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BLOCKS OF SMALL DEFECT

ALBERTO ESPUELAS AND GABRIEL NAVARRO

(Communicated by Warren J. Wong)

ABSTRACT. A group of odd order G with O,(G) =1 has a block of defect less
than [n/2], where p" = |G|, . In addition, if G is supersolvable by nilpotent,
G has a block of defect zero.

1. INTRODUCTION

It is an interesting problem to give necessary and sufficient conditions for
the existence of p-blocks of defect zero. If a finite group G has a block of
defect zero, it is well known that O,(G) = 1, although, of course, this is not a
sufficient condition. Ito proved [3, X.6.5] that if G is a nilpotent by nilpotent
group of odd order, then G has a block of defect zero iff 0,(G) =1.

Recent results on regular orbit theorems have associated conditions for the
existence of blocks of defect zero [1]. For groups of odd order, with 0,(G) =1,
the exceptions are essentially nilpotent by supersolvable as Theorem 1 of [1]
shows us. ,

In general, we try to find the smallest defect d(B) of a block B of G. This
is given in Theorem A below.

Theorem A. Let G be a (solvable) group of odd order such that O,(G) =1 and
|G|, = p™. Then G contains a p-block B such that d(B) < [n/2]. The bound
is best possible.

It is not true in general that there exists a block B with d(B) < [n/2], as
G=A4; (p=2) shows us.

By work of Michler and Willems [7, 8] every simple group except possibly the
alternating group has a block of defect zero for p > 5. Perhaps the following
has an affirmative answer.

Question. If G is a finite group with 0,(G) =1, p > 5, and |G|, = p", does
G contain a block of defect less than [n/2]?

If F is the class of supersolvable by nilpotent groups, we can prove the
following,.
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Theorem B. Let G € & with |G| odd. Then G has a p-defect zero character
if and only if O0,(G)=1.

2. BLOCKS OF DEFECT LESS THAN [n/2]

The next lemma is a key tool for proving Theorem A. We denote by F(G)
the Fitting subgroup of the group G.

2.1. Lemma. Let G be a group of odd order and let V be a faithful and irre-
ducible KG module, char(K) being odd. Then there exists a normal subgroup
H of G (possibly H = 1) and a vector v € V such that: Cs(v)* C H— F(H)
and H/F (H) is abelian.

Proof. See the proof of Theorem 3.1 of [2].

Theorem A. Let G be a (solvable) group of odd order such that O,(G) =1 and
|G|p = p™. Then G contains a p-block B such that d(B) < [n/2]. The bound
is best possible.

Proof. Induction on |G|. Consider G = G/®(G). As F(G/®(G)) = F(G)/
®(G), we have that 0,(G) =1 and |G|, = |G|, . If ®(G) # 1, then the result
is true for G. Let B be a p-block of G such that d(B) < [n/2]. By Lemma
V.4.3. of [3], there exists a p-block B of G such that d(B) = d(B). Hence
we may assume that ®(G) = 1.

Now, V = Irr(F(G)) is a faithful and completely reducible G/F(G)-module
(over different fields, possibly).

Put V=V,®&---®&V,, where each V; is an irreducible G-module.

Define K; = Cs(V;), G; = G/K; and use the bar convention. By the lemma
above, there exists a normal subgroup H; of G containing K; and an element
Ai € V; such that Cg,(4;)* C H; — F(H;). Furthermore, H;/F(H,) is abelian.

Consider A =4y x---x 4, and put C = Cg(4).

We may view G/F(G) as a subgroup of Gj x ---x G,. This shows that C C
F;(G) and C N F,(G) = F(G), where, as usual, F\(G) = F(G), Fi(G)/Fi—(G)
= F(G/Fi-1(G)).

We consider separately two cases.

(1) |Cl, <1Gl,'".

Take y € Irr(G) lying over A and let B be the p-block of G contain-
ing x. As F(G) is a p’-group, Lemma V.2.3 of [3] shows that every irre-
ducible character ¥ in B has A as an irreducible constituent. Now (1), >
|G : Ie(A)l, > 1Gl,""2.

The result follows.

(2) ICl, > |Gl

Now |F3(G)/F(G)l, > |Gl," .

Let P/F,(G) be a Sylow p-subgroup of F3(G)/F,(G). Where Y =
0, (F(G/F(G)), observe that W = Irr(Y/®(Y)) is a faithful and completely
reducible P/F,(G)-module.

By Gow’s regular orbit theorem [4, 2.6], we have u € W such that Cp(u) =
F>(G). We may view u as a character of the preimage X of Y in G. Observe
that X is a p’-group. Take yx € Irr(G) lying over u. Now x lies over an ir-
reducible character y of P lying over u. Clearly, (1), > |F3(G)/F2(G)|p >
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|G|p'/2. As P is normal in G, we have x(1), > w(1),. Now the same argu-
ment as in case (1) completes the proof.

To show that the bound is best possible, consider two odd primes p and ¢
such that g =1 (mod p). Now (¢ —1)/g—1 isoddand (¢ -1)/g—1), =p.
Now C, x GF(gqP)* acts on GF(q?)*, C, acting as a Galois automorphism.
Thus H = Cp x Cigo_y/g—1y actson V =Cy; x---x C, (p times) and V' does
not contain any regular H-orbit. Consider X = H x V' and let G be the direct
product of m copies of X . Then, if x € Irr(G), we have x(1), < p™. Thus
d(B) > m for any p-block of G and |G|, = p*™.

