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NUMERICAL DYNAMICS OF ORDINARY
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(Communicated by Charles Pugh)

Abstract. We investigate the global dynamics of Euler's method and second

order Runge-Kutta when applied to certain nonlinear ordinary differential equa-

tions that possess a singularity. We show that the numerics admit spurious

'chaotic' dynamics in the form of subshifts of finite type with positive topolog-

ical entropy independent of the choice of stepsize. We show that using a higher

order method can, in fact, increase the topological entropy of the numerical

dynamics. Techniques from complex analytic dynamics give some insight into

this phenomenon.

1. Introduction

There has recently been a great deal of interest in understanding the global

dynamics of the classical algorithms of analysis. Among such investigations

are the dynamics of Newton's method (Curry, Garnett, and Sullivan [CGS],

Smale [Sm]), the classical QR algorithm (Shub and Vasquez [SV]), Rayleigh
quotient iteration (Batterson and Smillie [BS]), and 'computational chaos' oc-

curring when the stepsize of a numerical algorithm is taken too large (Lorenz

[Lo], Sweby, Ye, and Griffiths [SwYG]).
In Hockett [Ho] we investigated the global numerical dynamics of Euler's

method E„ when applied to the central force problem. There it is shown that

for all h > 0 the nonwandering set of En contains a subset on which the

dynamics of En are topologically conjugate to a subshift of finite type having

positive topological entropy.
This paper examines the global dynamics of several numerical schemes when

applied to ordinary differential equations of the form

(1.1) x = f(x).

Here x £ R" and we begin by examining Euler's method Eh with stepsize

h, considering first the dynamics of E„ when applied to a gradient dynamical

system on R". As indicated above, it is well known that numerical algorithms

can yield spurious chaotic behavior if the stepsize is not chosen appropriately

[Lo, SwYG]. In the case of gradient systems, however, the situation is quite
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good in terms of numerical stability. We show that if the potential function for

the gradient system is sufficiently smooth, then it is always possible to choose

a stepsize h so that the numerical approximation preserves certain qualitative

features of the original gradient system. In particular, one can always eliminate

spurious periodic points or spurious 'chaos'.

On the other hand, if the potential function of a gradient system has a sin-

gularity, it is possible that no choice of stepsize will produce a numerical ap-

proximation with qualitative properties resembling those of the original system.

Indeed, we construct an example that yields a result similar to that in [Ho]: for

all h > 0 the nonwandering set of En contains a set on which the dynamics

of E are topologically semiconjugate to a subshift of finite type with positive

topological entropy. This result offers a basis for comparison to the numerical

dynamics of other algorithms, and we next investigate the global dynamics of

second order Runge-Kutta R„ . We show that rather than yielding a better ap-

proximation to the dynamics of the underlying ODE, the nonwandering set of

R„ admits a subshift of finite type with larger topological entropy than the en-

tropy of En. Thus, loosely speaking, the numerical dynamics for Rh are 'more

chaotic' than for En.

Some insight into this phenomenon can be gained by complexifying equation

(1.1), and in the next section we study systems on the plane of the form

(1.2) z = f(z),

where f(z) is a meromorphic function of z £ C. In this case the iterated

mapping obtained by applying a single step method to (1.2) is a rational map

that can be analyzed using techniques from complex analytic dynamics.

2. Symbolic dynamics

Symbolic dynamics is a basic tool in the analysis that follows, so we recall here

the basic definitions and results. See, e.g., Bowen [Bo] or Shub [Sh] for a more

complete discussion. Let /: A —> A be a continuous mapping of a topological

space A. A point x £ X is wandering if there exists a neighborhood U of

x such that fk(U) n U = 0 for all k > 1 . A point that does not wander is

called nonwandering, and the nonwandering set fi/ (the set of all nonwandering

points) is closed and satifies /(fi/) C fi/.

Let S„ - {1, 2, ... , n} with the discrete topology, and let Z„ = F[o° $n with
the product topology. X„ is the space of semi-infinite sequences of the symbols

Sn . The space Z„ is metrizable, and the metric d(a, b) = Z^i0|a^ - bk\/2k+x

induces the product topology on ZM. We define the shift map a : I„ —► I„

by a(aoaxa2---) = axa2--- , which is easily seen to be a continuous «-to-

1 map of £„. Now let srf be a square matrix of 0 's and 1 's, and define

So/ = {a = a0axa2 ■■■ £ T.„\s/ai,ai+l - 1 > i- 1,2, ...}. Letting ay denote the

restriction of a to Ey , we call the pair (1^ , oy) a subshift of finite type. The

matrix s/ is called the transition matrix of the subshift. j/ can be shown to

have at least one positive eigenvalue X (Gantmacher [Ga]).

