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ABSTRACT. It is shown that the corona algebra M(A4)/A of a separable simple
C*-algebra A is simple if and only if 4 has a continuous scale or A4 is ele-
mentary. It is also shown that simple C"-algebras with continuous scales are
algebraically simple.

1. INTRODUCTION AND PRELIMINARIES

Let 4 bea C"-algebra and 4™ the enveloping von Neumann algebra of A4 .
The multiplier algebra M (A) is the idealiser of 4 in 4™ . We denote by K
the C"-algebra of all compact operators on an infinite-dimensional separable
Hilbert space H and by B(H) the C"-algebra of all bounded operators on H .
It is well known that M(K) = B(H) and M(K)/K is simple. It is natural
to ask when the corona algebra M(A)/A is simple. Zhang [17] and Rerdam
[16] showed that if A is stable then the simplicity of the corona algebra of A
implies the simplicity of 4. The ideal structure of M(A4)/A for a simple C*-
algebra has been studied in [8, 9, 11-13]. In this paper we shall show that if A4
is a separable simple C”-algebra then the corona algebra is simple if and only if
either 4 has a continuous scale or A is elementary. (We say A4 is elementary
if A=K or A= M,, the n x n matrices over C.) We also show that if
A has a continuous scale then A is algebraically simple. In other words, the
simplicity of corona algebra of 4 implies the algebraic simplicity of 4. (But
the converse is not true.)

Let A be a C*-algebra, a and b be in 4. Following [5-7], we write a < b

if there are x,y in A, the C*-algebra obtained from A4 by adjoining a unit,
such that a = xby. We write a < b if there is a sequence {x,} in A4 such
that x, £ b and x, — a in norm. We write a~ b if a<b and b S a, and
a~bif a<b and b<a.Onehas x ~x"x~x". If a and b are positive,
then a < b if and only if there is a sequence {r,} in A such that r br, —a.
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Moreover, if 0 < a < b, then a < b. For the details of the relations “<” and
“<,” readers are referred to [5-7].

Further, we define a relation < on A L bya < b if there is x € A such that
a = x"x and xx" € Her(b), where Her(b) is the hereditary C"-subalgebra
generated by b. If a, b€ 4, a < b, then a < b. On the other hand if
aZ<b,then a <b by the proof of [5, Lemma 1.7].

For each ¢ > 0 define a continuous function f: R, — R, by

0, t<eg;
f(t) = s‘l(t—s), e<t<2e;
1, t>2e.

When a is a positive element in A4, we shall denote by [a] the range projection
of a in the enveloping von Neumann algebra 4™*. Suppose that 4 is o-unital
(and nonunital), and let e be a strictly positive element of 4. By choosing a
proper sequence of continuous functions 4, , we can construct an approximate
identity {e,} (e, = h,(e)) for A satisfying:

(i) g,=e,—¢,_, (¢,=0), &,8,=0 if |[m-n|>2,and ||g,|=1.
(ii) There are a, € A, [la,|| =1 suchthat 0<a, 6 <[qa,1]1<g,, a,8,=
g,3,=a, and a,g, =g,a,=0if n#m.

Any subsequence {enk} of {e,} is also an approximate identity satisfying
(1) and (i1). We assume that any approximate identity appearing in this paper
satisfies conditions (i) and (ii).

We shall denote by P(A) the Pedersen ideal of 4. We say that x is orthog-
onalto y and write x Ly if xy=yx=x"y=yx" =0.

