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ON ISOMORPHISMS OF INDUCTIVE LIMIT C* -ALGEBRAS

KLAUS THOMSEN

(Communicated by Palle E. T. Jorgensen)

Abstract. We prove that for a large class of inductive limit C*-algebras, in-

cluding inductive limits of finite direct sums of interval and circle algebras, any

»-isomorphism is induced from an approximate intertwining, in the sense of

Elliott, between the inductive systems defining the algebras.

In [3] Elliott introduced a notion, called an approximate intertwining, be-

tween two sequences of C* -algebras, and used it successfully to extend, beyond

the AF-algebras, the class of C*-algebras for which AMheory is a complete in-

variant. The purpose of this note is to show that for a considerable class of

inductive limit C* -algebras, including the inductive limits of finite direct sums

of interval algebras, C[0, I]® Mn, and circle algebras, C(T) $ Mn , any *-

isomorphism is induced by an approximate intertwining. So with this notion

Elliott has grasped all isomorphisms of such C* -algebras. This result shows to

what extent the inductive limit C*-algebra reflects the inductive system defining

it and gives a useful tool for the study of the structure of such inductive limit

C*-algebras.

Fix two sequences

(A) A/AA2^A3^A4^...

and

(B) bx^B2^B3^B,^---

of C*-algebras and *-homomorphisms. And fix subsets Fi ç A¡ and C7( ç Bi,

which generate Ai and Bi, respectively, as C*-algebras, i £ N. For i > j we

set fu = (pi_x o4>i_2o---o<p. and r¡ j = Vt-\ ° W,-2°• • • ° V;- • We define ^./.
and y/¿ ¡ to be the identity on Ai and 5(, respectively. Let A = lim Ai and

B = lim Bt  denote the corresponding inductive limit C*-algebras and p(  :

Ai —► A and pf : Bl■ —► B be the canonical *-homomorphisms. We emphasize

that the connecting *-homomorphisms are not assumed to be injective.

The following is one of several possible elaborations on Remark 2.3 of [3].
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Lemma 1 (Elliott). Let {n(i)} and {m(i)} be strictly increasing sequences in N

and {ôn} a sequence in [0, oo[ such that X^ti Sn < oo. Let a¡: An,iX -* 5m(/),

i £ N, be *-homomorphisms such that

\\Vm{l+i),m{i)°ai°<t>n{1),n{k)(X)-al+l0(t>n{l+l),n{k)(X)\\<Ôl'

whenever k < i and x £ F,k,.
D

Then the sequence {pm(i) ° a¡ o <f> k(x)}, i > k, converges in B for each

x £ Ak and all k £ N. Furthermore, there is a ^-homomorphism a: A —> B

such that

a(pk(x)) = .lim pBm(i) o a, o 4>n{,hk(x),

x £ Ak, k = 1, 2, 3, ... .

Proof. To prove that {pBm(i) o a¡ o <pn(l)n{k)(y)} converges for all y e An(k),

it clearly suffices to consider the case that y £ F,k).   But in this case, the

sequence is Cauchy by our assumption. It follows that the sequence {/¿*(/) °a.¡ °

^(,),fcW} = {¿Co ° ai ° *>W*m ° ^n{k),kM} converges for all x £ Ak .

Therefore we can define a'k: Ak -> B by a'k(x) = Hni^^/^^oa.o,^ k(x).

Since a'k+x o$k = a'k , we obtain a »-homomorphism a: A —> B with the stated

property.   D

The assumption of the lemma can be visualized schematically as follows.

An{l) *    An(2) *    An{V) *    An(4)     ~~ *   '"

<*, ô2 ¿3

B  ... -►   B /-,.   -►   B „,   ->   B  ...   ->  ■ • ■m(l) m{2) m(3) '"(4)

A »-homomorphism a : A —> B obtained from »-homomorphisms ai as in

Lemma 1 is called approximately filtered and denoted by a = lim ai.

Definition 2. By an approximate intertwining between the sequences (A) and

(B), we mean two increasing sequences {«(/)} and {m(i)} in N, together with

»-homomorphisms a,.: An(i) -* Bm(i) and y?;: 5m(() -*t An{i+X) such that

l%l°^)-^+l),m(oWH<2"'

forxe (J Wm{i)>m(k)(Gm{k)), x£\Jaio<Pn(i)n(k)(Fn{k)),
k<i k<i

ll^°«(.(y)-^(i+1)iB(i)(y)||<2-/!

for^e U^«),^)^))' ^€U^-i0^(,-i),m(^(Gm(i))'  <eN-
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This definition should be compared with that in [3]. Schematically, an ap-

proximate intertwining can be visualized as follows.

m(2)

a«(3)

Jm(3) m(4)

This diagram is analogous to the diagram in [1, p. 206], which has played

such an important role in the study of AF-algebras. The difference is that the

triangles do not commute exactly, but only better and better as one approaches

infinity in the diagram.

