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THE SECOND CENTRAL MOMENT OF ADDITIVE FUNCTIONS

JUNGSEOB LEE

(Communicated by William Adams)

Abstract. We prove that the best constant in the Turán-Kubilius inequality

for additive functions is 3/2 in any sufficiently large range.

1. The result

A complex-valued function f defined on the positive integers is called ad-

ditive if f(mn) = f(m) + f(n) for any coprimes m and n . For any additive

function / and any real number x > 2, we define

p"<x     y x y/

and

D(f,x)=[ ¿2 \f(pa\\2
1/2

\Pa<x

Pa

Here and throughout pa denote powers of primes p . We also define

:i.i)

and

r(f,x) =
1

xD(f, xY
Y,\f(n)-A(f,x)\2
n<x

t(x) = sup z(f, x),

where the supremum is taken over all the additive functions such that D(f, x) >

0. The celebrated Turán-Kubilius inequality asserts that t(x) is bounded, and

to find the best bound has been a persistent problem for a long period of time.

Since Kubilius [5, 6] proved that z(x) = 3/2 + 0(log~1/2 x) (see Hildebrand [3]
and Stein [8] for independent proofs of similar results and Elliott [2] for a com-

prehensive discussion on the subject), it has been questioned if 3/2 really is the

best constant in the Turán-Kubilius inequality. Subsequently Lee [7] proved

that this is the case for strongly additive functions and all sufficiently large x

by elaborating on Kubilius's argument. In this paper we generalize this result

to additive functions. More precisely, we prove the following result.
-
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Theorem. There exists absolute positive constants c and d such that

3        c 3       d

2     logx 2     log*

yör a// sufficiently large x. Moreover this holds for any d < 0.644....

Remarks. The constants c and d in the theorem can be calculated explicitly,

but we will not pursue their values in this note. It is sometimes useful in

number theory to assert the Turán-Kubilius inequality with A(f, x) replaced

by A\(f, x) — YJpa<xf(pa)/pa ■ We should note that the whole argument in

this paper holds with-a slight modification and the theorem is still true for r(x)

with Ai(f, x) in place of A(f, x).
As usual, we let [u] denote the largest integer not exceeding the real number

u and let {«} be the fractional part of u, {u} = « — [«]. For any real number

u jt 0, the fractional part of x/u is denoted by px(u) or simply by p(u).

Generally pa and qb denote powers of primes. We write pa\\n when pa

divides n but pa+l does not.

For the proof of the theorem, first we need to obtain a new representation

for x(f, x) defined in (1.1). Throughout the proof we will assume that x is

an integer, since we may do so. Observe that the additivity of / yields

£/(«)= E/^E1
n<x P"<x

(1.2)

n<x
Pa\\n

p"<x Xly   J        Ly        J/

We also observe that

(1.3)

Ei/(«)i2=Ei/(^)i2E1+ E /ipa)/(<?6)  E  l
n<x p"<x "<x p"qb<x

Pa\\n Pjtq

n<x

= El/(^)l2([^l    f¿rl)
na<Y- \\-f    1 Lf J/p"<x

E f(pa)f(pb)
pa+b<x

IP«

X

IPa+b

+ E f(pa)f(Qb)
paqb<x

X

-,anb

1ÍJ+A+1

ia+1 nb

+
na+b+2

paqo1 Vpa+lq

x(pa) = D(f,xriP-a'2f(pa)

paqb+i

)

+
pa+lqb+l

We put

(1.4)

so that

P"<x

By squaring out the right-hand side of (1.1) and using (1.2), (1.3) along with

the normalization (1.4), we obtain

x(f,x) = P-Q,



THE SECOND CENTRAL MOMENT OF ADDITIVE FUNCTIONS 889

where

P = Í E^<x(I^l - [^t]KI^(^û)I2 - Ep^<x ̂ ^(i - })2

+i E^»<x(/'(pa+*)-2p(Pa+&+1)+/'(P<2+fc+2))JPû/2JP6/2^(Pû)^(JP*) ;

ß = Ep.,tfKXc(pa,9*)x(>'l)x(^);

c = Ci + c2 - c3 - c4 - c5 + c6 - c7 - c8 - c9 ;

c(pfl   qb) = { P~al2Q~bl2 if Paqb>x,

\ 0   otherwise;

c2(pa,qb) = {
x-p(paqb)pa/2qb/2    if paqb < x,

0   otherwise ;

