed and regular operator with D(A) dense on H.

Then

Co(A*) = H0(A)X.

Proof.  A is regular and D(A) is dense on H, implying that A*  is regular

and Vy > 0, N(Aj)L = R(A*j) (see [4, Proposition 2.8]). Let A\ : Qo(A*) -»

Co(A*), the restriction of A* to Co(A*). Then A* is onto, and there is a

bound operator B of Co(^*) that takes its values in Co(A*)nD(A*) suchthat

V« G Co(^4*), A*Bu = u . Consequently, Vu G Co(A'), 3vn = Bnu such that

u = A*"vn and ||vj < ||£||"||k|| for all «>0.

Let u G Co(^*) and w e H0(A). Then (w , u) - (w , A*nvn) = (A"w, vn).

Therefore, V« > 0, \(w, u)\ < \\Anw\\ \\vn\\ < ||5||"||^"w|| ||u||. Since w G

H0(A), then lim^^ ||5||"||^"ti;|| = 0. Therefore, (w, u) = 0. This shows

that H0(A) ç Co(A*)x or Co(^*) ç H0(Af .

Inversely, V; > 0, N(Aj) ç H0(A) whence V; > 0, HQ(A)L ç N(Aj)± =

R(A*'). Therefore H0(A)X ç f]j^QR(A*') = Co(^*).

Lemma 2.2. Let A be a closed and regular operator with D(A) dense on H.

Then the map X i-> H0(A - XI)  is constant on each connected component of

reg(A).

Proof. The proof of this lemma is a consequence of Lemma 2.1 and the fact

that the core is constant within every connected component of reg(^4).

Lemma 2.3. Let A be a closed and regular operator with D(A) dense on H and

Çl a connected component of reg(A) that contains zero. Then

HJÄ) = c.\.m.{N(A - XI)}l€n = c.l.m.{N(An)}n>0,

where c.l.m. denotes closed linear manifold.
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Proof. Observe that VA G C, N(A - XI) ç HQ(A - XI). Using Lemma 2.2, we

deduce that VA G Q, N(A-XI) ç H0(A). Consequently c.l.m. {N(A-XI)};í€C¡ ç

HJÄ).
Inversely, let u G [c.l.m.{N(A - A/)}/le£2]J", particularly u G N(A - XJ)1'

where {A,};>0 is a sequence of two by two distinct points of £2 and is convergent

to zero. Therefore u G R(A* - 1¡I), which implies u G fl,>o ̂ (.4* - XJ)

= Co(A'). Hence [c.lm.{N(A - A/)}/len]± C Co(A') = HQ{A)X , and therefore

HjÂ)çc.Lm.{N(A-XI)}X€a.
See [4, Proposition 2.10] for the proof of the second equality in this lemma.

Definition 2.4 (see [2]). We say that T G B(H) is a Cowen-Douglas operator

if there exist a connected open set ii of C and a positive integer n such that

(i) Qçff(r),
(2) R(T-coI) = H, Vweiî.

(3) dimN(T-col) = n, Vwefi.

(4) C.lm.{N(T-coI)}^n = H.

In this case, we shall denote T G Bn(Q).

Remark. (2) and (4) =*■ (1); indeed, (2) => Í2 ç reg(T) and (4) =;>

H0(T-coI) = H. Therefore N(T-coI) ^ {0} (see Lemma 2.3); consequently,

nça(T).

Theorem 2.5. Let T G B(H). Then the following conditions are equivalent:

(i) there exists a connected open set Q, of C containing zero and a positive

integer n , such that T e Bn(Q).

(ii) Co(T) = H, lyj) = H, and dimN(T) = n .

(iii) Co(T) = H, Co(T*) = {0}, and dimN(T) = n .
(iv)  T* regular, Co(T*) = {0},  and codimR(T*) = n .

Proof, (i) => (ii) is an immediate consequence of Lemma 2.3 and Definition

2.4.
(ii) =$■ (iii) is a consequence of Lemma 2.1.

(iii) => (iv) is obvious.

For (iv) * (i), note that T* regular =*• N(T*) C Co(T*) = {0} and R(T*)

closed. It is easy to see that R(T) = H and that Co(T) = H. Since Co(7") =

H, T is regular and there exists a neighborhood Í2 of the origin such that

Voiefl, T - col is regular, and R(T - col) - H. The rest of the proof is a

consequence of Lemma 2.1, Lemma 2.3, and [6, Theorem 2.1].

Corollary 2.6. Let T e Bn(Q). Then

(1) a(T) is connected,

(2) aw(T) = a(T),

(3) <Jp(T*) = 0,
(4) ind(r-A7)>0, MXeps_F(T),

(5) T* has the S. V.E.P. and T does not have the S. V.E.P. at all coeQ,
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where ps_F(T) = {X G C; T - XI is semi-Fredholm} and aw(T) = {X G C;

T - XI is not semi-Fredholm of index 0}, is the Weyl spectrum of T.

Proof. Without loss of generality, we can assume that 0gQ.(1), (2), and (3)

are deduced from [6, §2] and Theorem 2.5, since Co(T") — {0} and N(T*) =

{0}.
(4) is a consequence of (3).

(5) ap(T*) = 0 =s> r* has the S.V.E.P.. Moreover, if T has the S.V.E.P. in

fi, then Proposition 1.7 implies fi ç p(T).

Corollary 2.7. Let fi be a connected open set of C and n a positive integer.

Then Bn(Q) n {T G B(H) ; T is decomposable} = 0.

Proof. From Theorem 2.5, T G 5„(fi) =*• Co(T*) = {0} . On the other hand,

the fact that T is decomposable implies that T* is decomposable. Using [7,

Corollary 2.2(ii)], we deduce that T* is quasinilpotent; therefore, a(T) = {0} ,

which is a contradiction, because fi ç a(T).
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