2. SIMPLE CORONA ALGEBRAS

Lemma 2.1. Let A be a o-unital, nonunital, nonelementary simple C*-algebra,
and {e,} be an approximate identity. Set

I,={xeM(A):Vae A, |a| #0, 3n,,
5 (e, —e,)x x(e, —e,)<a, Ym>n>ny}.
Then 1, is a ( *-invariant) ideal of M(A).
Proof. Clearly I is a *-invariant subset of M(4), andif 4 € C, then Al, C I,.
Suppose that a€ I,, b € M(A); then
(e,, —e,)a b ba(e, —e,) ~ bale,, - en)za*b*
<a(e, — en)za*
~ (e, —e,)a a(e, —e,)

for any m > n. Therefore ba € I,. Since I, is *-invariant, ab € I,. Now
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suppose that a, b € I, ; then
(e,, —e,)(a+b) (a+b)e,—e,
= (e, —e,)a ale, —e,) + (e, —e, )b ble, —e,)
+ (e, —e,)a ble, —e,) + (e, —e,)bale, —e,)

forall m > n. Let x € A, with ||x]| = 1. Since 4 is nonelementary,
Her(f, /Z(x)) is also nonelementary. We can find x;, y; € Her(f /z(x)) such
that x;y; = y;x; = x;, and yiLy; ifi#j, x,y,20,i=1,2,3,4. Since
a,b,a’b and b*a € I, there is n; such that

(e, —e,)a ale, —e,) < f.(x,) <y,
(e, —€,)b ble, —e,) < f.(x)) <¥,,
(e, —e,)a ble, —e,) < (e, —e,)(ab) (a"b)e, —e,)
< f,(x3) <3,
(e, —e,)b"ale, —e,) < (e, —e,) (b a) (b a)(e,, —e,)
< f,(xy) <4

if m>n>n,;.
Since y; L iz if i # j, by [6, Proposition 1.1],

4
(e, —e,)a+b)(a+b)e,—e,)= Zy,. < fiax) =%
i=1

if $>e>0, m>n>n,.
Thls completes the proof.

2.2. We denote by I the closure of [,. Clearly I is a closed ideal of M(A4)
containing 4. From Remark 2.9, we see that I does not depend on the choices
of {e,} if A4 is separable.

Lemma 2.3. Let A be a simple C*-algebra, a a positive element in A with
lal=1, z;, € P(4),, i=1,2,...,n,and 0< 6 < }. Then thereis be A,
such that 0< b < fy(a), |Ibll=1 and b<z, i=1,2,...,n

Proof. Suppose that 1 > o > % Since f (a), z, € P(A), there are r,Ss; €4,
j=1,2,..., m, such that

m
fy(a) = Zrzl 5is3 (Z’Z +ZS;ZISJ‘) :
Jj=1

By asymmetric Riesz decomposition (see [15, 1.4.10] for example), there are

bjeAd, j=1,2,...,2m, suchthat f,(a) =" bjb;, b,b; < §(z,*rr;z}?)

Jj=1"j"j’
1f1<]<m and bb <i(z)%s;572)%)if m<j<2m.

 We may assume that b, # 0 and take a, = b;b,/||b;b,||; then a, < z, and
a, < fs(a).
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Repeating the above argument, by induction, we see that Lemma 2.3 holds.

Lemma 24. If A is a separable, nonunital, and nonelementary simple C*-
algebra, let 1 be the ideal defined in 2.2. Then I contains A properly.

Proof. Suppose that {x,} is a dense subset of the unit ball of 4. Put z, =
(x;xn)l/ 2 B, = Her(/, /2(zn)) . Since B, is antiliminal, by [1, p. 67], there is
Y, € B, such that y, >0 and sp(y,) = [0, 1]. Therefore, there are {z, ooy
{dn,i}‘i’:1 in the C*-subalgebra C*(y ,) generated by y, such that d, , 1d,
i 96 j’ dn,izn,i = Zn,idn,i = n i’ 0 < Z N} S dn,z and ”Z
i=1,2,....

Notice z, ;,,d, ;€ B, C P(4) and take a, < g, asin 1 with |g | = 1.
For each n, by Lemma 2.3, there is 0 < b, < f1/4(a") (< [a,] £ g,) such
that b, <z, ;, j=1,2,...,n+1-i,i=1,2,...,n,and ||b,[|=1. Put
b= En ]bn Since 0 < b, < fl/4(an) <g,, be M(A4),. Let x € A_ with
x| =1 and 9<ée< . Thereis N such that |x — Xyl small enough that

£ (x) = £ (zy)ll < &/4
(see [13, 2.2]). Then, by [16, 2.2], for some r € A4,

fiya(zy) S fpfi(2y) S r£(0)F7 £ f(x).

