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SIMPLE C* -ALGEBRAS WITH CONTINUOUS SCALES

AND SIMPLE CORONA ALGEBRAS

HUAXIN LIN

(Communicated by Palle E. T. Jorgensen)

Abstract. It is shown that the corona algebra M (A) ¡A of a separable simple

C*-algebra A is simple if and only if A has a continuous scale or A is ele-

mentary. It is also shown that simple C*-algebras with continuous scales are

algebraically simple.

1. Introduction and preliminaries

Let A be a C*-algebra and A** the enveloping von Neumann algebra of A .

The multiplier algebra M (A) is the idéaliser of A in A**. We denote by K

the C*-algebra of all compact operators on an infinite-dimensional separable

Hilbert space 77 and by 5(77) the C*-algebra of all bounded operators on 77.

It is well known that M(K) = 5(77) and M(K)/K is simple. It is natural

to ask when the corona algebra M (A)/A is simple. Zhang [17] and Rordam

[16] showed that if A is stable then the simplicity of the corona algebra of A

implies the simplicity of A . The ideal structure of M(A)/A for a simple C-

algebra has been studied in [8, 9, 11-13]. In this paper we shall show that if A

is a separable simple C* -algebra then the corona algebra is simple if and only if

either A has a continuous scale or A is elementary. (We say A is elementary

if A = K or A = Mn, the n x n matrices over C.) We also show that if

A has a continuous scale then A is algebraically simple. In other words, the

simplicity of corona algebra of A implies the algebraic simplicity of A . (But

the converse is not true.)

Let A be a C*-algebra, a and b he in A . Following [5-7], we write a ~ b

if there are x, y in A, the C* -algebra obtained from A by adjoining a unit,

such that a = xby. We write a < b if there is a sequence {xn} in A such

that xn ~ b and xn —> a in norm. We write a « b if a ~ b and b ~ a, and

a ~ b if a < b and b < a . One has x ~ x*x ~ x*. If a and b are positive,

then a < b if and only if there is a sequence {rk} in A such that rkbrk —> a .
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Moreover, if 0 < a < b, then a < b . For the details of the relations "~" and

"< ," readers are referred to [5-7].

Further, we define a relation < on A+ by a < b if there is x e A such that

a = x*x and xx* e Her(b), where Her(è) is the hereditary C*-subalgebra

generated by b.  If a, b e A   , a < b, then a < b.  On the other hand if

a~b, then a < b by the proof of [5, Lemma 1.7].

For each e > 0 define a continuous function /£:I+-»R+ by

!0, t < e;e~x(t-e),       e<t<2e;

1, t > 2e.

When a is a positive element in A , we shall denote by [a] the range projection

of a in the enveloping von Neumann algebra A**. Suppose that A is er-unital

(and nonunital), and let e be a strictly positive element of A. By choosing a

proper sequence of continuous functions hn , we can construct an approximate

identity {en}   (en = hn(e)) for A satisfying:

(i) Sn = en- en_x   (eQ = 0), gmgn = 0 if \m - n\ > 2 , and \\gn\\ = 1.

(ii) There are ane A+, \\aj = 1 such that 0 < an < [an] < gn, angn =

Snan = an and anSm = gma„ = 0 if n ¿ m .

Any subsequence {en } of {en} is also an approximate identity satisfying

(i) and (ii). We assume that any approximate identity appearing in this paper

satisfies conditions (i) and (ii).

We shall denote by P(A) the Pedersen ideal of A . We say that x is orthog-

onal to y and write x Ay if xy = yx = x*y = yx* = 0.

2. Simple corona algebras

Lemma 2.1. Let A be a o-unital, nonunital, nonelementary simple C*-algebra,

and {en} be an approximate identity. Set

I0 = {xeM(A):Va£A+,  \\a\\¿0,  3«0,

9 (em - eJx*x(em -en)lSa, Vm>n>n0}.

Then 70 is a ( * -invariant) ideal of M(A).

Proof. Clearly 70 is a *-invariant subset of M (A), and if X £ C, then XI0 c 70 .