CAP" > 9h) * -x(p(Pa)Pal2d-b'2 + p(qb)p-a'2qb'2) ;

p~a'2- lq~b/2 + q-*Hq-bl2-1    ifpaqb>Xt
c4(Pa ,qb) = i

0   otherwise ;

x-(p(pa+xqb) + p(paqb+l))pa'2qb'2    if paqb <x,

\ 0   otherwise;

C(,(pa , qb) = Up(pa)pa/2q-b'2-1 + p(qb)p-al2-xqb'2) ;

c7(pa,^) = {P

cS(pa , qb) = {

0   otherwise ;

ip(pa+V+1)pa/V/2    if paqb <x,

0   otherwise ;

C9(Pa , qb) = Xpû+1)pa/V6/2(l - }) + p(qb+l)p~a/2qb/2(l - ±)).

It can be shown by elementary arguments that P < 1 + 0(x~]/4 logx). For

details see Kubilius [6]. In order to prove the theorem, it remains to find an

appropriate lower bound for Q, which is the main body of the proof. In the

next section we will prove the preliminary arithmetic lemmas, and in §3 we will

complete the proof of the theorem.

2. The lemmas

A form of the prime number theorem states that

(2.1) Vufr^+AW,
kx   J2 log*

where the error term is R(x) < xexp(-cv'logx), c > 0. In this section the

constant c may not be the same in each occurrence. Using summation by parts

and (2.1), we can easily prove the following lemma.
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Lemma 1. For any positive integer k and any x>2,

E ~|r- = k logk X + S* + Ok(exp(-c^ïôgx~)),
P"<x

where 6^ is a constant that depends only on k.

Lemma 2. For any real x > 5,

(») Ep«,,»<xiogiVpV = iogJc + o(i),

(Ü)  £„*,,»<* log2qb/paqb = |log2x + O(logx).

Ptoo/. We will prove the first assertion, since the second one can be proved

analogously. Treating the summation over qb by Lemma 1, the sum in (i)

becomes

E^ + ö(e^xP(-Cv^(^))).
p"<x    y \P"<x J

The main term above is log x + 0( 1 ) by Lemma 1, and the error term is -C

1/logx.

De la Vallée-Poussin [1] proved by an elementary method that

p<x

where a — 1 - Co and Co is Euler's constant. Using complex integration,

however, one can obtain expansions in negative powers of log* for the above

sum and other similar sums.

Lemma 3. For any x > 3,

(i) 2Zp*<xP(Pa) = <*\£-x+0(x/\o£x);

(Ü) ¿2p°<x P(Pa) logP° = ax + 0(xexp(-Cv/logx)) ;

(iii)  £„-<* P(Pa) WV = ax logx + 0(x) ;

(iv) Ep-lx P(Pa)2Pa = ß& + 0(x2/ log2 x),

where the constant ß = \ - Cq - fj •

Proof. The sum in (i) is equal to

^/,(")ioS+0(logx)'
n<x

and by Perron's formula, the last sum is

¿ ¡(x log C(j + 1) - C(s) log C(i))y ¿J,

where the integral is over an appropriate vertical contour. Evaluating this inte-

gral by standard methods we get the desired result. For the details see Lee [7,

P. 17].



THE SECOND CENTRAL MOMENT OF ADDITIVE FUNCTIONS 891

The remaining sums can be estimated similarly. We note that the associated

Dirichlet series for the sums in (ii), (iii), and (iv) are, respectively,

-*£(5+ij-(-£(*)):(,),

C        Y    /  C   Y^(s + i)j +{-j(s)J C(s),

x2log C(s + 1) - 2xC(5)log C(s) + C(s)C(s - l)log C(s - 1).

Remark. Although the proof of (i) by complex integration gives us the most ac-

curate result, it involves the logarithmic singularities of the integrand. Avoiding

this complication, we may derive (i) from (ii) using the inequality

E P(pa)(la& x - log pa) < E (log x - log pa) - 0(x/ log x).
P"<x P"<x

The sum in (iv) can be estimated rather elementarily using summation by parts

and the prime number theorem, which requires dealing with jump discontinu-

ities of the summand function.

Lemma 4. For any real number x > 2 and any integer k > 0,

(i) Zp°<x p(pa+l)\ogkpa « xl'2logk-1 x;

(ii) EP°<X p(Pa+l)Pa/2 « *3/7log x ;

(iii) £„*<* P(Pa+l)Pa « *3/2/log x ;

(iv) EP2<X p(Pa+l)2Pa « x4'3/log x.