For any m > N, since b,.<zN’i, N<i<m and Zyilzy if i#7,

}7
1,

n, 1”

Zbif‘z i Shazy) = f(x) = x.
=N Py

Therefore, b =372, b, € I. However, since ||b,|=1, b ¢ 4.

lll

Definition 2.5. Let 4 be a g-unital, nonunital, and nonelementary simple C*-
algebra and {e,} be an approximate identity for 4. We say that 4 has a
continuous scale if for any x € 4, with |x|| # 0, there is n, for any m >
n>ng,

(e, —e,) <x.

We also use the convention that unital simple C*-algebras have continuous
scales. It should be noted that the property of having continuous scale does not
depend on the approximate identity {e,} if A is separable (see 2.10).

2.6. Example. Let A4 be a separable simple AF C"-algebra, p a nonzero
projection in 4 and S be the set of traces © on A such that 7(p) = 1.
Then S is a (weak*-) compact convex set. It is easy to verify that 4 has a
continuous scale if and only if T(r) = 7(1) is continuous on S, where 7(1) =
limsup(z(e,)) and {e,} is an approximate identity consisting of projections.
Therefore Definition 2.5 coincides with the definition in [11] or in [10]. In fact
this is why we use the term “continuous scale.”
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2.7. Example. A simple C*-algebra A is called purely infinite if for any two
nonzero elements a and b in P(4), a < b (see [13] and [14]). It is clear
that every o-unital purely infinite simple C*-algebra has a continuous scale.
We show in [13] (see also [12, 19, 14, 15]) that the corona algebra M(A4)/A4 of
every o-unital purely infinite C*-algebra is simple.

Theorem 2.8. If A is a o-unital simple C*-algebra with continuous scale, then
the corona algebra M(A)/A is simple.

Proof. Suppose that J is a closed ideal properly containing 4. Choose a
positive element x € J\A. As in [13, Theorem 2.3], we may assume that
Y=o, &uX8&y isin J*\4, and & X8y #0, 0< g, x8,, < 1. Since 4
has a continuous scale, we can choose an integer n, such that

m
Y 8w = f33(82%8&5)

k=n,

for all m > n,. By induction, we can find a partition of {n,+1,n,+2,...}
into finite subsets N,, N,, ... (of consecutive integers) such that for each n =
1,2,...

Z &k = f3/3(821X820) -
kEN,

For any ¢ > 0, there are x, € P(4) such that

Xn é f;/S(anXan) ’

n
X, = Y &yl <&/2",
kEN,
12 12 n
x, = &y || <e/2".
kEN,

(See [13, 2.2].)
We may assume that 0 < x, < 1. It follows from [5, Lemma 1.7] that there
are z, € A such that z,z, =x,, z,z, < 1/8(82,%8,,) and

2,2, 11/8(820X82) = 11/3(821%820) 2,2, = 2,2,

Hence zkz; =0,if k#j.So
n n * n
(E Zk) (Z Zk) = szz}i
k=1 k=1 k=1
and || Y°;_, z,z;|l is bounded. Thus {||>";_, z,|l} is bounded. It is then easy

to see that ) ;_, z, converges in the left strict topology to an element z =
Yoo, z, in the left multiplier LM(A4) . To show that _;_, z, converges strictly
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to z, it is enough to show that for each n, g, >/, z, converges (in norm)
to zero as N — co. Write z, = (z,z;)"/*u, . Then

o0 o0
63 2| <[ (zzk—zg;,?uk) e 3= st
k=N k=N k

- Z 20| + |2, Z &,
k=

oo
k 1/2
<Y e/ + gnZgzé u
k=N

Since
1/2
(Z &2k uk)

if N>n+1, we conclude that ||g, > 77z, || > 0 as N — 00,50 z € M(A).
Since

zf150) = (Z Zk) (Z fl/s(ngngk))
k=1

00
= Zk =2z,
k=1

z € J. On the other hand

k>n,

<E€.