Suppose that a e 70, b £ M (A) ; then

(em - e„)a*b*ba(em - en) ~ M^m - en)2a*b*

^a(em-en)2a*

~(em-en)a*a(em-en)

for any m > n . Therefore ba e 70 .  Since 70 is *-invariant, ab £ IQ. Now
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suppose that a, b £ 70 ; then

(em-en)(a + bf(a + b)(em-en)

= K - en)a*<em ~ en) + K " ^n)b*b(em - *„)

+ (em - en)a*b(em ~ O + K ~ Ob*a(em ~ O

for all m > n. Let x £ A+ with ||x|| = 1. Since A is nonelementary,

Her(/j,2(x)) is also nonelementary. We can find x¡,yi £ Her(/, ,2(a;)) such

that xiyi = yixi = xl, and y¡ ± yj if i £ j, xx., yi > 0, i = 1,2,3, 4. Since

a, b, a*b and b*a € 70 , there is n0 such that

(em- en)a*a(em- en) < f£(xx) <yx,

K-en)b*bK-en)Zfi£(x2)<y2,

(em - en)ab(em - en) < (em - en)(a*b)*(a*b)(em - en)

Zfie(x3) <y3,

iem - en)b*a(em " O S (em ~ en)(b* a)* (b* a)(em - en)

zfiE(x4)<y4,

if m > n > n0 .

Since y¡ _L v   if í / 7, by [6, Proposition 1.1],

4

(^ - 0(fl + ¿H« + *)(*« - O S&< /1/4W 5 A"
i=l

if ^ > e > 0, m > n > n0 .

This completes the proof.

2.2. We denote by 7 the closure of 70. Clearly 7 is a closed ideal of M (A)

containing A . From Remark 2.9, we see that 7 does not depend on the choices

of {en} if A is separable.

Lemma 2.3. Let A be a simple C*-algebra, a a positive element in A with

\\a\\ = 1, zi € P(A)+, i = 1,2, ... ,n, and 0 < â < ± . Then there is b e A+

such that 0 < b < fs(a), \\b\\ = 1 and b < z¡, i = 1, 2, ... , n .

Proof. Suppose that 1 > a > \ . Since fa(a), zx £ P(A), there are r , s. e A ,

7 = 1, 2, ... , m, such that

m .    /  m m \

j=i y=> 7=i        y

By asymmetric Riesz decomposition (see [15, 1.4.10] for example), there are

bj € A, j = 1, 2, ... ,2m, such that fa(a) = Y.% b'bj , b}b] < \(zx'2r)rszx'2)

if 1 < j < m , and 6-6* < \(zx   SjS*zx   ), if m < j < 2m .

We may assume that bx ^ 0 and take ax = è^/Hè*^!! ; then ax < zx and

a, <fs(.a).



874 HUAXIN LIN

Repeating the above argument, by induction, we see that Lemma 2.3 holds.

Lemma 2.4. If A is a separable, nonunital, and nonelementary simple C*-

algebra, let I be the ideal defined in 2.2. Then I contains A properly.

Proof. Suppose that {xn} is a dense subset of the unit ball of A . Put zn =

(x*nxn)x'2 , Bn = Her(fx,2(zn)). Since Bn is antiliminal, by [1, p. 67], there is

yn £ Bn such that yn > 0 and sp(yn) = [0, 1]. Therefore, there are {zn (}~j,

{dn ¡}°lx in the C*-subalgebra C*(yn) generated by yn suchthat dn ¡Adn    ,

»  *J>   dn,iZn,i =  Zn,idn,i = Zn,n   ° <  zn,i  < dn,i <   l > and   \KJ  = 'l >
1 = 1,2,....

Notice zni, dni £ Bnc P(A) and take an < gn as in 1 with ||aj = 1.

For each n, by Lemma 2.3, there is 0 < bn < fx,A(an)   (< [an] < gn) such

that bn < zi j, j = 1, 2, ... , n + 1 - i, i = 1,2, ... , n, and \\bn\\ = 1 . Put

b = E7=i K- since °<bn< /i/4K) <Sn, b€ M(A)+. Let x £ A+ with

||.x|| = 1 and 0 < e < \ . There is N such that ||x - xN\\ small enough that

\\fie(x)-fiE(zN)\\<e/A

(see [13, 2.2]). Then, by [16, 2.2], for some r £ A ,

/1/4W ^ fe,MzN)) < r/.(*)r* S /,W •

For any m > N, since b¡ < zN ;., N < i < m and z^ . 1 z^     if I # 7 >

EZ'i~EZV,i</l/4(^)S/£(x)SX.

