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ABSTRACT. We prove that the compact subsets of a Banach space X lie inside
ranges of X-valued measures if and only if X* can be embedded in an L!
space. In these spaces we prove that every compact is, in fact, a subset of a com-
pact range. We also prove that if every compact of X is a subset of the range
of an X-valued measure of bounded variation, then X is finite dimensional.
Thus we answer a question by R. Anantharaman and J. Diestel.

INTRODUCTION

In [AD] the authors proved that some Banach spaces have the property that
their compact sets are subsets of ranges of vector measures. They asked for a
characterization of these Banach spaces. We prove that they are those Banach
spaces whose dual can be embedded in an L! space. We also prove that in
these spaces every compact lies in the range of measure with compact range.
These two assertions are contained in Theorem 3.6, which is our main result.

Another natural question arises if we require these measures to have bounded
variation; that is, which Banach spaces have the property that every compact
subset lies in the range of a measure of bounded variation? We answer this
question in Theorem 2.1, only finite-dimensional Banach spaces have this prop-
erty. We use different approaches to answer these two questions, but they are
interchangeable (see Remark 3.7).

In §1 we introduce the notations and recall some results about ranges of
vector measures. Section 2 is devoted to proving Theorem 2.1. This is done by
studying the finite-dimensional quotient spaces of the Banach space having the
property required in the second question.

In §3 we give the answer to the question by Anantharaman and Diestel. First
let us note that this question remains equivalent if we substitute compact sets
by norm null sequences. That is the reason why we introduce the spaces R(X)
and R.(X) of sequences in a Banach space X lying inside the range of an
X-valued measure or of an X-valued measure with compact range. The study
of these spaces allows us to prove our main result. We complete this section
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with an example of a compact subset of the range of a measure that is not a
subset of any compact range.

1. NOTATIONS AND PRELIMINARIES

We use the classical notation in Banach space theory. We consider all Banach
space over real numbers. If X is a Banach space, X* denotes its dual space,
and By its closed unit ball. For a subset K of X, co(K) is the closed convex
hull of K. As usual co(X)(/;(X)) stands for the Banach space of norm null
sequences (absolutely convergent series) in X ; and /7 is R" equipped with the
norm ||-||,, 1 <p < oc. In this case By is its closed unit ball (B} = Byr).

We refer to [P] or [J] for the definition of the nuclear and p-summing norm
(1 £ p < ) of an operator T, denoted respectively by n(7T) and =n,(T). If
X and Y are Banach spaces, N(X, Y)(Il,(X, Y)) will be the space of nuclear
( p-summing) operators from X into Y.

We consider only countably additive measures defined on o¢-algebras. If X
is a o-algebra of subsets of a set 2, X is a Banach space, and u: £ — X is
such a measure, we denote by |u| the variation of u, which is an extended
positive measure; by tv(u) its total variation, that is, tv(u) = |u|(L2), and by
|||| its (total) semivariation:

llull = sup{|x™ o pu|(Q): x* € Bx-}.

If tv(u) < +o0, we say that u has bounded variation. The range of u is
denoted by rgu, thatis, rgu = {u(A4): A€ X}.

We need several known results providing us the existence of plenty of ranges
of measures. We summarize them in the next three propositions.

Proposition 1.1. If X is a Banach space and u is an X-valued measure, then
there exists an X-valued measure v such that co(rgu) = rgv . In this case, we
have ||u|| = ||v|| and tv(u) =tv(v).

This proposition is very useful in order to reduce the study of compact sets
lying inside ranges of measures to the case of null sequences; for the proof of
the existence of v see [DU, p. 279] or [KK, p. 128]. For the last assertion see
[R].

The next proposition can easily be proved using a direct sum of vector mea-
sures [KK, p. 35].

Proposition 1.2. Let X be a Banach space and (u,) a sequence of X-valued
measures. If 3 ||unll < +oo (resp. Y tv(u,) < +oc), then there exists an
X-valued measure u (resp. of bounded variation) such that

(a) rgp =Y 18 Mn = {357 Xn Xn € TEUn} .

(®) el < 2 lunll, tv(p) = 32tv(un) .

In particular, rgu, C rgu for every n.