Proof. We will prove (i) since the others can be shown analogously. Distin-

guishing between a — 1 and a > 1, the sum to be estimated is

s + r = E/>lP2)iogfeP+ E />(/>a+1)iogV-

One can see that

p<x pa<x

a>\

akr«Eiog^      E
P<Vx l<a<logx/\ogp

«log*+1*E ¡¿i « v^log*-^'.
p<Vx-

On the other hand, dividing the interval of the summation we write

s= E^2)iog^ + x  E   ^r-
P<\/X s/x<p<X

It is clear that the first sum on the right is <c v^log^-1 x and the second one

is <€. (log _1 x)/i/x. The proof is complete.

Lemma 5. For any integer k > 0 and any real x > 3,

^ log*pfl      logfcxloglogx

^   pa+l x
pa>x    r
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Proof. Write the sum as

v logV      ^ logV

p">x    y p">x    y
p<x P>x

The first sum is

log* P       v-^       ak      log* x ^ 1      logfc x log log x

p<x a>

and the second one is

p ^—'       pa x    ¿~l p
p<x a>\ogx/\ogp P<x

E\ogk p Spak ^ v^log^p      log*  'x

p      2-, pa        2-*/     „2 x
p>x a   r p>x    ^

The proof is complete.

3. The proof

It remains to find a lower bound for the bilinear form Q. Since the coefficient

matrix C is real and symmetric, Q is bounded from below by the smallest

eigenvalue of C. It was known to Kubilius [6] that the eigenvalues of C are

vr = (-\)r+l/r + 0(\og-xl2x),        r=l,2,3,...

with corresponding approximate eigenvectors *¥r whose path component is

p~"/2y/r(log pa/log x), where

(/,(«)=«E(-irl-k([)(r¡iy-fc-l(i-«)*.

By observing that Yl \ur\2 = n2/6 + 0(log-1^2x), Kubilius also showed that
when x is sufficiently large, vr, for small r, are all distinct and the smallest

eigenvalue of the matrix C is v2 . We can exploit the estimates in §2, however,

to show that the sum is n2/6-K log log x + 0( 1 / log x) with positive constant

K, which suggests that the eigenvalues may be (-l)r+l/r + (-l)rKr/log x +

o(l/log x) with Kr > 0. In this paper our interest lies on v2. We show that

the smallest eigenvalue of C is greater than -1 /2+c log x+0(log log2 x/ log2 x)

with c > 0 for all sufficiently large x . For this purpose we need the following

fact. For the proof see Horn and Johnson [4, Theorem 6.3.14].

Lemma. Let C be a hermitian matrix, x be a vector, and ß a complex number.

Then there exists an eigenvalue v such that

(3.1) ||x|||«/-At|<||Cx-^x||!

We will apply this lemma to the coefficient matrix C of the bilinear form

Q with ß = -1/2 + A/ log x, where A is a number at our disposal and with

x = (x(pa)), where each component x(pa) is

*,(pa) - x2(pa) + x3(pa) - x4(pa) - xs(pa) - x6(pa) + Xl(pa)

4    logp* 6    logV + 2^fl)pfl/2     4(a-ß)   1

logx pal2       log2x  Pal2       x logx   pal2

4    logp* 4     logp      4(a-ß)     1
10gXpfl/2+1        10gXpa/2+! lOgX     p"/2-l
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It can be easily seen that

2=1+12/J-16a+0/k3glogx\

logx ^   log2X   )

using Lemmas 1 and 3. We should note that this vector is a more precise

approximate eigenvector corresponding to the lowest eigenvalue than Kubilius's

*¥2, and can be calculated systematically using the techniques from numerical

analysis; namely, the power method and deflation of matrix. In fact, the vector

x can be found from (C - ^1%)^ •
To evaluate the right-hand side of (3.1), we will calculate the path component

of Cx. First note that by using Lemmas 4 and 5 it can be shown that ||C,x|| <C

log-3''2 x for i = 7, 8, 9. From here on e = (e(pa)) denotes any vector with

||e|| « log log x/ log3/2 x.

