
proceedings of the
american mathematical society
Volume 116, Number 3, November 1992

THE LONG-TIME BEHAVIOR OF GEODESICS
IN CERTAIN LEFT-INVARIANT METRICS

J. E. D'ATRI

(Communicated by Jonathan M. Rosenberg)

Abstract. We introduce a new notion to describe the behavior of geodesies as

the parameter increases to infinity and obtain quantitative results for a class of

left-invariant metrics that includes the Bergman metric on bounded homoge-

neous domains.

1. Introduction

Let M be a complete simply connected Riemannian manifold. If M has

sectional curvature K < 0, then there exists a well-developed theory construct-

ing a boundary of M in terms of the asymptotic behavior of geodesies [2, 7,

8]. If M is, in addition, Riemannian symmetric, then this theory is even more

developed and includes aspects of harmonic analysis on M and the structure

of subgroups of the isometry group of M [9, 13, 14]. There are, however,

large classes of manifolds that would seem to be closely related to manifolds of

nonpositive curvature, although they themselves do not enjoy this property. For

example, every homogeneous nonsymmetric bounded domain has some positive

curvature in the Bergman metric [5], some even have focal points [6], and some

carry no invariant metric with nonpositive curvature [3]. Yet these spaces all

share with the noncompact Hermitian symmetric spaces a description in terms

of normal y'-algebras. Similarly, all homogeneous simply connected Rieman-

nian spaces of nonpositive curvature can be described in terms of NC-algebras

[ 1 ] but NC-algebras also define many homogeneous metrics with some positive

curvature. The same situation occurs in the subclass of homogeneous spaces of

(strictly) negative curvature with respect to the algebraic description given by

Heintze [10].

In this note, we introduce a way to describe the long-time behavior (i.e., be-

havior as t approaches oo ) of geodesies that seem well adapted to the examples
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described above. The result we prove seems to be new even for Riemannian

symmetric spaces of nonpositive curvature and homogeneous spaces of negative

curvature.

2. Results

Let M be a complete simply connected Riemannian manifold. Let sé be

an m-dimensional distribution on M, so for each p e M, sé(p) is an m-

dimensional vector subspace of the tangent space TPM. Let 3§ be the orthog-

onal complementary distribution and let n denote projection on 3§ .

2.1. Definition. Suppose y: [0, oo) —> M is a geodesic ray parameterized by

arclength. We say y is asymptotic to sé if lim,-^ n(y'(t)) = 0.

2.2. Definition. Suppose every geodesic ray is asymptotic to sé and amongst

all distributions with this property, sé has minimal dimension. Then we say

38 is a maximal distribution of transient directions and call dim sé the spread

of M  (sp(Af)).

2.3. Remark. In general, it would probably be useful to modify 2.2 by allowing

distributions that are only defined outside a compact subset of M. Then the

spread of «-dimensional Euclidean space would be one (consider the radial

distribution). The same argument, together with Toponogov's theorem, gives

the same result for nonpositive curvature. However, we will now specialize to

homogeneous spaces and distributions invariant under a given group action.

Suppose there is a Lie group S of isometries that acts simply transitively

on M and suppose further that we restrict to distributions sé that are S

invariant. If we pick a base point b e M, we may identify 5 with M by
5" 9 g —► g(b) 6 M. S then inherits a left-invariant Riemannian metric that

induces an inner product on the Lie algebra s. S invariant distributions on

M are then in one-to-one correspondence with vector subspaces of s and the

orthogonal distribution corresponds to the orthogonal complement in s. Given

an ^-invariant distribution sé to which all geodesic rays from one particular

point of M are asymptotic, the same is true for geodesic rays from all points.

Hence we will restrict our consideration to geodesic rays in S emanating from

the identity e . If s = o © b is the orthogonal decomposition corresponding to

the distribution sé and its orthogonal complement ¿$, then the geodesic ray

y emanating from e is asymptotic to sé if and only if

lim[(Lexpy(0)."V(0]b =0
/—>oo

where the subscript b indicates projection on b and for g G S, Lg is left

multiplication on S. We let sps(M) be the minimal dimension amongst all

5-invariant distributions to which every geodesic ray is asymptotic.

2.4. Theorem. Let M be a simply connected Riemannian manifold, S a Lie

group of isometries acting simply transitively on M. Let s be the Lie algebra

of S and b — [s, s]. Suppose
2.4.1. There is an abelian subspace ac s so that s = a © b.

2.4.2. The adjoint action of a on b has only real eigenvalues, and there

is a set A of real-valued linear functional on a so that b = ¿2¿€\ b* where

bx = {V € b:[H, V] = X(H)V for all H € a} .
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2.4.3. The spaces {a, b¿:X e A} are mutually orthogonal.

2.4.4. There exists Hq e a so that X(Hq) > 0 for all À e A.
Then sps(M) — dim a and b defines a maximal S-invariant distribution of

transient directions.

2.5. Remark. The above conditions are satisfied in the following cases:

2.5.1. M is a bounded homogeneous domain in C" with any admissible

metric (including the Bergman metric). Here s is the normal ./-algebra attached

to M.
2.5.2. M is a Riemannian symmetric space of noncompact type. Here S

is an Iwasawa subgroup of I{M).

2.5.3. M is a homogeneous manifold of negative curvature.

In example 2.5.1, many cases with some positive curvature are included.