If K is a compact Hausdorff space and 7: C(K) — X is a weakly compact
operator, then there is an X-valued measure v defined on the Borel subsets of
K representing the operator 7' [DU]. A consequence of the regularity of v is
that

co(rgr) ={T(f): feC(K), 0L f< 1},
and the closure of T'(B¢k)) is co(rgv—rgv). Then, by the last two propositions
and the properties of the representing measure, we have
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Proposition 1.3. If T: C(K) — X is a weakly compact operator, then there exists
an X-valued measure u such that

T(Bck)) =rtgp and ||u]| =2||T]].
If T is 1-summing, then u has bounded variation and tv(u) = 2m,(T).

Finally, we introduce a very special kind of ranges, which we call a countable
sum of segments. If 5" x, is an unconditionally convergent series in a Banach
X , it is known that for any bounded sequence of real numbers («,) the series
> anx, is also convergent, so we can define the sum of the segments [—x,, X,]
as

> [—%n, Xn] = {Eanx,,: (an) € o, [|(@n)l]oo < 1}.
n=1 n=1

This is a compact convex subset of X . The operator T: /,, — X defined by
T(a,) =Y anx, is weak*-weak continuous (here weak* means that we consider
I, as the dual of /;). T is a compact operator and we see

(1) Y [=%n, Xa] = T(By,,) = T(Bg,).
n=1

Then a countable sum of segments is the range of a measure (/, isa C(K)
space) with compact range. The next proposition shows that a subset of a
Banach space lies inside a countable sum of segments if and only if it lies inside
the range of a measure with (relatively) compact range. We will use this fact in
§3.

Proposition 1.4. Let X be a Banach space and u an X-valued measure with
relatively compact range. Then there exists an unconditionally convergent series
S~ x, in X such that

oo
rgu C Y [=Xn, Xn].
n=1
Proof. There exist a probability measure 4 and a compact operator 7: L°(1) —
X such that rgu C T(Br~) and T is weak*-weak continuous (i.e.. T*(X*) C
L'(4)) [DU, p. 263]. First we prove the following:

Claim. In the above conditions, given ¢ > 0, there exist m € N and two
operators R: [ — X and S: L*(1) — X satisfying

(@) T(BL=() C R(BZ) + S(Brow)) -

(b) S is weak*-weak continuous and compact.

(©) |IRII<IT|| and [|S|| <e.

T* is a compact operator, so there is a norm one projection P in L!(4),
which is a conditional expectation over a finite g-algebra, such that

|lv— Py|| <e forally e T*(Bx-).

That is, ||7* — PT*|| <e. Take S = (T* - PT*)* =T —TP*. Since T is
compact and weak*-weak continuous and P* is weak*-weak* continuous, we
have that S satisfies (b) and ||S|| < &. P* is the same conditional expectation
(taken in L>°()) and its range is a subspace Y of finite dimension m isometric
to /7 . Composing this isometry with 7|y we get an operator R: /22 — X such
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that ||R|| < ||T]|. Since R(B?) = T(By) and P* has norm one, the equality
T =S + TP* implies that (a) is satisfied. This proves the claim.

Let us write 7y = T and apply the claim for ¢ = gy = ||T||/2; then we
obtain m; € N and operators

Ri: 17" > X and S: L*(1)— X

satisfying (a), (b), and (c). Put 73 = S and apply again the claim to 7; for
€ =& = &2~!. An inductive procedure gives us a sequence (m,) of natural
numbers and two operator sequences R,: /7 — X, T,: L°(4) — X satisfying

(1) [IRnl| | Tn=rll, n=1,2, ...

(1) [|Tal| <NTH27", n=0,1,...3

(111) Tn(BL°°) - Rn+l(B<’>no") + Tn+1(BL°°) ,n=0,1,....

From (i) and (ii) we obtain

(2) D lIRAlI < 2Tl
n=1
And by (iii) and (ii) we have for every n

n n
(3)  T(Bi=)C Y Re(BM)+ Tu(Bre) C Y Re(B™)+||T|I27"By.
k=1 k=1

We can consider the sequence (/7+) placed pairwise disjointly in ¢, (take a
sequence (A,) of disjoint subsets of N with |4,| = m, and consider /7'» as
the subspace generated by {e;: j € 4,}, where {e;: j € N} is the canonical
basis of ¢y). Let P,: co — [ be the natural projection and take U, = R, P, .
By (2) we can define a compact operator U: ¢ — X as U =3,2, U,. Since
the /7~ are placed disjointly, for every n and every z in Y ;_, Ry (B7¥), there
exists y € B, such that Uy = z. Then by (3) we obtain

rgu C T(Br~) C U(Bg,)-

Taking x, = Ue, the proposition follows.

