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Abstract. We prove a global inversion theorem in reflexive Banach spaces

utilizing a recent generalization of the interior mapping theorem. As a corollary,

we provide, under a mild approximation property, a positive answer to an open

problem that was stated by Nirenberg. We also establish global invertibility of an

a-expanding Fréchet differentiable map in Banach space under the assumption

that the logarithmic norm of the derivative is negative.

The study of nonlinear operator equations of the form F(x) = y, where F

is a map from a Banach space X into a Banach space Y, is a central topic in

nonlinear functional analysis and its applications. Typically, it is important to

find conditions on F that guarantee the existence of a solution for each y £

Y. It is also important, particularly when approximate and iterative methods

are involved, to determine conditions that ensure uniqueness and continuous

dependence of solutions. In other words, a central problem is to find tractable

conditions for the map F to be a global homeomorphism.

Problems of global inversions have been studied by several authors, e.g.,

Browder [1], Cristea [4], Nirenberg [12], Plastock [13], and Ràdulescu [14, 15];
see references cited therein for earlier contributions. See also the recent books

by Deimling [5] and Zeidler [16]. Along this line, Nirenberg [12, p. 175] posed
the following interesting problem:

Let H be a Hubert space and T: H —> H be a continuous expanding map

(i.e., ||Fx - Fy|| > ||x - y|| ). Let F(0) = 0 and suppose that F maps a

neighborhood of the origin onto a neighborhood of the origin. Does F map

H onto HI
A partial answer to this problem was given by Chang and Shujie [3]. They

prove the surjectivity of T: X —» Y in the case when Y is reflexive, under the

additional assumptions that F is Fréchet differentiable and

limsup||F'(x) - F'(x0)|| < 1    for all x0 £ X .
X->Xq

Received by the editors February 21, 1991.

1991 Mathematics Subject Classification. Primary 58C15, 47H15, 58C20.
Key words and phrases. Global inverse mapping theorems, a-expanding maps, logarithmic norm,

interior mapping theorem, Fréchet derivative.

The research of the first author was supported by a fellowship from the Latin American Schol-

arship Program of American Unversities. The research of the second author was supported in part

by the National Science Foundation under Grant DMS-901526.

©1992 American Mathematical Society

0002-9939/92 $1.00+ $.25 per page

285



286 J. E. HERNÁNDEZ AND M. Z. NASHED

Morel and Steinlein [ 10] gave an example of a map F in a nonreflexive Banach

space with properties required in Nirenberg's problem, which is not onto. Thus

Nirenberg's problem has no positive answer in the general framework of Banach

spaces.

The aim of the present paper is to prove global inversion theorems for ex-

panding maps in Banach spaces. As a consequence we provide a positive answer

to the problem stated by Nirenberg in reflexive Banach spaces under a mild ap-

proximation property, but without requiring differentiability.

For a fixed element y £ Y, [0, y] will denote the ray extending from 0 to

y , i.e., [0, y] := {ty : 0 < t < 1 } . As usual, L{X, Y) denotes the space of

all bounded linear operators on X into Y and F(xn, r) :— {x £ X : \\x - xn||

<r}.

We now state the main theorem of this paper.

Theorem 1. Let X and Y be reflexive Banach spaces and F: X —► Y be a

continuous map with the following properties :

(i) F(0) = 0.
(ii) Every point of X has a neighborhood that is mapped one to one by F.

(hi) For each y £ Y, there exists a constant aiy) > 0 such that

aiy)\\xx-x2\\<\\Fixx)-Fix2)\\

forall xx,x2£F~xi[0,y]).
(iv) For each Xn £ X there exist constants r > 0, p > 0, ß > 0 iall

depending on Xn ) and a convex bounded subset Jf of LiX, Y) {also depending

on xn), such that whenever x £ F(xo, r) and A e X, there are e £ (0, 1] and

L£j( fulfilling
||F(x - eh) - Fix) + eLA|| < eß\\h\\.

Moreover, for each le/ and each y £ Y, there exists x £ X such that

Lx=y   and   \\y\\ > {ß + p)\\x\\.

Then F is a global homeomorphism from X onto Y.

One of the principal approaches to establishing global inverse mapping the-

orems is to use an appropriate local inverse mapping theorem and to seek, if

possible, a construction yielding a global extension. The novelty of the method

used in this paper resides in carrying this extension along rays. For the local

invertibility we shall invoke the following recent result of Fabian and Preiss

[6], which is a generalization of the interior mapping theorem of Clarke and

Pourciau (see [6] for details).

Lemma 2. Let X and Y be reflexive Banach spaces ; let r > 0, p > 0, and

ß > 0 ; let F : X —> Y be a continuous mapping, and let x0 £ X. Moreover,

let there exist a convex bounded subset JÍ of LiX, Y) such that whenever

x £ F(xn, r) and A e X, there are e e (0, 1] and Lg/ fulfilling

||F(x - eh) - Fix) + eLh\\ < eß\\h\\.