Therefore Y07, 8,, € J, similarly 37 g, ., € J. So 1 € J. This implies
that M(A)/A is simple.

Remark 2.9. If we examine the proof of 2.8 closely, we see that the same argu-
ment shows that if J is an ideal of M (A) containing 4 properly, then I C J,
the ideal defined in 2.2. So, if A4 is separable, by Lemma 2.4, I is the minimal
ideal in M (A) containing 4 properly. Therefore I does not depend on the
choices of {e,}.

Theorem 2.10. Let A be a separable simple C*-algebra. Then the corona algebra
M(A)/A is simple if and only if either A is elementary or A has a continuous
scale.

Proof. By Theorem 2.8, we need only to show the “only if” part. Suppose that
M(A)/A is simple and A4 is not elementary. It follows from Lemma 2.4 that
1 € 1. Thus there is a € (I;))" such that

1
1 —all <5
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Therefore a is invertible. Hence for m > n
2 *
(e, —e,) ~(e,—e,)aale,—e,).
It follows from the definition of I, that A4 has a continuous scale.

3. ALGEBRAIC SIMPLICITY

In this section we will give more information about simple C*-algebras with
continuous scales.

Lemma 3.1. If a= b, a,b >0, then forany ¢ > 0 thereis 6 >0, x >0,
and r such that

£,(b) <rxr’ £ fy(a).

In particular f,(b) < f5(a).

Proof. There is a sequence {s,} such that s as, — b in norm. For each n,
there is J, > 0 such that

llspas, — s,:aj;k (@)s, |l < 1/k.

Let x, = siaf; (a)s;; then x; >0, x, — b. If ||lx, — bl| < &/2, then, by [15,
2.2}, there is r such that

£b) <% s 5 1 (a).
Take 6 =6, x = x, .

3.2. Let A be a simple C*-algebra, a € P(A) +- We say that a is infinite, if
there are b,c€ P(4),,azb+c,bLlc, b#0, c#0 suchthat bz b+c.
An element a in P(4), is said to be finite if it is not infinite. For nonpositive
element a in P(A), a is said to be infinite (finite) if a*a is infinite (finite).
In [14] we show that A is purely infinite if and only if every element in P(A)
is infinite.

Theorem 3.3. If A is a o-unital simple C"-algebra with a continuous scale, then
A is algebraically simple.
Proof. We may assume that A is nonunital. Suppose that a is a strictly positive
element of 4, and {d,} is a sequence of decreasing positive numbers such
that d, — 0, and {e, = f, (a)} forms an approximate identity. Suppose
that x € P(4),_. As in 2.4, there are {x,} and {y,} in Her(x) such that
0<x,<y,<1l,y, Ly, iff n#¥m, xy, =yx, =x,,and x| =1,
n=1,2,....

Since A4 has a continuous scale, for each k, there is n, such that for any
m>n,

(e, —enk) <X

We may assume that n, , >n,, k=1,2,....
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Passing a subsequence, we may assume that (e, —e,) < x, if m > n and
1>d, >d,,, n—l 2,

Set ¢, = (d,-d,,, /2 et h, be a continuous function on [O 1] defined
by

0, t>d, +t,;
linear, d,<t<d, +1t,;
h,(t) =41, d, ., <t<d,;

linear, dyr+,., <t<d"+l;

Of‘ t< dn+2 +l :
We have h4,,(a) < x,, hy, (@) =x,, n=1,2, . It follows from Lemma
3.1 that N

f1/4(h2n(a)) < f,s(x,,)a

and

A () < S5(x,)
for some 6 > 0. There are z, € 4 such that
Z:Zn = fl/4(h2n(a)) and znzn - yn
Let z=3 7 (z,/2"). Since z, Lz, if n#m,

Efm(hzn(a)

i /2 € Her(x).

n=1

It follows from [15, 5.6.2] that Her(x) C P(A) and

3 i jalhy,(a))/2™" € P(4)

n=1

Similarly

me 21 (@))/27" € P(A),

whence

b= "115(hp(@) + £, /4(hyy . (@))/2°" € P(A).
n=1

So b = f(a), where f is a nonnegative continuous function on sp(a) such
that f(¢) > O for every ¢ € sp(a). Therefore b is a strictly positive element of
A, since a is. By [15, 5.6.2]), A = Her(b) C P(A4). This completes the proof.