Therefore, è = J^^i b¡e I. However, since ||6(|| = 1, b £ A .

Definition 2.5. Let A be a a-unital, nonunital, and nonelementary simple C*-

algebra and {en} be an approximate identity for A. We say that A has a

continuous scale if for any x e A+ with ||x|| ^ 0, there is «0 for any w >

We also use the convention that unital simple C* -algebras have continuous

scales. It should be noted that the property of having continuous scale does not

depend on the approximate identity {en} if A is separable (see 2.10).

2.6. Example. Let A he a separable simple AF C*-algebra, p a nonzero

projection in A and S be the set of traces t on A such that r(p) = 1 .

Then S is a (weak*-) compact convex set. It is easy to verify that A has a

continuous scale if and only if 1(t) = t(1) is continuous on S, where t(1) =

limsup(i(ei!)) and {en} is an approximate identity consisting of projections.

Therefore Definition 2.5 coincides with the definition in [11] or in [10]. In fact

this is why we use the term "continuous scale."
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2.7. Example. A simple C*-algebra A is called purely infinite if for any two

nonzero elements a and b in P(A), a < b (see [13] and [14]). It is clear

that every a -unital purely infinite simple C* -algebra has a continuous scale.

We show in [13] (see also [12, 19, 14, 15]) that the corona algebra M(A)¡A of

every <r-unital purely infinite C* -algebra is simple.

Theorem 2.8. If A isa o-unital simple C*-algebra with continuous scale, then

the corona algebra M(A)/A is simple.

Proof. Suppose that J is a closed ideal properly containing A. Choose a

positive element x e J\A. As in [13, Theorem 2.3], we may assume that

y = Er=i SikxS2k is in J+\A > and S2kxg2k ¿ 0, 0 < g2kxg2k < 1 . Since A
has a continuous scale, we can choose an integer n0 such that

m

Z^ ^2k ~ fi-iß(82x82)
k=n0

for all m> nQ. By induction, we can find a partition of {n0 + 1, n0 + 2, ...}

into finite subsets Nx, N2, ... (of consecutive integers) such that for each n =

1,2,...

/ > ¿>2k ~ hi%\S2nx82n) ■

keNn

For any e > 0, there are xn € P(A) such that

Xn ~ h/^82nxS2nA

X

'3/8

Xn~  ¿_^i S2k

k€Nn

.1/2 _ y*    1/2
n ¿_j S2k

k<EN„

<e/2  ,

< e/2

(See [13, 2.2].)

We may assume that 0< xn < 1. It follows from [5, Lemma 1.7] that there

are z„ e A such that znz*n = xn , z*nzn < fiß(g2nxg2n) and

znznh¡Y\S2nxS2n) = J\ß\S2nx82n)znzn = znzn .

Hence zkz* = 0, if k ^ j. So

Ezk)[Ezk) =E
<k=\      I   \k=\      / k = \

ZkZk

and II J2l=i zkzkW ̂ s bounded. Thus {|| J2l=i zk\\} IS bounded. It is then easy
to see that Yll=\ zk converges in the left strict topology to an element z =

EiLi zk m tne 'e^ multiplier LM(A). To show that JTJjLi zk converges strictly
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to z , it is enough to show that for each n , gn YHk=N zk converges (in norm)
*    1 /2

to zero as TV —> oc . Write zk = (zkzk) ' uk . Then

k=N

<

<

Sn      E Zk - E £kUk
\k=N k=N i

oo oo

+
El/2SÁ u

k=N k=N

< E*/2 +
/c=/V

+

/t=A

El/2sA u
k=N

El/2
#2fc  "

Since

¿C = /V

iii ( E «a "it I = °

if TV > n + 1, we conclude that \\gn J2T=n zk\\ ~* ̂  as N —> °° > so z e 71/(^4).
Since

*/l/tO0 =   (E2*)   (Ë ^1/8^^2*)
\k=\

= z,
a=l

z £ J . On the other hand

zz - E*2ft
k>nn

< e.

