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ABSTRACT. It is shown that a radical ideal in H* is finitely generated if and
only if it is a principal ideal generated by a Blaschke product having simple
zeros.

INTRODUCTION

Let H>® be the algebra of all bounded analytic functions in the open unit
disk D and let A(D) be the disk algebra. Forelli [1] noticed that the proofs
in §2 of [6] show that a radical ideal in the disk algebra is finitely generated
if and only if it is generated by a finite Blaschke product having simple zeros.
It is, therefore, a natural question to ask for a characterization of the finitely
generated radical ideals in H* . It is the aim of this note to give a complete
solution to this problem. First we present some definitions.

Let R be a commutative algebra with identity element. An ideal 7 in R is
called a radical ideal if whenever f” belongs to I for some n € N f isalso an
element of the ideal 7. It is an easy exercise in algebra to show that the class of
radical ideals coincides with those ideals that are intersections of prime ideals.

An ideal I is called finitely generated if there exist elements f;, ..., fvs € R
such that

N
1=(ﬁ,.--,fN)={Zgiﬁ:gi€R}-

i=1

If N can be chosen to be one, then I is a principal ideal.

In [3, 6] two of the authors showed that a prime ideal in H® is finitely
generated if and only if it is generated by a single function of the form z — z,
for some zy; € D. The proofs depend on Hoffman’s theory of the maximal
ideal space of H* and on some of his deep factorization theorems [5; 2, §8].
These methods, however, do not seem to work for the present setting of radical
ideals. Surprisingly, the techniques developed here are much simpler than our
previous methods. They do not depend on Hoffman’s theory but still yield the
stronger result.
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RADICAL IDEALS IN H®>®

We begin with some definitions.

A sequence (z,) in D is called an interpolating sequence (for H*) if for
every bounded sequence (w,) of complex numbers there exists a function f €
H* such that f(z,) =w, forall n € N. A Blaschke product

— m an a'l_
B(z)=z Hla,,ll—az’ a, € D\{0},

Zl—lan|<oo, m e NUu {0},

is called interpolating if the zero sequence (a,) of B is an interpolating se-
quence. In particular, interpolating Blaschke products have only simple zeros.
Finite Blaschke products with simple zeros will be regarded as interpolating
Blaschke products.

Let M(H*) denote the maximal ideal space of H, that is, the space of
nonzero multiplicative linear functionals on H* supplied with the Gelfand
topology. By identifying the functional “evaluation at zy € D ” with the point
zo itself, we may regard D as a subset of M(H>). By Carleson’s famous
corona theorem, D is dense in M (H) [2, §8].

A point m € M(H®), which belong to D or lies in the closure of an interpo-
lating sequence {z,} in D, is called a nontrivial point (see [5]). In particular,
the maximal ideal Kerm associated with m then contains the interpolating
Blaschke product b with zero sequence {z,}. For a function f in H°° let
Il = sup{|f(z)| : z € D} be its norm and let Z(f) = {z € D : f(z) = 0}
denote its zero set.

Finally, recall that an ideal I in H*> is called free if (,; Z(f) =2.

Our methods rely heavily on the well-known Riesz factorization theorems
for H>® (see [4, §5; 2, §2]). They tell us that every function f in H*, f not
identically zero, can be written as f = Bg, where B is a Blaschke product and
g is a zero free function in H>® . Also, if h € H*® vanishes at every zero of
the Blaschke product B with the same order, then 4 = Bk for some k € H>®.

Lemma 1.1. Let I = (f,, ..., fn) be a finitely generated radical ideal in H* .
Assume that the functions fi, ..., fy have no common zeroin D. Let h = Bg
be an element of 1, where B is an interpolating Blaschke product and g € H™ .
Then gel.