Corollary 3.4. If A is a separable, nonelementary simple C*-algebra with simple
corona algebra M(A)/A, then A is algebraically simple.

Remark 3.5. The converse of 3.4 is not true in general. Suppose that A4 is a
separable AFC"*-algebra. B. Blackadar showed in [2] that 4 is algebraically
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simple if and only if 4 has a bounded scale (1(r) = (1) is bounded on S,
see [11, 1]). It is clear that l( ) is bounded does not imply l(r) is continuous.

3.6. In 2.7, we show that every purely infinite simple C*-algebra has a continu-
ous scale. The following theorem shows that for stable C*-algebras the converse
is also true.

Theorem 3.7. A o-unital stable simple C*-algebra A has a continuous scale if
and only if it is purely infinite.
Proof. We will show the “only if” part.

Let {b,} be an approximate identity for 4 and {e, j} be a matrix unit for
K. Sete, =Y. b, ®e,;. Then {e,} isan approximate identity for 4 ® K
(=2 A4). If e,.,—¢,<e =b ®e,,since

en+2 - en = bn+2 ® en+2,n+2 + bn+1 ® en+l,n+1 + Z(bn+2 - bn) ® eii ’
i=1
by 3.2, A has an infinite element. It follows from [3] that A contains a non-
trivial projection p. By [4], AQ K 2 pAp® K (= A). If P(A) has a finite
element x > 0, by the argument used in 3.3,

b= Z—p@e,,ﬁx

for some k. By 3.2, since for every element y € Her(b), y < b, every element
in Her(b) is finite. Put ¢ = Y - i—xD®e;;then g € M(A) and gAq is stable.
Moreover gAq = Her(b). So A (& A® K = Her(b)) has no infinite element,
a contradiction. Therefore every element in P(A) is infinite, so A is purely
infinite (see [14]).

The following is a slight improvement of Theorem 3.2 in [16].

Theorem 3.8 (cf. [16, 3.2]). Let A be a c-unital stable C*-algebra. Then the
corona algebra M(A)/A is simple if and only if either A is elementary or A is
a purely infinite simple C"-algebra.

Proof. We may write 4 = B® K with B a g-unital C"-algebra. The “if”
part follows from [13, Theorem 2.3]. The simplicity of the corona algebra
M(A)/A implies the simplicity of 4 follows from [17, 3.1]. Thus we may
assume that A is simple. If 4 is nonelementary and (stably) semifinite, then
the ideal I in [13, 2.6] is a closed ideal of M (A) containing 4 properly (see
[13, Lemma 2.7]). Let b € P(4), with b # 0; then d(b®e,) # 0. Since
() > dY;_b®e,)=ndboe,), d(1) = o for each d (see [13, 2.7]), so
1 ¢ I. Therefore M(A)/A is not simple. Thus A is not semifinite. It follows
from [3] that 4 contains a nonzero projection p. By [4], pApRK = AQK = A4.
So we may assume that B has a unital. Therefore Theorem 3.1 in [16] applies.

Remark 3.9. If we assume that A4 is separable, then 3.8 follows from 3.7 and
from 2.9.
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Errata. The “if” part of Theorem 2.8 in [13] needs assumptions that A(A) is
unperforated and 4 has a cancelation property. However, 2.5, 2.6, 2.7, and
the “only if” part of Theorem 2.8 in [13] are still true. For separable simple
C"-algebras, Theorem 2.9 in this paper is the correct version which includes
non-stably-semifinite cases.
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