Therefore 2~l£=i Sat e ^ » similarly X)^li ^2/t+i e ^- ^° 1 € ^- This implies
that M (A)/A is simple.

Remark 2.9. If we examine the proof of 2.8 closely, we see that the same argu-

ment shows that if J is an ideal of M (A) containing A properly, then I c J ,

the ideal defined in 2.2. So, if A is separable, by Lemma 2.4, 7 is the minimal

ideal in M (A) containing A properly. Therefore 7 does not depend on the

choices of {en}.

Theorem 2.10. Let A be a separable simple C*-algebra. Then the corona algebra

M (A)/A is simple if and only if either A is elementary or A has a continuous

scale.

Proof. By Theorem 2.8, we need only to show the "only if part. Suppose that

M (A) / A is simple and A is not elementary. It follows from Lemma 2.4 that

1 £ I. Thus there is a £ (70)+ such that

||l-a||<i.



SIMPLE  C*-ALGEBRAS 877

Therefore a is invertible. Hence for m > n

(*« - enf ~ K - en)a*a(em " O ■

It follows from the definition of 70 that A has a continuous scale.

3. Algebraic simplicity

In this section we will give more information about simple C*-algebras with

continuous scales.

Lemma 3.1. If a > b, a, b > 0, then for any e > 0 there is ô > 0, x > 0,

and r such that

fi£(h) < rxr* t 7».

In particular fi(b) < fô(a).

Proof. There is a sequence {sk} such that skask —► b in norm. For each n,

there is Sk > 0 such that

Wskask -skafsk(a)skW <l/k-

Let xk = s*kaf5 (a)sk ; then xk > 0, xk —> b . If \\xk - b\\ < e/2, then, by [15,

2.2], there is r such that

fi£(b)<rxkr*ZfSk(a).

Take ô = Sk , x = xk .

3.2. Let A be a simple C*-algebra, a € F(^4) . We say that a is infinite, if

there are b, c e F(^)+ , a> b + c, b Ac, b # 0, c^O such that ¿> > è + c.

An element a in P(A)+ is said to be finite if it is not infinite. For nonpositive

element a in P(A), a is said to be infinite (finite) if a*a is infinite (finite).

In [14] we show that A is purely infinite if and only if every element in P(A)

is infinite.

Theorem 3.3. If A isa a-unital simple C*-algebra with a continuous scale, then

A is algebraically simple.

Proof. We may assume that A is nonunital. Suppose that a is a strictly positive

element of A, and {dn} is a sequence of decreasing positive numbers such

that dn —► 0, and  {e   = f, (a)}  forms an approximate identity.   Suppose
n

that x e P(A)+ . As in 2.4, there are {x^} and {yn} in Her(x) such that

0 < x„ < yn < 1, yn A ym if n ¿ m, xnyn = ynxn = x„, and ||xj = 1,

n- 1,2,... .
Since A has a continuous scale, for each k , there is nk such that for any

m > nk

(em-enk)^Xk-

We may assume that nk+x > nk , k = 1,2, ... .
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Passing a subsequence, we may assume that (em - en) 5 xn if m > n and

1 >dn >dn+x , n = 1, 2, ... .
Set tn = (dn - dn+x)/2, let hn be a continuous function on [0,1] defined

by
'0, t>dn + tn;

linear,       dn<t<dn + tn'

hn(t)=l  1, dn+x<t<dn;

linear,       dn+2 + tn+l < t < dn+l ;

[O, t<dn+2 + tn+x.

We have h2n(a) < xn , h2n+x(a) S. xn, n = 1, 2, ... . It follows from Lemma

3.1 that

/i/Ä.W) <•&(*.).
and

f\l¿h2n+M))<fo^Xn)

for some ô > 0. There are zn £ A such that

ZnZn= f\l¿h2Áa))     and     Z„<<>V

Let   Z = E^liV2") •  Since   Zn± Zm   if » # «i

**«-E/l/4(*2.(«))/^*.

oo

zz-* <^//22"eHer(x).

