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ON ISOMORPHISMS OF INDUCTIVE LIMIT C*-ALGEBRAS

KLAUS THOMSEN

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. We prove that for a large class of inductive limit C”-algebras, in-
cluding inductive limits of finite direct sums of interval and circle algebras, any
x-isomorphism is induced from an approximate intertwining, in the sense of
Elliott, between the inductive systems defining the algebras.

In [3] Elliott introduced a notion, called an approximate intertwining, be-
tween two sequences of C*-algebras, and used it successfully to extend, beyond
the AF-algebras, the class of C*-algebras for which K-theory is a complete in-
variant. The purpose of this note is to show that for a considerable class of
inductive limit C*-algebras, including the inductive limits of finite direct sums
of interval algebras, C[0, 1]® M, , and circle algebras, C(T) ® M, , any x-
isomorphism is induced by an approximate intertwining. So with this notion
Elliott has grasped all isomorphisms of such C*-algebras. This result shows to
what extent the inductive limit C*-algebra reflects the inductive system defining
it and gives a useful tool for the study of the structure of such inductive limit
C”-algebras.

Fix two sequences

] [ [
(A) Al—&AZ—’sA3—’>A4—»
and

v v v
(B) Bl—\Bz—1B3—3> s

of C"-algebras and *-homomorphisms. And fix subsets F,C A, and G, C B,,
which generate 4; and B,, respectively, as C"-algebras, i e N. For i > j we
set ¢I.7j =¢,_ o¢i_20~--o¢j and Wi = Wi oW _y0 oy We define ¢, ,
and y, ; to be the identity on 4; and B,, respectively. Let 4 = h_n} A; and
B = m B, denote the corresponding inductive limit C"-algebras and ﬂf :

A; - A and ,uf : B, —» B be the canonical x-homomorphisms. We emphasize
that the connecting *-homomorphisms are not assumed to be injective.
The following is one of several possible elaborations on Remark 2.3 of [3].
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Lemma 1 (Elliott). Let {n(i)} and {m(i)} be strictly increasing sequences in N
and {6,} a sequence in [0, oo[ such that Y., 6, <oo. Let o, t Ay = B
i € N, be x-homomorphisms such that

I¥omis1), mei) © @ © Priy, ng)(X) = i1 © Puiinry, nppy XN < 05

whenever k <i and x € F n(k) -

Then the sequence {um(i) oq;o ¢n(i),k(x)}, i > k, converges in B for each
x € A, and all k € N. Furthermore, there is a x-homomorphism o: A — B
such that

A . B
a(,uk (x)) = lllglo Ky 0 0 ¢n(,'),k(x) s

x€eA, k=1,2,3,

Proof. To prove that {/‘f:(:) °oq; 0 ¢ n(i)., nk) y)} converges for all y € Ay s

it clearly suffices to consider the case that y € F, (k) - But in this case, the

sequence is Cauchy by our assumption. It follows that the sequence { /‘f:, (1)°Q;©

B

Bty ()} = {lim(i) © @0 Dty mik) © Buiiy 1 (%)} converges for all x € 4, .
Therefore we can define o) : 4, — B by o) (x) = lim,___ uﬁ(i)oa,.oq&n(i)’k(x).

Since aj,,°¢, = a, , we obtain a *-homomorphism a: 4 — B with the stated

property. 0O

The assumption of the lemma can be visualized schematically as follows.

An(l) An(2) An(3) An(4) o
ol 8 w8 w6 a
Bm(l) ’ Bm(Z) ’ Bm(3) ’ Bm(4) P

A x-homomorphism a: 4 — B obtained from *-homomorphisms «; as in
Lemma 1 is called approximately filtered and denoted by a = m Q;.

Definition 2. By an approximate intertwining between the sequences (A) and
(B), we mean two increasing sequences {n(i)} and {m(z)} in N, together with

*-homomorphisms «;: Anm — Bm H and B;: Bm(l) Ayivn such that

-
iy © BiX) = Wngiry, meiy N < 2

for x € {J ¥oniy, ) (Gt » X € U @ © By nitey Enii)
k<i k<i

”:B oa.(y) - ¢,,(,'+1) n( ,)(y)” < 2_i
fory € U¢n(1) ne) Eniy) » ¥ € Uﬂ: 12 Yty mk) (O mny) » T €N,

k<i k<i
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This definition should be compared with that in [3]. Schematically, an ap-
proximate intertwining can be visualized as follows.

An(]) —_ An(Z) — An(3) — An(4) —
2—1 s 2—2 5 2—3 2
2
@l ' 'l L, oml : , ol
2”1 2 2~
B, - B - B3 - By —

This diagram is analogous to the diagram in [1, p. 206], which has played
such an important role in the study of AF-algebras. The difference is that the
triangles do not commute exactly, but only better and better as one approaches
infinity in the diagram.