Proof. Let {z,} denote the zero sequence of B and let w, = ¢, Z;v: fiza)l? .
Note that we have w, # 0 for any n. Because {z,} is an interpolating se-
quence, there exists a function f € H*® with f(z,) = w, and functions A j e
H> with hj(z,) = fj(z,) for all n. Therefore we have f*4— ZN hifi =

for some k € H® . Multiplication by g yields gf* = kh + Z] (hig f, el.
Because [ is a radical ideal, we have gf € I. Thus there exist k;, ..., ky €
H* such that gf = E?’:l k;f; . Hence

N
(g )(zn)l < C; |[fj(za)l - where C = max_|lk;]l
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Hence by Cauchy-Schwarz’s inequality,

2
N
I(gf)(zn)I* < C*N? (Z m(z,,)P) )

j=1

This and our choice of w, = f(z,) imply that the sequence (v,) defined by

N
Up = (g(Zn))4/Z |f}'(2,,)|2

Jj=1

is bounded by C*N2. Thus there exists F € H® with F(z,) = v, forall n.
Hence

J=1

N N
(F (Z hjf,-) - g“) (zn) = F(za) 3_1fi(za)|* = (8(za))* = 0,
j=1

from which we conclude that F Zf;l hjfj— g*=1B for some | € H®.
Multiplication by g yields

N
g =gF) hifi—1(Bg)el.
Jj=1

Because [ is radical, we obtain g€ 1. O

Lemma 1.2. Let I = (fi, ..., fn) be a finitely generated ideal in H>™, and
let m be a nontrivial point in M(H>) such that I C Kerm. Then there
exist ig € {1, ..., N}, functions g € H® (j=1,..., N—1), and interpo-
lating Blaschke products b; with b; € Kerm (j =1,..., N —1) such that
I=(bigi,...,bn-18n-1, fiy)-

Proof. If m € D, then m(f) = f(z9) for some zp € D and all f € H*®.
Hence fj(z) = ((z — z0)/(1 — 202))gj(z) (j=1,..., N), and the conclusion
follows easily. Solet m € M(H>)\D and let {z,} be an interpolating sequence
in D capturing m in its closure. Let

A={zn:1fi(za)| £ | fa(2zn)| and z, € {z; : j € N}},
B={z,: |fi(zn)| > |f2(zn)| and z, € {Zj :J €N}
Since m € AUB and AUB C AUB, we have m € A or m € B. Without

loss of generality we may assume m € A. Then if {z/,} denotes the sequence
of points in 4, we have

Ifi(z)] fa(z,)| <1 forall n €N such that f(z,) #0.

Since {z,} is an interpolating sequence, we can choose a function h € H*
such that

h(z,

- { Sfilzn)] fa(zy) if fa(z,) # 0,

1 if fo(z,) =0.
Note that f,(z,) = 0 implies fi(z,) = 0. Hence fy(z,)h(z,) — fi(z,) = 0.
Therefore foh— f = by g, for some g € H* and some interpolating Blaschke
product b; with by € Kerm. Hence I = (b1g1, f2,---, fn)-
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Now repeat the above process with f; and f3. One of them can be replaced
by b,g,, where b, € Kerm is an interpolating Blaschke product and where
g, € H* . Continuing in this way, we see that any time we choose two genera-
tors, one of them can be replaced by a function of the form b;g;, where b; is
an interpolating Blaschke product with b; € Kerm and where g; € H*. O

It is known that there exist free prime ideals P in H> with the property that
Z(f)NZ(g) # @ forevery pair f and g in P (see [7]). The following result
now shows that this cannot happen for free ideals that are finitely generated.

Lemma 1.3. Let I = (fi, ..., fn+1) be a finitely generated ideal in H* satisfy-
ing ﬂf:l Z(fi)=@. If f; is any of the generators, then there exists a function
fin I suchthat Z(f)NZ(fj)=2.

Proof. Without loss of generality, let j =N+ 1. If Z(fy;1) = @, then we are
done. So let {z,} denote the zero set of fy,;. We claim that there exists a
point (ay, ..., ay) € CV such that

N
> aifi(za) #0 for every n € N.

i=1

Let
N
S, = {(aﬁ"’, o e S ol fiza) = o}.

i=1
Because fj(z,) # O for some j = j(n) € {1,..., N}, Sy isan (N —1)-
dimensional vector subspace of CV¥. Hence S, has 2N-dimensional Lebesgue
measure zero. Therefore (J,-, S, has measure zero. Thus there exists (o, ...,
an) € C\ U, S» . This proves our claim.