2. COMPACT SETS IN RANGES OF MEASURES OF BOUNDED VARIATION

We devote this section to prove that every compact set of a given Banach
space X lies inside the range of an X-valued measure of bounded variation if
and only if X is finite dimensional. Since the “if” part is obvious, it suffices to
prove the “only if” part, which is Theorem 2.1. In the proof of this theorem it
is given (Lemma 2.2) a lower bound of the total variation of a measure valued
in a finite-dimensional Banach space and containing the unit ball in its range.

Theorem 2.1. Let X be a Banach space. If every compact subset of X lies
inside the range of an X-valued measure of bounded variation, then X is finite
dimensional.

Proof. First let us establish the following:

Claim. Under the hypothesis of the theorem, there exists a constant ¢ > 0 such
that every finite subset of By lies inside the range of a measure u with total
variation tv(u) <c.
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If the claim were false, there would exist a sequence (F,) of finite subsets of
By such that for every n the condition F, C rgu would imply tv(u) > n?.
Being the set K = J;7, %F,, relatively compact (it is a null sequence); there is
a measure of bounded variation u with K C rgu. Thus F, C rgnu and this
would yield tv(u) > n for every n, a contradiction with the fact that u has
bounded variation.

In order to finish the proof we need the following lemma.

Lemma 2.2. Let E be a finite-dimensional Banach space. If 6 € (0, 1) and
u: (£, Q) — E is a measure such that for every x € Sg there exists A € X with
|lu(4) — x[| < &, then

tv(u) > (1 -98)m(Ig+) > (1 — J)+/dim(E).

End of the proof of Theorem 2.1. Let X be an infinite-dimensional Banach
space, and let Y be a closed subspace of finite codimension n. We can take a
finite subset H of the open unit ball of E = X/Y such that dg(x, H) < % for
every x € Sg. If O: X — E is the quotient map, we can find a finite subset
J of By such that Q(J) = H. If u is an X-valued measure with J C rgu,
then Qo u is an E-valued measure with H C rg(Q o ). From Lemma 2.2 it
follows that tv(u) > tv(Qou) > 1\/n. As n was arbitrary, X cannot satisfy
the claim and the thoerem follows.

Proof of Lemma 2.2. The hypothesis of the lemma imply that for every x* € E*
we have

(4) sup{(x™, u(4)): 4 € X} > (1 -9)||x"||.

Let f be the Radon-Nikodym derivative of u with respect to its variation
|4] . We know that ||f(w)|| =1 |u|-almost everywhere, so

(5) [|x* o fllLeoquy < lIx*|| forall x* € E*.
By (4) we also have

6 (1-0)x"|l <sup { [ ot ae 2} < 11x* o Al Ligu-

Let F be the space F = {x*o f: x* € E*}. Let us write F, and F,
when we consider in F the norms in L*°(|u|) and in L!'(|u|) respectively.
Inequalities (5) and (6) allow us to define two operators 7: E* — F,, and
S: Fy - E* as Tx* =x*o f and S(x*o f) = x* for all x* € E*. We have
IIT]| <1 and ||S]| < (1 —6)~!. Now we consider the identity map R from
F. into F;. We have Ig. = So Ro T . From the easy part of the “Pietsch
Factorization Theorem” for 1-summing operators, we obtain 7;(R) < tv(u)
and the first inequality follows from the ideal property of Il;. The second
inequality is classical: 7;(Ig.) > my(Eg-) = y/dim(E) (see, for instance, [P,
Chapter 1]).

When we use Lemma 2.2 to prove the Theorem we apply it to the finite-
dimensional quotients of X . Since we allow the measures to be X-valued,
we cannot apply it to a finite-dimensional subspace E of X . Moreover, as
we show in the next example, there are measures of bounded variation whose
ranges contain the unit ball of infinite-dimensional subspaces. The key is that
there are quotient maps that are 1-summing, in contradiction to the fact that an




510 C. PINEIRO AND L. RODRIGUEZ-PIAZZA

embedding is 1-summing only if it has a finite rank, whose quantitative version
we have used.