Theorem 3 (Elliott). An approximate intertwining between the diagrams  (A)

and (B) induces a ^-isomorphism between A = lim Ai and B = lim B¡.

Proof. From the norm estimates in the definition of an approximate intertwin-

ing, it follows that

V,m{k),m{i)¡]°ai(x)-ako<p {¡)(x)\\<2
-1+2

xeU^(/M(Ä»)'
j<i

and

Il0»(*),n(/+I) ° £■(*) - ßk-l ° Vm{k-l),m(i)(X)\\ < 2'
-i+1

xeLk m{i),m(j)\    m(j)Gm(ñ)-
j<i

Therefore Lemma 1 can be applied to get approximately filtered »-homomor-

phisms a - lim a; : A —> B and ß = lim ßi. : B —> A . By using the original

estimates from the definition of an approximate intertwining it is easily seen

that q and ß are inverses of each other.   □

Lemma 4. Assume that the generating sets F¡ C A¡ and G¡ ç B¡ are all fi-

nite sets. Let a: A —> B be a ^isomorphism such that a and a~ both are

approximately filtered.

Then a is induced from an approximate intertwining of the sequences (A)

and (B).

Proof. Assume that a and ß = a~ are derived from the data indicated by

the following two diagrams:

'«(D A
n{2)

'"(3)
,n(4)

B
m(l)

B
m(2)

B
m(3)

B
m(4)
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and
Bk(i) Bk(2) Bk{3) Bk{4)

'/(l) x/(2) *'(3)
1l{4)

Let t., t2, t3,... be the sequence in ]0, 1[ determined recursively as follows:

', = 1/6   and   2tn+x+tn = l
(n+l)

n > 1.

We construct an approximate intertwining between (A) and (B), which can be

described schematically as follows:

'»(y,) ,«0'2)

i

Vy3)

I
2-z ^ 2-, ^^ 2-,

"*(*,) Ä*<*2) Ä*(*3> Ä*(*4>       ~*""'

where the »-homomorphisms a\ : A, > —> 5^., , are related to the a( 's by

(1 ) a' = "*<*»)> m(c,) ° act ° <¿«(c,), „(v,) . ' e N >

for some strictly increasing sequence {c¿} ç N with n(y¡) < n(ct) and w(c() <

k(x¡). Once this is done it follows from Lemma 1 that a = lim a' = lim a;,

so that a is the »-isomorphism induced by the constructed approximate inter-

twining.

The construction proceeds by induction. To construct a¿, set yx = 1  and

choose any ci £ N such that n(l) < n(cx) and

IK/4i)(*)) - ¿V,) ° \ ° ̂ (C,),»(i)(x)ll < h.

for x € F,X). This can be done by the definition of a = lim ai, since Fn(xx is

a finite set. Then we choose xx £ N such that m(cx) < k(xx) and set

ai = Vk(Xl).m(e.)
oa   o ó

C, Tn (c,),«(i)'

Now assume that we have constructed the following piece of an approximate

intertwining:

xn{y.

B,

x»(yrf)

B,

2"2        ^^2

'*(*,) Bk{x2) "k{xd)

such that di, i < d, have the form indicated by ( 1 ) and such that

(2) HpAn{y/Z)) - PÍ(cd) ° \ ° ^n{cd),n{y/Z)\\ < hi >
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for z 6 Md , where Md is the union of

U ^n{yd),n{ya)iFn{ya))
a<d

and

Uä-i°%,)WV
The induction step then proceeds as follows. Find b in N such that 1(b) >

n(yd), b > xd and

(3) Wß(4{xd)(y)) - 4b) ° h ° Vk{b),k{xdp)W < hd+i.

for y e Nd , where ^ is the union of \Ja<d Vk(Xll),k(x/Gk(a)) and a'd(Md) ■

This can be done by the definition of /? = lim /?., using that Á^ is a finite set.

Next find yd+x in N so large that

(4) ll^(yrf+1),/(*)^)IK^+l+ll^)WIU

for all z £ (ßbo Wk(b),k(xt) oa'd- ^i{b),n{yd))(Md) ■ This can be done because

H%>)(Z)H = ^-oo \\<i>nv),nb)(z)\\ for each z■

Set /?¿ = 4>n{yd+i),/(6)°ßb° Vk{b),k{xd) ■ For each x e Md ' we find the following

estimates, using first (4), then (3) and (1), and finally (2):

P>«>)-<V,+1MW(*)H

< hd+l + \\rf(b) ° ßb ° Vk{b),k{xd) ° a¿M - ^6) ° ¿/(A),BCy,)(*)ll

< 2/2rf+1 + HA o ßk(Xä) ° arf(x) - aí„w(Jc)||

= 2t2d+x + \\ß(pBm(Cd) o«Cj °<t>„(cä),n(y/x)) - rí(y/x)W

Now choose crf+1 > cd such that n(crf+1) > n(yd+x) and

(5) tóc*,')00^, °^(c¿+1),«(y,+ 1)(-X) - a^An{ydJx))\\ < hd+2>

for all x £ Md+X U ß'd(Nd) and then xd+1 so that k(xd+x) > m(cd+x) and

(6) \K{xd+l),m{cdJZ)\\<hd+2 + \\^m{cdJZ)h

for all z € (aCd+¡ o ^(Cd+iM(yd+i) ° ß'd - Wm{CMhkiXd)Wd).