Theorem 3 (Elliott). An approximate intertwining between the diagrams (A)
and (B) induces a x-isomorphism between A = lim A, and B = h_n)l B;.

Proof. From the norm estimates in the definition of an approximate intertwin-
ing, it follows that

—i+2
Wy, miiy © @i(X) = @ © Dy n(py(XN <277, xelJ Dniiy, n(i) Fn(y)

J<i
and
—i+l
1Dy, niety © BiX) = Brmy © Yome—ty my M <2777,
% € U ¥, mii (G-
J<i

Therefore Lemma 1 can be applied to get approximately filtered *-homomor-
phisms «a = h_rg a;:A— B and B = 1_1_111 B;: B — A. By using the original
estimates from the definition of an approximate intertwining it is easily seen
that o and g are inverses of each other. O

Lemma 4. Assume that the generating sets F, C A, and G, C B, are all fi-
nite sets. Let a: A — B be a x-isomorphism such that o and o~ both are
approximately filtered.

Then o is induced from an approximate intertwining of the sequences (A)
and (B).
Proof. Assume that « and g = o~ are derived from the data indicated by
the following two diagrams:

An(l) ’ An(2) ’ An(3) ’ An(4) P
O‘ll 61 azl 52 "31 63 “41
B,y — Byy —— By —— By —— -
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and
By — Bugy — Buyy —— By —
I A N Y B
Ay — Ay —— Ay —— Ay —— -
Lett ,t,,t,,... bethe sequence in ]0, 1[ determined recursively as follows:
1> %20 43

t,=1/6 and 21, +,=2"""Y a>1

We construct an approximate intertwining between (A) and (B), which can be
described schematically as follows:

An( — A

) n(y,) n(y3) n(yq)
! 1 i !
By(x,) By(x,) By (xy) - Biey

where the x-homomorphisms o’: 4 — are related to the «’s by
i k(x;) i

n(y;)
li .
(1) % = Viix), mic) © %, © Putcy),nv) LEN,

for some strictly increasing sequence {c¢;} C N with n(y;) < n(c;) and m(c;) <
k(x;) . Once this is done it follows from Lemma 1 that a = lim ai. = lim o,
so that « is the x-isomorphism induced by the constructed approximate inter-
twining.

The construction proceeds by induction. To construct a; ,set y, =1 and
choose any ¢; € N such that n(1) < n(c,) and

A B
”a(ﬂn(l)(x)) - /‘m(cl) ° a"l ° ¢n(c,),n(l)(x)” <,

for x € Fn(l) . This can be done by the definition of a = h_r'n a;, since F,
a finite set. Then we choose x, € N such that m(c,) < k(x;) and set

(1) 18

li
= Wit micy) © Y, © Pue,) n(1):
Now assume that we have constructed the following piece of an approximate
intertwining:
A S . o4

An(y.) n(y,) n(yy)
o | ay ] ay |
Bk(x,) Bk(xz) - - Bk(xd)

such that o), i < d, have the form indicated by (1) and such that

A B
(2) ”a(,un(yd)(z)) - ﬂm(cd) ° a"d ° ¢"(Cd)’”(yd)(z)” < t2d s
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for z € M,;, where M is the union of

U d’ n(y,), y,, a))
a<d
and
li
U By_io Wk(xd_l),k(xa)(Gk(xa))’

a<d
The induction step then proceeds as follows. Find b in N such that /(b) >
n(y,, b>x,; and

(3) 1B (i y D) = Hisy © By © Wy ko O < Lagar

for y € N, where N, is the union of U,<, ¥k, kx,)(Crw) 2nd a,(M)).
This can be done by the definition of 8 = h_r)n B, , using that N , 1s a finite set.
Next find y,,, in N so large that

(4) 1Bngy, .y 10y (DN < gy + iy (DN,
for all z € (B, 0 Vi) kix,) © O‘d ¢>,(b d))(Md). This can be done because

iy ()1 = lim,qoo 16, 15 (2l for each z.
Set By =bu. ),16)°P5° Vit), k(x, - FOT €ach x € M, , we find the following
estimates, using first (4), then (3 ) and (1), and finally (2):

1870 @) = By, ) iyl
<yt + IHige) © By © Vs ks © @) = Bigey © 1ty np )1
<2y + 1B 0 By ) 0 ag(X) =ty (X
=201 + 1B,y © @, © By ny) () = Fongy (I

A A
Now choose ¢, , > ¢, such that n(c,,,) > n(y,,,) and

B A
(5) "'um(cdﬂ) °oa, o ¢"(Cd+l)’n(yd+l)(x) - a(ﬂn(yd+l)(x))|| <lyyizs

y—(@+D)

Ca+1
forall xe M, , U ﬂ('i(Nd) and then x, , so that k(x,,,) > m(c,,,) and
B
(6) “Wk(’xd-H) m(cd )(Z)” < t2d+2 + ||l“‘m(cd+l)(z)|| s
forall z € ( " o ¢”(Cd+| ), n(g.,) Igd mcy,,)s k(xd))(Nd) .