Example 2.3. An /,-valued measure of bounded variation whose range contains
the unit ball of an infinite-dimensional subspace.

Let Y be a subspace of /., isometric to /,, and consider a quotient map
Q: I} = Y. Q is abounded operator such that By C Q(B;). Since Q is
an operator from an L!-space into a Hilbert space, it follows that Q is 1-
summing thanks to Grothendieck’s Theorem [P, Theorem 5.12]. By Pietsch’s
Factorization Theorem [P, Theorem 1.3] there exist a compact space K, a
Radon probability A on K, a closed subspace F of C(K), and continuous

g1
operators R: /; = F and S: F ra_, Y such that

IRII=1,  [IS|l=m(Q), and Q=SojlroR,
where j: C(K) — L!(A) is the natural inclusion. This implies By C Soj|r(BF).
Thanks to the “extension property” of [, we can extend S to L!(4). That
is, there exists S: L'(4) — Il such that S|lr, = S, where F, = FX'O | The
composition T = S o j provides us a 1-summing operator (j is 1-summing)

such that By C T(Bc¢()). By Proposition 1.3 there is an /.-valued measure
of bounded variation u such that By Crgu.

3. THE sPACES R(X) AND R/ (X). THE MAIN RESULT

Since every norm compact subset of a Banach space is contained in the closed
convex hull of a norm null sequence [D, p. 3], it follows from Proposition 1.1
that the two following statements are equivalent:

(i) Every compact subset of X lies inside the range of an X-valued measure.

(i) Every norm null sequence in X lies inside the range of an X-valued
measure.

In this section it is proved that X satisfies the statements (i), (ii) if and only
if X* is isomorphic to a subspace of an L! space.

We denote by R(X) the vector space of all sequences (x,) in X so that
there exists an X-valued measure u satisfying

(7 {xn: ne N} Crgu.

If (x,) belongs to R(X), we put ||(xn)||; = inf||u||, where the infimum is
taken over all vector measures x4 admissible in (7). Obviously, we have

(8) [1(xn)lloo < [I(xn)llr  for all (x») € R(X)
Thus statement (i) is equivalent to the next one: ¢y(X) is contained in R(X).

Proposition 3.1. (a) (R(X), ||-]||-) is a Banach space.

(b) ¢o(X) is contained in R(X) if and only if there exists a constant ¢ > 0
such that ||(xa)|lr < cl|(xn)lloo Sfor all sequences (x,) that contain only finitely
many nonzero terms.

Proof. We omit the straightforward verifications of statement (a) and make only
a remark on the completeness assertion. To this end, it suffices to prove that
any absolutely summable series in R(X) is convergent, and this follows easily
using Proposition 1.2.
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The statement (b) is an obvious consequence of inequality (8), the Open
Mapping Theorem, and the density in ¢y(X) of the sequences (x,) with only
finitely many nonzero terms.

Remark 3.2. From Proposition 3.1(b) it follows that c¢o(X) is contained in
R(X) if and only if there exists a constant ¢ > 0 such that the following is
true: for every finite subset H of By there is an X-valued measure u so that
HCrgyu and ||u|| <c.

The next lemma contains some properties of Banach spaces X satisfying the
condition ¢y(X) C R(X).

Lemma 3.3. (a) c¢q(L>®(A)) C R(L*®(4)) for every extended positive measure A .

(b) If co(X) C R(X), then co(Z) C R(Z) for every quotient Z of X .

(c) If co(X**) C R(X**), then co(X) C R(X).

Proof. (a) Let H C By be a finite set. Given ¢ > 0, there exist a finite-
dimensional subspace Y of X and T: /% — Y sothat HC Y, ||[T7!||=1,
and ||T||<1+¢. As H C T(B%), by Proposition 1.3 there exists a Y-valued
measure 4 so that

Hcrgp and |ju|l <2(1+¢).