Now let f = E,’Lla,ﬁ. Then, by construction, Z(f) N Z(fy+1) = 2.
Obviously, fel. 0O

Finally, we need the following version of Nakayama’s lemma:

Lemma 14. Let I = (fig1, ..., fu&n, &ns1) be a finitely generated ideal in a

commutative ring R with identity. Also assumethat g€l (j=1,2,...,n).
Then there exists some a € (fi, ..., fn) such that (1 +a)l C (gn+1)-
Proof. Because g; €I (j=1,...,n),thereexists x;, xx €R (j=1,...,n,
k=1,...,n) such that
n
(*) g = ijkﬁcgk +Xjgs1  (U=1,...,n).
k=1

Let A4 be the matrix
l-xnufi  —xi2fa -+ —Xinfn
4= | —Xufi 1-xnf :

_xnlfl 1 _xnnf;z
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g the vector g = (g1, ..., &)7,and b the vector b = (X18n+15 --- » Xn&n+1)T -
Let a; denote the j-column of 4. Then (x) is equivalent to the system Ag =
b. By Cramer’s rule we have

(detAd)gj =det(a, ..., aj—1,b,aj41,...,a,) =7, (=1,...,n).
But det 4 hasthe form 1+a forsome a € (f;, ..., fu). Moreover, r; € (gn+1)
(J=1,...,n).

Because I = (g1, ..., &, &+1), We finally obtain the assertion (1+a)l C
(gn+l)- u

We are now in a position to prove our main theorem.

Theorem 1.5. A radical ideal in H*® is finitely generated if and only if it is a
principal ideal generated by a Blaschke product having simple zeros.

Proof. Let B be a Blaschke product having simple zeros, and let " = hB for
some n € N and h € H®. Then B(z) = 0 implies that f(z9) = 0 for each
zero zog of B. Hence f € (B). Thus (B) is a radical ideal. To prove the
converse, let I = (hy, ..., hy) be a finitely generated radical ideal in H*.
Let B denote the Blaschke product formed with the common zeros in D of
the functions 4; (including multiplicities). Then h; = Bf; for some functions
fijeH® (j=1,...,N).

Claim 1. B has only simple zeros.

Proof. Suppose that B has a zero of order » > 1 at some point zo € D. Then
hj(z) = (z — z0)"kj(z) for ze D (j=1,..., N), and there exists jo such
that kj,(zo) # 0. Since [(z — zo)kj(2)]" = hjokj'.;“(z) € I and I is radical,
(z — z0)kjp(2) € I. Hence (z — zo)k;,(z) = (z — z0)" L, kj(2)l;(z) for some
functions [, ..., [y € H*®. Dividing, we get kj,(zo) = 0, a contradiction.

Claim 2. The ideal J = (f;, ..., fnv) is a free radical ideal.

Proof. By construction, J is a free ideal. Now let f" € J. Then Bf" € I.
Since I is radical, we have Bf € I. Thus fe J.

Claim 3. J=H>.

Proof. If J # H> , then there exists, by the corona theorem [2, §8], a sequence
(zn) in D such that Zf;l |fi(za)] — O. Because J is free, |z, — 1, and
we may assume (by passing to a subsequence if necessary) that (z,) is an
interpolating sequence [4, p. 204]. Let m be any cluster point of {z,}. Then
J C Kerm := M. By Lemma 1.2 there exist g; € H* and interpolating
Blaschke products b; (j=1,..., N—1) with b; € M such that

J=(b1g1, ,bN_lgN_l,f;O) for some ig € {1, ,N}

Lemma 1.1 implies that g; € J. Lemma 1.4 yields the existence of a function
a € M such that

(1) (1+a)J C (fi)

By Lemma 1.3 we can choose a function f € J such that Z(f)NZ(f;,) =2.
Let fi, = bF be the Riesz factorization of f;, , where b is a Blaschke product
and F is zerofree in D. Since J is a radical ideal, we have bV F € J . Hence
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(1 + a)bVF = h(bF) for some h € H®. This implies that 1 + a = AVF.
Since a € M, we see that F ¢ M . Because f;,, € M, we have b € M. Now
let f = CG be the Riesz factorization of f. By (1) there exists k € H*® with
(14a)CG =k(bF). Since Z(b)NZ(C) =2 and G has no zeros in D, we see
that (1 + a)(zo) = 0 whenever b(zp) = 0 (including multiplicities). Therefore

(2)

1+a=>bh

for some &2 € H*. Since a and b belong to M, relation (2) implies that
1 € M, which is a contradiction. Therefore J = H*.
So we can conclude that / = BH*>®. O
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