In examples 2.5.2 and 2.5.3, dim o is just the rank of M. It is not clear

what the rank should be in general in example 2.5.1 (see [4]), but again dim a

is a good candidate.

In example 2.5.3, dim o = 1. In the case of hyperbolic geometry, this just

says that all geodesics approaching a particular boundary point are becoming

tangent to one direction (perpendicular to the boundary in the usual represen-

tation). We can also broaden 2.5.3 to include all homogeneous manifolds that,

in the notation of Heintze [10], satisfy Do > 0. This includes many examples

with some positive curvature.

2.6. Remark. One might consider whether this result has any uniformity, that

is, given e > 0, is there a T > 0 so that |7r(/(/))| < e for t > T and all

geodesic rays y (remember, M is homogeneous)? If this were true, we would

have an interesting geometric interpretation: if we are at a point p and only

consider geodesics that arrive at p after a sufficient lapse of time (t > T), then

these geodesics all approach in directions close to sép . This is certainly false

for hyperbolic geometry where one can explicitly compute the dependence of

T = T(v , e) on unit vectors v and e > 0.

2.7. Remark. Note that we are not claiming that at any one point p of M we

actually have a preferred space of directions sép . In fact, since this result applies

to the rank one symmetric spaces of negative curvature, which have transitive

isotropy action, this is clearly impossible. However, if M has some reasonable

notion of boundary, this does say something about the limiting directions of

geodesic rays as they approach that boundary. Further, sp(Af) is an interesting

geometric invariant.

2.8. Corollary. Suppose G is a semisimple Lie group of noncompact type and

finite center. Let K be a maximal compact subgroup and a = t © p the corre-

sponding Cartan decomposition. Let a be maximal abelian in p and let q be the

orthogonal complement to a in p with respect to the Killing form. Let G — SK,

S = AN be the corresponding Iwasawa decomposition [11]. For g e G, let K{g)

be the factor in K, so g(K(g))~l e S. Then for X ep,

]im(AdK(exptX))(X))q = 0
t—»oo

where the subscript denotes projection on q.
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3. Proofs

For any Lie group  5  with left invariant metric, the covariant derivative

satisfies

(3.1) 2(VXY, Z) = ([X, Y], Z) + {[Z,X], Y) + ([Z, Y], X)

for any left invariant vector fields X, Y, Z on S. Let V\, ... , V„ be a basis

for s. Let y be a geodesic ray, parameterized by arclength, emanating from

the identity e e S. For each t > 0, define fi{t) by

(3.2) y'{t) = Y,fi{t)Vi\y(t).

Then

Y(t)

(3.3) o = vyy= \¿Zf¡vl + Y,f>fjVvVi

so for any V e s, we get [6]

(3.4) 0 = Ç J](Vi, V) + i Y, fifi ̂ V ' Và > Vj) + ttV . W. ^î» •
i i, j

Now specialize to S as in the theorem. By property (4), we can choose a

basis {//j, ... , Hr) of o such that A (//,■) > 0 for all leA, all i. Choose an
orthonormal basis {Y,: i e /¿} for each b¿. We assume the index sets 1\ are

disjoint and let / = IJ 4 • Change notation so that

(3.5) /(/)= (5>(Otf, + 5>(o*.)   •

Using the basis {//,: i = 1, ... , r} U {Y¡: i G /} and F = H,- in (3.3) gives

(3.6) o = J2 %w, tfy) + £ Wj) £ ^
i i ¡eh

for each _/ = 1,... , r. Since y is parameterized by arclength, we have

(3.7) l^hihjiH^Hrf + ^g?.
i,j '€/

The matrix ((///, //,)) is positive definite so the functions /z, are bounded;

hence so are the functions

(3.8) kj = Yihi(Hi,Hj).
i

By (3.6), the k¡ are also nonincreasing, hence have (finite) limits as t —► oc . The

hi are linear combinations of the k¡, hence also have limits as t.-* oc^. Thus

£g2 has a limit ¿ > 0 as / -* oc . Suppose £ > 0. Let X = min{A(//,):VA, j}.

Choosing T > 0 such that £g,2 > £/2 for / > 7\ (3.6) implies *,(/) <
kj(T) + (T- t)Xi/2 for /> F. This is impossible since k¡ is bounded. Hence

I = 0 . This proves every geodesic ray asymptotic to the S invariant distribution

determined by a.

From (3.1), it follows that

(3.9) V„Y = 0,     V/7e a,   Yes.
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For geodesics with y(0) = e , y'(0) = H e a, we find y'(t) = H so b defines a

maximal S-invariant distribution of transient directions.

To prove the first corollary, note G/K « S by the map xK —► x(k(x))~1 =

a(x). Each g € G determines an isometry Lg of G/K given by Lg(xK) =

gxK ; this induces a simply transitive action of 5. The geodesics through the

identity coset of G/K are y{t) = (exp tX)K for I 6 p. Further, y'(t) =

(LexP,;r);V(0).Then

(¿„(exp ,*));' fit) = {LK{exptX))ty'(0) = (Ad/c(exp tX))(X)

after making the standard identification of p with the tangent space to G/K

at the identity coset. One also checks that in identifying G/K with S, a c p

corresponds to a c s and fulfills the role of a in the theorem.
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