(b) Let Y be a closed subspace of X . By Remark 3.2, there is a constant
¢ > 0 such that every finite subset of By lies inside the range of an X-valued
measure y with ||| <c. Given ¢ >0,if H={X;, ..., X,} is a finite subset
of the closed unit ball of X/Y , we can choose x; € X; so that ||x;|| < 1+¢ for
all i<n.Let u bean X-valued measure such that

{xi}joy crgu and ||u|[ < (1+é)c.

If p: X — X/Y is the canonical surjection, u; = ¢ o u is an X/Y-valued
measure for which we have

Hcrgpr and |[u|| < (1+é)c.

(c) Again by the above remark there exists a constant ¢ > 0 so that every
finite subset H C By-- lies inside the range of an X**-valued measure u for
which

Hcrguy and ||yl <c.

So, if {x;}7_, is a finite subset of By, there is an X**-valued measure u such
that {x;}’., Crgu and ||u|| < c. Choose A; so that x; = u(4;), and consider
the o-field Xy generated by {4,, ..., 4,} on Q. Let u be the restriction of
U to Xy, and Y be the finite-dimensional linear span of rg x ; by the “principle
of Local Reflexivity” ([De] or [P, p. 6]), given & > 0, there exists a one-to-one
operator 7: Y — X with Tx =x forall xe XnY,and ||T||<1+¢. Thus
u1 = Topu is an X-valued measure for which we have {x;}, C rgu; and
1]l € (1 +¢)c. The lemma follows from Remark 3.2.

Next we are going to consider sequences in X that lie inside the range of a
vector measure with relatively compact range. We denote by R.(X) the vector
space of all such sequences (x,) in X. By Proposition 1.4, if (x,) belongs
to R.(X), there exists an unconditionally convergent series >y, satisfying
Xn € Y.[=yk, yi] for all n. Recall that > [y, yx] is the range of a vector
measure u for which

el < zsup{Zuyk, XY xt e Bx-}-

k=1
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If (x,) belongs to R.(X), we set

9) 1) lre = infsup{z (k> X*)|: x* € BX.},

k=1

the infimum being taken over all u.c. series Y_ y; such that {x,} is contained
in Y[V, yi]. Obviously, we have

(10) 1Gen)lloo < 1(Xn)llr < 2[(xn)llre  for all (xn) € Re(X).

Proposition 3.4. (a) (R.(X), || *||r) is a Banach space.

(b) co(X) is contained in R.(X) if and only if there is a constant ¢ > 0 such
that ||(xn)|lre < c||(Xn)||oo for all sequences (x,) that contain only finitely many
nonzero terms.

(c) If (x;) is a sequencein X* for which the operator T: x € X — ({x, x)) €
ly is 1-summing, then the linear form ¢ defined by

o0
9 (Xn) € Re(X) = ) (xn, x;) €R
n=1
is well defined and continuous.
Proof. Again the completeness of R.(X) is proved showing that any absolutely
summable series in R:(X) is convergent. Then (a) and (b) follow easily as in
Proposition 3.1.

(c) Let (x,) be a sequence belonging to R.(X). Choose an u.c. series )y
so that

{xp: ne N} C {Zakyk: log| < 1}.
k=1
Then we have

S x5 < S S 10k 01 = S x0)all
n=1 n=1 k=1 k=1

< m(T) sup{2|<yk,x*>|: x € By .

k=1
Hence ¢ is well defined and continuous since

o, x| < T (TI(Xn))re-

Remark 3.5. From Proposition 3.4(b) it follows that cy(X) is contained in
R.(X) if and only if there exists a constant ¢ > 0 such that the following is
true: for every finite subset H of By, there is a finite subset {y;, ..., y,} of
X so that

n
(11) HC{Ea;y,-: |ai|§l} and sup{2|y,, Mo x* eBx}gc.

i=1 i=1

It can be proved that the linear form defined in Proposition 3.4(c) is also
continuous on R(X). Since we need only the continuity on R.(X), we do not
include the larger proof of this fact. Now we are ready for the main theorem.
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Theorem 3.6. Let X be a Banach space. The following statements are equivalent:
(a) Every norm compact subset of X lies inside the range of an X-valued
measure.
(b) co(X) C R(X).
(¢) co(X) C Re(X).
(@) (X, h)=N(X, hL).
(€) X* is isomorphic to a subspace of an L' space.