«=i

It follows from [15, 5.6.2] that Her(x) C P(¿) and

E/i/4(A2»(«))/2    €P(^).
11=1

Similarly
oo

E/i/4(W«))/22"eF(,l),
n=i

whence
oo

b = EtV^») + f,i¿h2n+x(a))]/22n £ P(A).
n=\

So b = f(a), where / is a nonnegative continuous function on sp(a) such

that f(t) > 0 for every t £ sp(a). Therefore b is a strictly positive element of

A , since a is. By [15, 5.6.2], A = Her(6) c P(A). This completes the proof.

Corollary 3.4. If A is a separable, nonelementary simple C*-algebra with simple

corona algebra M(A)/A, then A is algebraically simple.

Remark 3.5. The converse of 3.4 is not true in general. Suppose that A is a

separable ^FC*-algebra.   B. Blackadar showed in [2] that A is algebraically
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simple if and only if A has a bounded scale ( 1(t) = t(1) is bounded on S,

see [11, 1]). It is clear that 1(t) is bounded does not imply 1(t) is continuous.

3.6. In 2.7, we show that every purely infinite simple C*-algebra has a continu-

ous scale. The following theorem shows that for stable C*-algebras the converse

is also true.

Theorem 3.7. A o-unital stable simple C*-algebra A has a continuous scale if

and only if it is purely infinite.

Proof. We will show the "only if' part.

Let {bn} he an approximate identity for A and {e¡..} be a matrix unit for

7< . Set en = Yl"=i bn ® eit. Then {en} is an approximate identity for A <g> K

(= A). If en+2 -eniex=bx®exx, since

n

en+2 ~en= bn+2 « e„+2,„+2 + K+{ ® en + \ ,n+l + E^+2 " K) ® «it >
1=1

by 3.2, A has an infinite element. It follows from [3] that A contains a non-

trivial projection p . By [4], A <g> K = pAp ® K (= A). If P(A) has a finite

element x > 0, by the argument used in 3.3,

oo      .

for some k . By 3.2, since for every element y £ Her(¿), y < b, every element

in Her(è) is finite. Put q = Yl^kP ® ea '> ̂en q e 71/(^4) and qAq is stable.
Moreover qAq = Her(è). So A (= A® K = Her(è)) has no infinite element,

a contradiction. Therefore every element in P(A) is infinite, so A is purely

infinite (see [14]).

The following is a slight improvement of Theorem 3.2 in [16].

Theorem 3.8 (cf. [16, 3.2]). Let A be a o-unital stable C*-algebra. Then the

corona algebra M(A)/A is simple if and only if either A is elementary or A is

a purely infinite simple C*-algebra.

Proof. We may write A = B ® K with B a cr-unital C*-algebra. The "if

part follows from [13, Theorem 2.3]. The simplicity of the corona algebra

M (A) IA implies the simplicity of A follows from [17, 3.1]. Thus we may

assume that A is simple. If A is nonelementary and (stably) semifinite, then

the ideal 7 in [13, 2.6] is a closed ideal of M (A) containing A properly (see

[13, Lemma 2.7]). Let b £ P(A)+ with b ¿ 0; then d(b <g> <?,,) ̂  0. Since

d(l)>d(Y!¡=xb®eli) = nd(b®exx), d(l) = oo for each d (see [13, 2.7]), so

1^7. Therefore M (A)/A is not simple. Thus A is not semifinite. It follows

from [3] that A contains a nonzero projection p . By [4], pAp®K = A&K = A .

So we may assume that B has a unital. Therefore Theorem 3.1 in [16] applies.

Remark 3.9. If we assume that A is separable, then 3.8 follows from 3.7 and

from 2.9.
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Errata. The "if part of Theorem 2.8 in [13] needs assumptions that A(A) is

unperforated and A has a cancelation property. However, 2.5, 2.6, 2.7, and

the "only if part of Theorem 2.8 in [13] are still true. For separable simple

C*-algebras, Theorem 2.9 in this paper is the correct version which includes

non-stably-semifinite cases.
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