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AN n x n MATRIX OF LINEAR MAPS OF A C*-ALGEBRA
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(Communicated by Paul S. Muhly)

ABSTRACT. Every positive nxn matrix of linear functionals on a C*-algebra is
completely positive. [3, Theorem 2.1] can be extended to the case of a bounded
n X n matrix of linear functionals.

1. INTRODUCTION

Let M, denote the C"-algebra of complex n x n matrices generated as a
linear space by the matrix units E;; (i, j=1,2,...,n) andlet B(H) be the
algebra of all bounded linear operators on a Hilbert space H. Let A and B be
C"-algebras and let L: 4 — B be a bounded linear map, the map L is called
positive provided that L(a) is positive whenever a is positive. The map L is
called completely positive if L®I,: AQM, — BOM, definedby L®I, (a®b) =
L(a) ® b is positive for all n. L is completely bounded if sup, L ® I, | is
finite, and we let ||L||, = sup,||L ® I,||. We define L"(a) = L(a)". Given
S C B(H), we let S’ denote its commutant. An n x n matrix ( /i ;) of linear
functionals on a C*-algebra A is positive (or an n-positive linear functional
on 4 [3,p. 1])if (f; (a;;)) is positive whenever (a,;) is a positive element in
A® M, . The paper [3] does not show that an n-positive linear functional on a
C"-algebra is completely positive. In this paper we prove the fact, generalize [3,
Theorem 2.1], and develop an n x n matrix of linear maps from a C*-algebra
to B(H).

2. A POSITIVE 1 X 1 MATRIX OF LINEAR FUNCTIONALS

We will apply the following well-known theorem [7, Corollary 2.3] later in
this paper.

Theorem 2.1. Let F be a linear map from a C*-algebra A to M, and let the
functional f: A@ M, — C be defined by f(a®E,;) = (F(a));;. If f is positive,
then F is completely positive.

The following theorem shows that positivity implies complete positivity.
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Theorem 2.2. Let F = (f;;): A® M, — M, (C) be a positive n x n matrix of
linear functionals on A, then F is completely positive.

Proof. Define the map L: M, ® (M,(4)) = C by
L((akl) ® Eij) = (F((ald)))ij = f;"(a,'j) .
By [10, p. 193] we know that every positive element of M, ® (M, (4)) is a sum

of positive elements of the form (a;.’aj). Let (a;a j) be an n’ x n’ positive
matrix in M, ® (M,(A)), then

L((a;."aj))=L(<a1 0 anz)*<a1 0 a,,z)>

* *
al an+l
=L C0|®Ept]| 1 0| ®Ey
*
an anz
a a a a .
1 n n+1 n
(00 e (g 7)ok
* * * *
a4, - aa, a8y Gap
=L : : ®E + : : ®E,
* * * *
fnal e anfzn ana:l-c»l T 4,y .
an+lal e an+lan an+1an+l an+lan2
+ : : ®E, + : : ® E,
* * * *
aqa; - a,a, a,pa,, a +"2 a,

* * * *
= fulaa)) + fi,(a,a,,,) + f51(a,,,0,) + f(a,,,4,,,)

=F((al a,b+2 o .- 0)"(a1 a,bJr2 0o .- 0))20-

Thus L is positive. By Theorem 2.1 F is completely positive.
The following theorem generalizes [3, Theorem 2.1].

Theorem 2.3. Let F = (f;;): A® M, —» M,(C) be an n x n matrix of lin-
ear functions on A as defined by F((a;;) = (fij(a,.j)). If F is bounded,
then there is a representation © of A on a Hilbert space K, and 2n vectors
X\ eeesXys Vis-ans ¥V, in K such that {x,...,y,} is a generating set for
n(A4) on K,

fi/@) = (n(@)y,, x) and ||F|l4 = max{lx|’, 1y,]I"}.

Proof. From [6] F is completely bounded. Let D be the C*-algebra of diag-
onal matrices in M, (C), then F is D-bihomomorphism (or D-bimodule) [9,
Definition 2.1]. By [9, Theorem 2.5] there exist D-bimodule completely posi-
tive maps ¢;: A® M, — M, (C), with ||§,||, = IFll, (i=1,2) such that the
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map

(;fl* :;) . A® M, — M, (C)

is completely positive. Hence it is a positive 2xn x 2n matrix of linear functions
on A. By [3, Theorem 2.1], there exist 2n vectors Xx,,...,y, in K such that

fy(@) = (n(@)y,;, x), f(@) = (x(@)x;,y,) (,j=1,...,n) and |Flly =
max,{|lx]|} = max,{[ly,I’} .

In Theorem 2.3, (f; j) has the representation:

Corollary 2.4. Let V and W be operators from C" to K &"~ ek defined by
Ve, = (0,0, ..,0) and We, = (0,0,...,y,,.. 0), then

l’ :
(@) = V'aeL,(a)W
Corollary 2.5. ||(f;))ll, < 1 if and only if there is a representation n of A on
a Hilbert space K, and 2n vectors x,,...,Xx,,¥,,...,¥, in K such that

f,(@) = (m(@)y;, x;) with x| < Land |yl 1 (i, j=1,...,n).
Proof. “=" By Theorem 2.3, we have f (a) = (n(a)y;, x;) and maxi{llxillz} =
max {[ly;1°} = |(f;)ll, < 1. Hence |Ix[|< 1 and |ly[|<1 (i=1,...,n).

«<” We define the map
2n
v:c” - KooK

by Ve,=(0,...,x;,...,0)and Ve, ,=(0,...,¥;,...,0)

ith slot (n+1i)th slot
for i=1, ..., n. Then the map
((n(a)xj ’ x,‘)) ((n(a)yj ’ x,’))) *
=Vrel, (a)V
(((n(a)x,-, ) (R@Y s 7)) smeom (@)
is completely posmve Hence the completely bounded norm of the map is
max{|lx,>, lly;|*} < 1. By [2], we have [|(f;))l, <

From Corollary 2.5, we obtain the property of Schur Product [4, pp. 110-
112]:
Corollary 2.6. Let A = (a;;) and S,: M, (C) — M, (C) be defined by SA((b,.j)) =
(a;;b;;). ISyl < 1 iff there exist 2n vectors x,, ..., x,, Y, ..., ¥, suchthat
A=((y;, x)) with x| <1, Iyl <1 and |IS,ll, = max {Ix], [y}
Proof. Since S, is D-bimodule, we have the corollary from Corollary 2.5.

In general, we consider an n x n matrix of linear maps from a C"-algebra
to B(H).

Proposition 2.7. Ifthe map (f;;): A® M, — B(H)®M,, defined by (f,;)((a;;)) =
(f;j(a;;)) is completely positive, then there is a representation n of A on a
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Hilbert space K, an isometry V: H — K and an operator T, ;€ n(A) such
that [n(A)V H] is dense in K and fij(') = V*Tijn(-)V with (T;;) 2 0.
Proof. It is not difficult to see that the map

(fi" f"f) :A®M, - B(H)® M,
ji Jjj

is completely positive. By [7, Lemma 2.3], we have that f, is completely
positive, f:; = f,, and (f; + f] j) /2 — (£Rezf, ;) is completely positive for
(i,j=1,2,...,n,and |z| = 1). Hence (X}, f,) - (:i:Resz.) is com-
pletely positive for i, j=1,2,...,n.

By [5, Theorem 2.10], there is a representation 7 of A on a Hilbert space
K, an isometry V: H — K and an operator T;; € n(A) such that [n(4)V H]
is dense in K and

[;()=V T (V.
By [5, Proposition 2.6], we have that (7;;) > 0.
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