Proof. We already know that (a) and (b) are equivalent.
(b) = (c). By Remark 3.2, there is a constant ¢ > 0 such that, for every finite
subset {x,, ..., x,} of By, there exists an X-valued measure u satisfying

{xi}i_y Crgu and |yl <ec.

Choose A; such that x; = u( ;) and consider the o-field X, generated by
{41,...,4,} on Q. If E,, ..., E, are the atoms of Xy, we put y; = u(E;)
for j S m . Let us note that

m
{xi}ii; € {Zajyji laj| < 1}

Jj=1

and

sup{Zm, ) x* eBx}snunsa

Hence (c) follows from Remark 3.5.
(c) = (d). From (10) and the Open Mapping Theorem it follows that there
is a constant ¢ > 0 so that

(12) 1(xn)llre < €ll(Xn)lloo  for all (xn) € co(X).

If T: X — /; is a 1-summing operator, then Tx = ({x, x;;)) for a suitable
sequence (x;) in X*, and by Proposition 3.4(c), the linear form

9: (xn) € Re( an,

is continuous. From (12) it follows that the restriction map of ¢ to co(X)
is also continuous; so ¢ belongs to /;(X*), the dual space of ¢y(X). Then
S l|1xxll < +oco and this proves that T is nuclear.

(d) = (e). J. Lindenstrauss and A. Pelczynski [LP] proved that a Banach
space X is isomorphic to a subspace of an L' space if and only if there exists
a constant ¢ > 0 such that the following is true: If H and G are finite subsets
of X so that

>, xH <Dy, x| forall x* € X*,

xX€EH YEG

then 3 oy lIxXll S cpeq Il
We also recall that the Banach spaces N(X, /;) and /,(X*) are isometric [J,
1.15]). Assume that (d) holds; then there exists a constant ¢ > 0 such that

(13) n(T)<cm(T) forall Te N(X, [,).
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If {x}}., and {y;}7L, are finite subsets of X™* so that
m
(14) Zl(x}*,x Z (v, x**)| forall x** € X**,

we can define two linear operators 7 and S from X into /; by
n m
Tx = Z(x, x;)ei and Sx = Z(x s Vie;

i=1 j=1

for all x € X, where {e;: i € N} is the unit basis of /;. From (14) it follows
that 7,(T) < m;(S). This and (13) yields

n(T) < cm(T) < cmy(S) < cn(S);

but n(T) = 30, [|xf]| and n(S) = 72, ||y}ll, so the implication follows by
the Lindenstrauss—-Pelczynski characterization.

(e) = (b). If X* is isomorphic to a subspace of an L! space, then X** is
isomorphic to a quotient of an L* space. Lemma 3.3 assures us that co(X) C
R(X).

Remark 3.7. In order to prove Theorem 3.6 we introduced the space R(X).
We could have done the same for proving Theorem 2.1 introducing the analo-
gous space R,,(X) of sequences in X lying in ranges of measures of bounded
variation. In this case we would see that every unconditionally convergent se-
ries Y x; in X* defines (as in Proposition 3.4(c)) a continuous linear form
in Ry, (X); so dualizing the condition ¢y(X) C Rp,(X) we would obtain that
every unconditionally convergent series in X* is absolutely convergent and, by
Dvorestky—-Rogers Theorem, X* is finite dimensional.

Conversley, the implication (a) = (e) of Theorem 3.6 could be proved using
the methods intorduced in §2; we would prove, via an analogous claim to that in
Theorem 2.1, that every finite-dimensional quotient of X is C-isomorphic to
a quotient of L>° ( C is an absolute constant). Then, every finite-dimensional
subspace of X* is C-isomorphic to a subspace of L!, implying (see [LP]) that
X* can be embedded isomorphically in an L' space.

In Theorem 3.6 we proved that for a Banach space the statements “every null
sequence lies inside the range of a measure” and “every null sequence lies in a
countable sum of segments” are equivalent. The next example shows that this
equivalence is not true for isolated null sequences and proves, by Proposition
1.4, that not every compact subset of the range of a measure is a subset of a
compact range.

Example 3.8. There exists a null sequence in L'[0, 1] that lies in the range of
a measure but not in any countable sum of segments.