Finally, let us assume that the mappings from ^# are uniformly open in the

sense that, for each Le/ and each y £ Y, there exists x £ X such that

Lx = y   and  \\y\\ > iß + p)\\x\\.
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Then the open ball B{F(xq), pr) of center F(xq) and radius pr is contained

in F(B(x0, r)).

Proof of Theorem 1. First we prove that F is an open map. Let U be an open

subset of X, and choose any y = F(x) with x £ U. Then there exists rx > 0

such that B(x, rx ) c U . Take r = min{ rx, rx} , where rx is the number given

by (iv). Then, by Lemma 2, we have that

B(F(x),pxr)cF(B(x,r))cF(U),

so F(U) is an open subset of Y. Using this result and hypothesis (ii), we

conclude that F is a local homeomorphism. Therefore, there exists a ball B

about F(0) = 0 in Y and a continuous local inverse g: B —> X of F with

¿?(0) = 0.
Now, we continue the local inverse g along each ray from 0 as far out as

possible. More precisely, for any element y of y let [0, y] denote the ray

{ty : 0 < t < 1}, and let D be the set of all points y £ Y such that there
exists a continuous inverse g of F defined on the ray [0, y] and satisfying

g(0) = 0. It is known that the value of g(y) depends uniquely on F and y ,

and that D is an open subset of Y . It is also known that the map F_1 defined

on D by F~x(y) = g(y) is an inverse of F on D and that F~x is continuous

on D. For details, see John [8].
The crux of the proof is then to show that D = Y. Suppose this is not

the case. Then, by the construction of D and since it is a nonempty open

set, there exists y £ D such that y £ D and [0,y) c D. Let {y„} be

a sequence in [0,y) such that lim^^y,, — y, and denote x„ = F~x(y„).

Hence, x„ £ F~'([0, y]) for all n > 1 , and consequently

||x„-xm||<a(y)||F(x„)-F(xm)||

for all n and m . Therefore, { x„ } is a Cauchy sequence in X, so there exists

x £ X such that lim^oo x„ = x . Thus, F(x) = lim„^oo F(x„) = lim„^oo yn —

y, i.e., y £ F(x). Now, because of the local invertibility of F , there exist

r > 0 and a continuous map g: B(y, r) —» g(B(y, r)) with the following

properties:

(a) g(B(y, r)) is an open subset of X,

(b) g is a continuous inverse of F , and

(c) g(y) = x.
On the other hand, there exists a natural number N > 1 such that x„ £

giBiy, r)) for all n> N. Then, by injectivity of the map F on giB{y, r)),

we have that
g{yn) = xn = F-l{y„)

for all n > N. Let k > N and consider the element y^ . It is obvious that

yk£[0,y)nBiy,r)cD,

so there exists a continuous inverse Gx of F defined on the segment [0, y^]

such that

Gx{yk) = F-l{yk) = g{yk).

Define the map H: [0, y] —» X by

\g{z)     if z£[yk,y].
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It is obvious that FT is a continuous inverse of F defined on [0, y], and

moreover, H(0) = 0. Therefore, y e D, which is a contradiction. Thus

D = Y, and the proof is completed.

Definition. Let X and Y be Banach spaces. A map F: X —> Y is called

a-expanding if there exists a > 0 such that

||F(x)-F(y)||>a||x-y||

for all x, y £ X (a is called an expanding constant).

The following corollary provides a positive answer to the problem of Niren-

berg.

Corollary 3. Let X and Y be reflexive Banach spaces and F: X -* Y be

a continuous a-expanding map with expanding constant a and F(0) = 0.

Suppose that for each xn £ X there exist real numbers r > 0, p > 0, ß >

0, (all depending on Xn ) and a convex bounded subset Jf of L(X, Y) (also

depending on Xn ) such that whenever x £ B(xq , r) and h £ X, there are

6g(0, 1] and L£jf fulfilling

\\Fix - eh) - Fix) + eLh\\ < eß\\h\\.

Finally, let us assume that for each Le/ and each y £ Y, there exists x £ X
such that

Lx = y   and   \\y\\ > iß + p)\\x\\.

Then F is global homeomorphism from X onto Y.

Proof. Since F is an a-expanding map, F is one to one, so conditions (ii)

and (iii) of Theorem 1 are satisfied.

Remark. Note that in Corollary 3 we do not explicitly assume that F maps a

neighborhood of zero onto a neighborhood of zero; this follows from the ap-

proximation property that is assumed in the corollary. Moreover, under this

approximation property, Corollary 3 answers positively the problem of Niren-

berg in reflexive Banach spaces, not just Hilbert spaces, for a-expanding maps.

Finally note that in Theorem 1, the map F is only required to be a-expanding

on the inverse image of rays.

A simple illustration of the last corollary is given in the following example.

The idea of this example is to illustrate the type of argument that one should use

in order to apply Theorem 1, even though the example can be directly solved

by a direct method.

Example. Let X = Y = 5R2 and F: X -» Y be defined by

F(x,y) = (2x + |x|,y).