Set ad+x = ^Urf+i),m(Cd+i) o af¿+| o ̂ W>B(W . Then we find the following

estimates for all x £ Nd , by using first (6), then (5) and (3):

W"d+i° ß'dW - Vk(xd+x),k{Xd)(X)W

< hd+2 + Il4(c,+I) ° Qc¿+I ° ̂ ,),.^l) ° /*>) - 4{X/X)W

< 2t2d+2 + HQ ° 4{yd+í) ° ^W - PBk(x/X)\\

< 2t2d+2 + 'M+l  < 2
(rf+1)
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This completes the induction step and hence the proof.   D

Lemma 5. Let a: A —> 5 be a ^-homomorphism and assume that the generating

subsets F¡ ç Ai are finite. Assume, furthermore, that for each i e N and each

e > 0, there is a k £ N and a *-homomorphism a¡ : Ai —> Bk such that

\\pkca¡(x)-aopf(x)\\<e,        xeF¡.

Then a is approximately filtered.

Proof. For each i £ N, the set F¡ = \Jj<¡■4>i ¡(F.) is finite. Our assumptions

are therefore strong enough to give us a strictly increasing sequence {k(i)} in

N and »-homomorphisms a¡ : Ai -* 5fc(;) such that

(7) \\pBk{l)oai(x)-aopf(x)\\ <2~',        X£F[.

We use this to construct by induction a strictly increasing sequence {m(i)}

in N and »-homomorphisms a¡: Ai -» Bm{¡,  such that m(i) > k(i),  a'¡ =

i"m(0,M0OQi'and

\\VmW),m[i) ° a'i(x) - a'i+l ° ¿/WH < 2"' + 2_,_1 > * e Fr

We leave the reader to start the induction and concentrate on the induction

step. So assume that m(i) and a'¡, i < d, have been found. (7) yields the

estimate

yf(Vi.m<noadW-v'i.k{d+i)oad+i01l>Ax))\\

= \\4{d) ° ad(x) - 4{d+D ° ad+i ° <Mx)ii
_ --d       ~-d-l j-,1
< 2     +2        ,        x £Fd,

for / = max{m(d), &(<i + 1)}. It follows that there is a m(d + 1) > / such that

II 1/m{d+l),m{d) ° QrfW - ^m(rf+l),ifc(d+l) ° ad+l ° <M*)H < ^ + 2"" "' ,

x £ Fd . Set a'd+x = Wm(d+\) k(d+i) ° ad+i ■ This completes the induction step.

By Lemma 1 we obtain a filtered »-homomorphism a = lim a¡. Since

'/   A,    ,, ,. B
a (M*)) = /i™ <"/*(/) ° a, ° ^i,k(x)

= £™4?(«)otW«,*(*)

and

ll^fti) ° Q< ° ̂ «.fcW -Q°^i °^i,*wii < 2"

x G /^ ,  /' > k, we conclude that a(pk(x)) = a o pk(x), x £ Fk, k £ N.

Hence a = a   and the proof is complete.   D
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Let f denote the class of C* -algebras A that meet the following conditions:

(i) A is finitely generated, and

(ii) when B = lim^ Bn is the inductive limit of a sequence of C*-algebras

Bn, pn: #„ —> B the canonical »-homomorphisms, a: A ^ B a »-homomor-

phism, F ç A a finite set and e > 0, then there is a k g N and a *-

homomorphism ß: A —► Bk such that \\pk o ß(x) - a(x)\\ < e, x £ F .

If all the C*-algebras in the sequence (A) are in the class W, the second

assumption of Lemma 5 is automatically fulfilled. So we get the following result.

Theorem 6.   (i) Assume that the C*-algebras occurring in the sequence (A) are

in W. Then every ^-homomorphism a: A —>B is approximately filtered.

(ii) Assume that the C*'-algebras occurring in the sequences (A) and (B)

are in W. Then any ^isomorphism a: A -* B is induced from an approximate

intertwining of the sequences (A) and (B).

Proof. Combine Lemma 4 and Lemma 5.    D

By modifying arguments from [2], it is not difficult to prove the following

assertions:

(a) C, C0(K), C(T), 0A £ W (where Oa are the Cuntz-Krieger algebras).

(b) When A , B £ W are unital, then A®B £W.

(c) When A £ & is unital and F is finite-dimensional, then A® F £W .

(d) When A, B £%' are unital and F ç A, F C B is a common unital

finite-dimensional C*-subalgebra, then (the amalgamated free product) A *F

B£&.

Furthermore, it is asy to show that W contains C[0, 1] and C*(Fn) for

all n. In particular, W contains all finite direct sums of circle and interval

algebras.
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