Proof. We know that the unit ball of L? is the range of an L2-valued measure
(see [AD] or [R]), so it is also the range of an L!'-valued measure. For n € N
and 1 <k<nlet f, , be

fn,k = \/ZX[ =

B

Since || fy kllz2 =1 and ||fy «llpr = 1/V/n, the sequence (fy k)nen,1<k<n iS @
null sequence in L!, which is contained in the range of an L'-valued measure.
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We are going to prove that this sequence is not contained in any countable sum
of segments; in order to do this we need the following lemma.

Lemma 3.9. Let Y x, be an unconditionally convergent series in L'. Then
there exists a compact operator T: |, — L' such that

> [=xn, xa] C T(By,).

n=1

Before proving the lemma we continue the proof of the example. By the
lemma it is enough to prove that if T: /, —» L! is an operator such that f, , €
T(B,) for neN and k=1,...,n, then T is not compact; this is done by
using volume arguments.

If T were compact, there would be a natural number N such that 7T'(B,,)
could be covered by N balls of radius % . If Y, is the subspace of L! generated
by (fu,k)i_,, it is easy to see that there is a norm one projection P,: L' — Y, .
So P,T(By,) could be covered by N balls of radius % centered in points of Y, .
There is an isometry from Y, onto /!' that maps each f, i to ex/v/n ((ex);_,
is the natural basis of /]'). So, we can suppose that we are in R” and we can
use the n-dimensional volume vol, (the Lebesgue measure in R”) to estimate
N below. Taking quotient over the kernel of P,T , we obtain an n-dimensional
Hilbert space and thus P,T(B;,) = S(Bj) for a certain operator S: I — II'. If

S(B}) can be covered by N translates of %B{' , we have

1 N
(15) vol,(S(B3)) < Nvol, <§B{’) = 2—,,V01n(31")-
The following estimates are easy to prove
2n 2n
vol,(Bf) = — and vol,(By) >

n! ek
Regarding S as a n x n-matrix, we get from these estimates and (15)
2"vol,(S(B}))  2"|detS|vol,(BY})
> =
(16) = vol,(BY) vol,(B7)

Since ¢, € S(v/nBY), it follows that ||[S~lell; < vn for k =1,...,n.
Thus the Hilbert-Schmidt norm of S~! is

n 1/2
||S-'||Hs=(2||s-'ek||%) <n.
k=1

> 2"Vn!|det S|.

This implies
(detS™")? =det((S™1)"S™") < (Ftr((S71)* ST = (RIS~ |Irs)” < "

Using that e"n! > n", this last estimate and (16), we obtain

1 2\"
N >2"Vn!|detS| > 2"\/@/7 > (%> .

This leads to a contradiction, since the last inequality should be true for every
n.
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Proof of Lemma 3.9. We know that there is a compact operator S: ¢y — L!
such that

(17) S (% %] = SBo)
n=1

We are going to prove that S factors compactly through /, . For every subset
A CN let P4 be the natural projection of ¢ (/) onto /4 (/3'), the subspace
generated by {e;: j € A}, and let i, denote the natural inclusions. Since S is
compact, we can produce a disjoint sequence (A4,) of finite subset of N such
that

|J4n =N and |[|Si4,||<47"||S|| forn=0,1,....
1

Being /4» a C(K) space and L! a cotype 2 space, there exists an absolute
constant ¢ such thaet my(Si4,) < c||Si4,|| < c47"||S|| [P, Theorem 5.14]. This
implies a factorization through /" ; that is, there exist a,: 4 — L and
Bn: l;‘" — L! such that Siy, = Bna, and ||axl|||Bnl] < c47"||S||. One can
arrange it in such a way that ||a,|| < 27" and ||B.|| < c||S||27". We can now
defined two compact operators a: ¢g — l, and T: [, —» L! as

a = i iAna,,PAn and T = iﬂnPAn-

n=1 n=1

It is easy to see that S = T, and since ||a|| <1 we have

S(Bg) = Toa(B) C T(By,) =T(By).
The lemma follows by (17).

Remark. The sequence given in Example 3.8 also worksin LP[0, 1], 1 <p < 2.
It is not possible to construct an example like this in every Banach space failing
Theorem 3.6; since, for instance, every measure valued in /,, 1 < p < 2, has
relatively compact range.
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