Here 5ft2 is endowed with the Euclidean norm. Obviously, F is a continuous

function. Since for each xx, x2 £ 5R the inequality

1*1 - *2| < I 2Xi - 2X2 + 1*11 - 1*21  I

holds, we have that

ll(*i, yi) - (*2, y2)ll2 < (2x, - 2x2 + l*iI - l*2|)2 + Cvi -yf)2

= ||F(x1,y1)-F(x2,y2)||2,
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so F is an expanding map.   First consider z = (*o, yo) with Xn ^ 0, and

define the set JCZ by J(z — {Lz} , where Lz : 5R2 —> 5R2 is defined by

Fz(x,y)=(2 + S^    °)(j).

For z = (0, y) let *#z be defined by ^#z = { Lfl : 1 < a < 3}, where La : 5ft2

5R2 is defined by

«••»-(S î)(ï)
It is not difficult to prove that Jfz is a bounded convex subset of L(5R2, 5ft2) for

each z e 5ft2. Moreover, we have that for each z £ 5R2 and L £JÜZ, L~l £

L(5R2, 5ft2) and ||L_1|| < 1 . It is also easy to prove that for each z e 5R2 and
each ß > 0, there exists r > 0 such that for any zx, z2 £ B(z, r), there exists

L£jfz with the property

||F(z,)-F(z2)-L(z,-z2)||    <    £||z,-Z2||.

Finally, for each z e 5ft2 take 0 < ßz < 1, pz = r - ßz, and rz the number

given by the above result. It is easy to check that with this choice of Jfz, rz,

pz , and ßz, the hypotheses of Corollary 2 are satisfied. Hence, F is a global

homeomorphism.

We next establish a theorem that gives a positive answer to the problem of

Nirenberg in Banach spaces under the assumption that F is Fréchet differen-

tiable. For properties of the Fréchet differentials and the logarithmic norm, see

[7,11].

Theorem 4. Let X be a Banach space and F: X —► X be an a-expanding

map. Suppose that F is Fréchet differentiable in X and the logarithmic norm

p{F'{x)) of F'(x) is strictly negative for all x £ X, where

\I + tF'{x)\\- 1
piF'ix)) := lim

t—0+ t

Then F is a global homeomorphism.

Proof. First of all, it is easy to prove that the image of any continuous a-

expanding map is closed. Let x £ X and 0 < e < -piF'ix)). Then, by

definition of p{F'{x)), there exists öe such that 5& < -l/{p{F'{x)) + e) and

\\I + tF'ix)\\-l ^ + e < 0,    provided te(0,Se),
t

so
||7 + iF'(x)|| < 1 + t[piF'{x)) + e]   for all t £ (0, ôe).

oincc

0 < t < 6. <
-ipiF'ix)) + e)'

we have 0 < -t{p{F'{x)) + e) < 1 and 0 < 1 + t{p{F'{x)) + e) < 1. Therefore,

||7 + tF'{x)\\ < 1 for all ie (0,i8). By the spectral properties of bounded

linear operators [9, Theorem 7.31], [/-(/ + iF'(x))]-' = [-/F'(x)]-' exists

as bounded linear operator on the whole space X, for all t £ (0, <5£). Con-

sequently, F'(x) is invertible for all x £ X. Thus, since F(X) is closed, by
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Theorem 2 of [2], we have that F{X) - Y . Since F is an a-expanding map,

F is one to one. Hence, F is a bijection. Moreover, by the inequality

\\F-Xiyx) - F-'(y2)|| < a-l\\yi -y2\\,        yx, Vi € Y,

we conclude that F is a global homeomorphism.

Theorem 5. Let H be a Hubert space and F: H —» H be an a-expanding map.

Suppose that F is Fréchet differentiable in H and either

inf Re(F'(x)A, A)  > 0   for all x £ H,
\\h\\=\

or

sup Re(F'(x)A, A)  < 0   for all  x £ H .
Pll=i

Then F is a global homeomorphism.

Proof. For a fixed x £ H, consider the selfadjoint transformation

F(x):=I(F'(x) + [F'(x)D

where [F'(x)\* is the adjoint of F'(x). Denote by M(x) the greatest element

of the spectrum of F(x). Then, according to [7, p. 112], M(x) — p(F'(x)) .

Therefore, since M(x) = sup||A||=1(F(x)A, A), we have

PiF'ix)) = sup x2(F'(x)h + [F'(x)]*h, h) = sup Re(F'(x)A , A).
||A||=1 ||Ä||=]

Now, by assumption the function Re(F'(x)(-), •) has a constant sign on H.

Denote p = signRe(F'(x)A, A) and define the function g: H —> H by g(x) =

-pF(x) . It is obvious that g is an a-expanding Fréchet differentiable map

in H. Moreover, for each x £ H,

sup Re(g'(x)A, A) = sup { -p Re(F'(x)h, A)} < 0.
11*11=1 PH=i

Hence, p(g'(x)) < 0 for all x £ H . Therefore, by Theorem 4, g is a global

homeomorphism, so F is a global homeomorphism from H onto itself.
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