3. SUPERSOLVABLE BY NILPOTENT GROUPS

We need a regular orbit theorem for proving Theorem B. It is a slight gener-
alization of [4, 2.6]

3.1. Theorem. Let G be a group of odd order and let V be a faithful irreducible
K G-module, where K is a field of odd characteristic q. Assume that G is p-
nilpotent for some prime p # q and that

Vo, =Vi®---eV,

where each V; is a 1-dimensional KOy (G)-module. Then there exists v € V
such that Cg(v) =1.

Proof. We induct on |G]|.

Write H = O,/(G). We claim that Vy is not homogeneous. Let W be an
irreducible submodule of Vy andlet I = {ge€ G| Wg = W as KH-modules}.
By hypothesis, dimxy W = 1.

If I =G, then W is a faithful 1-dimensional KH-module and V is KH-
homogeneous.

A well-known argument implies that H is contained in Z(G). Then G is
nilpotent and since V is faithful, ¢ does not divide |G|. Now, Gow’s regular
orbit theorem [4. 2.6] gives us v € V' such that Cg(v) =1.

Thus, we may assume that Vy is not homogeneous. Then, we may find
a normal subgroup N of G of index p and an irreducible K N-module U
with U = V such that W is an irreducible submodule of Uy . By Clifford’s
theorem, we may apply induction to N and find # € U such that

Cn(u) = Cn(U).

If x1,...,xp, is aset of coset representatives of N in G, by using the facts
that nu # —u Vn € N (because gq and |G| are odd) and that core g(Cn(u)) =
Cg(V) =1, it can be checked that Cs(v) = 1, where

This finishes the proof of the theorem.

Recall that a group G has a p-block of defect zero if it has an irreducible
character x with x(1), =G|, .

3.2. Lemma. (a) Let H be a subgroup of G and let u € Irr(H), with u¢ =
% € t1(G). Then x(1), = |Gl, if and only if u(1), = |H|,.
(b) Let N be a normal subgroup of G, let 6 € Irt(N) and let x € Irr(G| 6).
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If x(1)p =G|, , then 6(1), = |N|,. Conversely, if 8(1), = |N|,, and |G : N|
is a p'-number, then x(1), =|G|,.
Proof. (a) Since |G : H|u(1) = x(1), we have that

|Glp/x(1)p = |H|p/1(1)p.

(b) By (a) and the Clifford correspondence, we may assume that yy = uf,
for some integer u. Thus |G|, = u,0(1),.

We know that 6(1), divides |N|,, and that u, divides |G/N|, [6, 11.29].
Since |G/N|,|N|, = |G|, , necessarily, we will have

4p=|G/N|, and 6(1),=|Nl,.

Conversely, suppose that 6(1), = |N|,, and that |G : N| is a p’-number.
Let T = I(0), let u € Irr( T) the Clifford correspondent of ¥ over 6, and
write uy = v0, for some integer v. Then v is a p’-number,

u(l)p =06(1), =|Nl|p =1Tlp,
and by (a) the proof is complete. Now we can prove Theorem B.

Theorem B. Let G € & with |G| odd. Then G has a p-defect zero character
ifand only if O,(G)=1.

Proof. If x € Irr(G) with x(1), =|G|,, let 6 be an irreducible constituent of
Xo0,(G) - By part (b) of the lemma above, 6(1) = O,(G), and thus G,(G) = 1.

Suppose that G € & with |G| odd. We prove that G has a p-defect zero
character by induction on |G].

Let N be a normal supersolvable subgroup of G such that G/N is nilpotent.
Let P be a Sylow p-subgroup of G and let F = F(G) be the Fitting subgroup
of G.

First we prove that G/N is a p-group. Since G/N is nilpotent, PN is a
normal subgroup of G. Since O,(PN) = 1, by induction and the lemma, we
may assume that PN =G.

We claim that G is p-nilpotent with O, (G) supersolvable. Let H be a
Hall p’-subgroup of G. Since G/N isa p-group, H is contained in N . Since
N is supersolvable, N/F(N) is abelian. But F(N) is a p’-group, because
O,(F(N))=1.Thus F(INCHCN.

This implies that H is normal in G, as wanted.

Now, since F/®(G) = F(G/P(G)), Op(G/P(G)) = 1, and we may assume
that ®(G) = 1.

Write F = E| x --- x E;, where the E;’s are minimal normal subgroups of
G.

If E is any normal subgroup of G contained in F, we claim that there
exists A € Irr(E) such that Ig(4) = C = Cg(E).

Suppose that |E| is a g-power, for a prime g . Observe that E C H . Since
H is supersolvable, by Clifford’s theorem Ep is a direct sum of 1-dimensional
K E-submodules, and so it is Eyc/c, K = GF(q).

Let £ =Irr( E). Then E is a faithful irreducible K[G/C]-module.

Since Exc/c = X1 ®--- @ X, , where the X;’s are 1-dimensional K[HC/C]-
submodules, it follows that

Encic=X1o---0X,,
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where :Y\, = Irr(X;) is a 1-dimensional irreducible K[HC/C}-module. By
Theorem 3.1 above, the claim is proved.
Now, let A; € Irr(E;) such that I(4;) = Cg(E;), and let

A=A X - X A

Then
Io)= [\ Co(E)=Co(F)=F.

i=1,..,s

Thus AS € Irr(G), A% has p-defect zero and the proof is complete.
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