Straightforward calculations using Lemmas 1, 3, 4, and 5 yield

(3.2) «***
4    logPa_4_jQg_P.

logXp"/^1        logXp«/2+l  "*"    ^  >'

(3.3)

V c(na   ab\x,(ab\-     6    l°gP" 3     lo¿P*      3 n(na\r>al2
^c(p ,q )x2(q ) - ^-^ - ^-x-p^JT " ^ )P

qb<x °

6    log pa        6     log p 6a   log pa

(2logxpa/2+1     logxpa/2+1     log2x Pa

Using Lemmas 3 and 4, we obtain

(3.4)
V Hna   ab\x,(ab\ - 2(a ~ ^    1 2(Q ~ ß)      l 2    l       V    n(nb\

qb<x by by y       qb<X/p"

+ lp-awf E rt«*>+Jr** E rtpVW«V
qb<x¡Pa qb<x/pa

-ÍlPa/2   E   P(Pa+lQb)P(Qb)<lb ■

qb<x/p"

We observe that

(3.5) £ c(^)Xt(i*) = «^   >_     £     Ue(p°).
qb<x by        Xlpa<qb<x *

Finally we note that the contributions of x,, ¿ = 5,6,7, are small, i.e., for

such i,

(3.6) E C(P" > «b)x,(<lb) - e(pa).

q»<x
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Therefore from (3.2)-(3.6) we see that the path component of Cx - px is

E <pa , qb)x(q») - (-1 + ^) x(pa)

qb<x

6a-4,4 log pa       6A   log2 pa     4(a-ß)   1
y -

log2x    Pa'2      log3x   Pa'2 logx   Pa'2 x/p^xQb

(3.7) -%êfi E p^b) + \-¿^ E püb)
qb<x/p" qb<x/pa

+ i\pal2 E p(pa<ib)p(4b)<ib

qb<x/pa

~iipa/2 £ />(pa+y)/>(<7V+ctPfl)-

qb<xlpa

We will estimate ||Cx-px||. By Minkowski's inequality, ||Cx—ßx\\ is bounded
by the norm of the vector whose typical component is given by the first seven

terms in (3.7) plus the norm of the error vector e. As ||e|| < log log xf log ' x,

we will calculate the square of the norm of the main vector. The contribution

of the first three terms in (3.7) is

(6a-4A)2 ^ logV      l2A(6a-4A) v^ log3pa      X>A2  ^ log2par-v tug p        iz/noa — t/i) y^ lu6 y        jo/i    ^^

*       kx~P^ + '   ~^X ¿~^fÍo7^¿      y

8(6a - 4A)(a - ß)   ^   log pa 1      4%A(a-ß)   ^   log2pa 1

n"      nb i„„4 v 2—dlog3x f-f     Pa    Qb log4x       „X      pa    Qb
° p"qb>x ° p"qb>x

+ Q4(l/log3x).

Treating the first three sums by Lemma 1 and the next two sums by Lemma 2,

the above is

^2-4^(a-jß)-30a2+48aj3      _  ., .,    3   v
-i-^2-^ + 0„(l/logJx).

log X

One can see that the contribution of the remaining terms in (3.7) is L/ log x +

0(log log2 x/ log3 x) for some constant L. Although we can calculate the value

of L, we do not need it to prove the theorem. Hence

in-             ii / VA2 - 4A(a - ß) + K ,    2    /,    2   s||Cx-px|| < ■*■-—-   -+ 0,4(log log¿x/logzx),

where the new constant K is K = L-30a2+48aß , and so by (3.1) we conclude

that there exists an eigenvalue v such that

1      A-y/A2-4A(a-ß) + K     „ ..     .    2    ..    2   ,
- 2 +-r¿-^-—-+ Oí (log log2 x/ log2 x)

J.    ^     1      A + ^/A2-4A(a-ß)+K      _  .,     ,    2    .,    ,   ,
<v < -^ +-j^—^-—-+ Q4(loglogzJc/log'iJc).

From Kubilius's estimate for vr  and the fact that  vr, for small  r, are all

distinct, we find that v is equal to the smallest eigenvalue v2 of the matrix C
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for all sufficiently large x. Seeing that A - yjA2 - 4A(a - ß) + K is positive

when A is large enough, we complete the proof of the upper bound inequality

of the theorem. The final statement follows from

lim (A - Ja2 - 4A(a - ß) + K) = 2(o - ß) = 0.
A—»oo "

644.

To prove the other inequality in the theorem, first note that

Q(x) _ x'Cx _        x'(C\ - ßx)
||x||2 ~M2~-fl + '~M2     '

and this is

„     1   , A + ^A2^ 4A(a - ß) + K , n n 2 2
< - j +-f—j¿-+ 0A(\o% log x/ log x).

Secondly, we substitute the vector x in the expression of P in § 1 and a straight-

forwardly calculate to obtain

w= l ~ ûï+°(log log x/ log2 x)

for some positive constant e . This ends the proof.
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