Set o a1 = !//k e omicg) © e, © ¢M(Cd+|),n(yd+|) . Then we find the following
estimates for all x € Nd, by using first (6), then (5) and (3):

! li
letgsy © Ba(X) = Wi,y ki) X
B
<lhgpt ”/‘m (o) © Yy, © Puiey, ) onirg,) o By(x) - i,y (Ol

i
<2yt llae 'un(de) o By(x) — #k(xd)(x)”
+1)

—d
<20+t <2
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This completes the induction step and hence the proof. O

Lemma 5. Let a: A — B be a x-homomorphism and assume that the generating
subsets F, C A; are finite. Assume, furthermore, that for each i € N and each
€>0, thereisa k € N and a x-homomorphism o,: A; — B, such that

B A
luy 0oy(x) —aou; (x)[|<e,  x€F.

Then o is approximately filtered.

Proof. For each i € N, the set F,.' =U i<i i ;(F)) is finite. Our assumptions
are therefore strong enough to give us a strictly increasing sequence {k(i)} in
N and x-homomorphisms a;: 4; — By, such that

B A —i
(7) gy o a,(x) —aouf () <27, xeF.

We use this to construct by induction a strictly increasing sequence {m(i)}
in N and *-homomorphisms o;: 4, — B, such that m(i) > k(i), a; =
Vimiy k(i) © @ » and
’ ’ —i —i—1 i
WWomgizty, my @ () — a0 (X)) <2 " +2 7 7, xe€F,.

We leave the reader to start the induction and concentrate on the induction
step. So assume that m(i) and a:. , I <d, have been found. (7) yields the
estimate

B i
1y (W iy © @a(X) = ¥ k() © @agr © Pa (X))l
B B
= iy © @ (X) = Bicgasny © gy © D4 (X))l
<2427, xeF,

for / = max{m(d), k(d + 1)} . It follows that there is a m(d +1) >/ such that

, d  a—d—1
¥ s1), ma) © @a(X) = Yinarty k@+1) © @ar1 © G <2 7 +2 )

X € F‘;. Set 0‘:1+1 = Vs 1), k(d+1) © Qa1 - This completes the induction step.
By Lemma 1 we obtain a filtered *-homomorphism o' = lim «; . Since

A . B
a/(luk (x)) = ll_!_glo K@iy © a; ° ¢,‘,k(x)

. B
= 1m0 Wiy, kg © @ © 8,1 (%)

. B
Hm w000, 4 (x)

and
B 4 »
gy 0 008y j(X) —rop; 00, (X)) <2 g

x € F,, i >k, we conclude that o'(uf(x)) = aoui(x), x € F,, k € N.
Hence a =o' and the proof is complete. O
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Let Z denote the class of C*-algebras 4 that meet the following conditions:

(i) A is finitely generated, and

(ii) when B =lim, B, is the inductive limit of a sequence of C"-algebras
B,, u,: B, — B the canonical *-homomorphisms, a: 4 — B a *-homomor-
phism, F C A a finite set and & > O, then thereisa k € N and a *-
homomorphism f: 4 — B, such that ||u, o B(x)—a(x)|| <&, x € F.

If all the CT-algebras in the sequence (A) are in the class %, the second
assumption of Lemma 5 is automatically fulfilled. So we get the following result.

Theorem 6. (i) Assume that the C*-algebras occurring in the sequence (A) are
in & . Then every x-homomorphism o: A — B is approximately filtered.

(ii) Assume that the C™-algebras occurring in the sequences (A) and (B)
are in % . Then any x-isomorphism a: A — B is induced from an approximate
intertwining of the sequences (A) and (B).

Proof. Combine Lemma 4 and Lemma 5. O

By modifying arguments from [2], it is not difficult to prove the following
assertions:
(a) C, Cy(R), C(T), O, € € (where O, are the Cuntz-Krieger algebras).
(b) When A, B € % are unital, then A®@B€ % .
(c) When 4 € @ is unital and F is finite-dimensional, then A® F € % .
(d) When A, B € & are unital and F C A, F C B is a common unital
finite-dimensional C*-subalgebra, then (the amalgamated free product) A x F
Be#®.
Furthermore, it is asy to show that % contains C[0, 1] and C*(Fn) for
all n. In particular, & contains all finite direct sums of circle and interval
algebras.
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