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EMBEDDING GALOIS PROBLEMS AND REDUCED NORMS

TERESA CRESPO

(Communicated by William Adams)

Abstract. For certain embedding problems G —> G ~ Gal(Z.|AT) associated to

a representation t : G —> Aut A of the group G by automorphisms of a central

simple .^-algebra A of dimension n , we prove that the solutions are the fields

L((rN{z)) '"),with r running over K*/K*n and N(z) the reduced norm of

an invertible element z in the algebra B <g> L , for B the twisted algebra of A

by t.

In a previous paper [1], we explicitly solved embedding problems associated

with orthogonal Galois representations. Our method exploited the relationship

between the solutions of such embedding problems with Clifford algebras and

spin norms. In the present work, our aim is to generalize this relationship to

the case of embedding problems given by a representation of a Galois group by

automorphisms of a central simple algebra (cf. [2, §10]).

For K a field of characteristic not dividing a given integer n and containing

the group ßn of n-roots of unity, we consider a finite Galois extension L\K

with Galois group G. Unless here noted, we use the notations in [2, §10].

We are interested in embedding problems G -» G ~ Gal(L\K), where G

is an n-covering of the group G obtained in the following way. For t : G -*

PGL(A) = Aut A a representation of the group G by AT-automorphisms of a

central simple AT-algebra A of dimension n over K, we define G as the

pullback of the diagram:

G

\-

SL„{KS) -► PGL„(JO

(cf. [2, 10.2]). The obstruction to the solvability of such an embedding pro-

blem is given by the element j*(st) in H2(ÇiK,nn) (cf. [2, 10.11]). The two

invariants related to this element by [2, 10.14], can be computed as a sum of
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Galois symbols. For S[j oí], it follows from [4, Corollaire 1]; for PN2[j o t],

we give the explicit expression in the next proposition.

Proposition 1. Let t : Clk —> Aut A be a representation of QK by K-automor-

phisms of a central simple K-algebra A. Let dx, d2, ... , dr be elements in K*,

independent modulo K*n , such that the fixed field of Ker(PN o t) is contained

in K((dx)11", (d2)l/n, ... , (dr)l/n). Let cox, co2, ... , cor be elements in D.K

satisfying
({djfTrl = ó>

for C a primitive n-root of 1, and let PN(t(coi)) = a^odK*" , 1 < i < r. We

then have

PN2[t] = J2(di,ai),

where ( ,  ) denotes the Galois symbol (cf. [4, 1.2]).

Proof. We can follow the calculations in [2, 7.8], for the 2-cocycle c : ClK x

Q.K —> ßn representing PN2[t] and, taking into account [3, Chapter IV, §2,

Lemma 1], we obtain
r

PN2[t] = J£(di)U(ai),

i=i

where (d¡), (a¡) are the elements in Hl(£lK , p,n) ~ Hom(QA:, p.n) correspond-

ing to di, at and U denotes the cup product. The proposition follows from

the definition of the Galois symbol.

Theorem 2. Let G —* G ~ Ga\(L\K) be the embedding problem associated to

a representation t : G —> Aut .4 of the group G by automorphisms of a central

simple K-algebra A of dimension n . Let B denote the twisted algebra of A by

t (cf. [2, §10]) and assume that PNot = 1. If the embedding problem is solvable,

all its solutions are the fields L((rN(z)) '"), with r running over K* /K*n, z an

invertible element in the L-algebra BL = B ®KL and N denoting the reduced

norm in BL.

Proof. Applying [2, 10.14], the solvability of the embedding problem implies

that the classes of similarity of the algebras A and B are equal, and, as

dim^ A = dim^ B, we have an isomorphism g : A —> B. Let f : AL =

A®KL -» B ®KL = BL be an isomorphism such that f~ o f = t(a), for a

in G. Now, as PN o t = 1 , we can choose a system of representatives xa of G

in G so that the xa are in SL(,4). For a A-basis {f(.}Kj<|)3 of A, we define

vi = f(ei), Wj = g(e¡). Applying the Skolem-Noether theorem, we obtain an

invertible element z in BL such that

( 1 ) v¡z = zwl,        1 < i < n .

Now, we have xaetx~  — f~  o f(ei) and so:

(2) f(xa)vif(xy=f(el).
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From (1) and (2), we obtain:

f(xa)~1zuwl = vlf(xa)~1z°

and this relation, together with (1), implies that

ba:=f(xa)~lz°z~{

is an element in L*. From the identity

(zz     )(zz    )  (zz      )      =1,

we get that the elements ba satisfy

(3) bbTb~   = x.xx~ .\   ' a   x   tri o   x   ax

Now, applying the reduced norm of BL to za = bnf(xa)~lz , we obtain

(4) N(z)° = b"N(z).

From relations (3) and (4), it follows that L((N(z)) '") is a solution to the

embedding problem.

Remark. In the case that the number n is prime and the extension 1 —» fiH -*

G —» G —> 1 does not split, all solutions to the considered embedding problem

are proper.
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