Finally we recall the definition of topological entropy. We shall assume

that A is a compact metric space. A set S c A is (n, e)-separated for

f if x, y £ S implies d(fk(x),fk(y)) > e for some 0 < k < n. Let
s(n, e) = maxjcard S\ S is (n, e)-separated for /} and define the growth

rate h(f, e) = limsup,,^^ lns(n , e)/n. The topological entropy of / is h(f) -
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lim£^o^(/> e)- 1° general, h(f) is difficult to compute. But for a subshift of

finite type we have /.(oy) = ln(A*), where X* is the largest eigenvalue of the

transition matrix srf [Bo].

3. Gradient systems and Euler's method

Before we consider our first example we examine the numerical properties of

gradient systems on R" ,  i.e., systems of the form

(3.1) x = f(x) = -gradV(x),

where x £R" and V : R" -» R. We will assume that V is C2 on all of R".
Note that any ODE of the form (1.1) with / : R —> R a Cx function may

be regarded as such a gradient system with V(x) = - J f(x)dx. If we apply

Euler's method with stepsize h to (3.1) we obtain the map

(3.2) x-^x-h grad V(x)

which one iterates to obtain a numerical approximation to the solution of (3.1)

based at x. Gradient systems without singularities have relatively simple dy-

namics (a 'typical' trajectory tends to an equilibrium point or tends to infinity)

and we shall see that essentially the same is true of the numerical approximation

generated by E„.

We adopt the following notation. As above we shall write f(x) = - grad V(x),

and let Ax = Df(x), i.e., Ax is the Hessian matrix of -V(x). Finally, let x

denote an equilibrium point of (3.1), i.e., a point for which -grad V(x) = 0.

Hence x is a critical point of V.

Proposition 3.1. Let x be an equilibrium point of (3.1). Then x is a fixed point

of En. Moreover, if X is an eigenvalue of Aj then p = 1 + h X is an eigenvalue

ofDEh(x).

Proof. The first statement follows since E„(x) = x - h grad V(x) = x. Next, let

v be an eigenvector of Aj corresponding to the eigenvalue X. Then DEh (x) v =

v + hAxv = v + hXv = pv.    □

Corollary 3.2. If x is a hyperbolic equilibrium point of (3.1) (all eigenvalues of

Aj have nonzero real part) then for h sufficiently small, x is a hyperbolic fixed

point of En (no eigenvalue of DEh(x) has unit modulus).

Thus if x is, for example, a hyperbolic sink for the system (3.1), then x is

a hyperbolic sink for En provided h is chosen sufficiently small; however, we

can say somewhat more. A well-known property of gradient systems is that the

solution trajectory passing through a regular point of V crosses the level curves

of V orthogonally (see, e.g., Hirsch and Smale [HS]). Part of this result is true

for the numerical approximation that Eh yields.

Proposition 3.3. For all regular points x  of V  and for h sufficiently small

(depending, in general, on x),  V(En(x)) < V(x).

Proof. Recall that f(x) = -grad V(x), and observe

V(Eh(x)) - V(x) = V(x + hf(x)) - V(x) = -h \ grad V(x)\2 + cf(h2),

the last equality being obtained from the Taylor expansion of V(x + hf(x))

about h = 0.    □
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' \ DE(x)nx

K*)

Figure 0. DEh(x)nx ^ anEh{x).

Thus in any compact region K c R" for which the iterates 7i^(x) lie in

K, we can choose a stepsize /t such that V(E^(x)) is decreasing along the

En -orbit of x. As a result we have

Corollary 3.4. For h > 0 sufficiently small, isolated minima of V are asymp-

totically stable fixed points of Eh.

In particular, if we apply Euler's method to a single ODE of the form (1.1)

with f(x) a C1 function on R, then h can always be chosen so that the fixed

points of En have the same stability properties as the equilibria of (1.1) and

no spurious fixed points or periodic points exist for Eh. Thus, for example,

if f(x) is a polynomial (as, e.g., in [SwYG]) one can always eliminate any

spurious periodic orbits by choosing h sufficiently small.

It is not generally the case that the numerical trajectories 'cross the level
sets of V orthogonally'. One needs to make sense of the notion of a discrete

trajectory crossing a level set orthogonally. Since nz = grad V(z) is normal to

the level surface V~l(z), a reasonable requirement is that DEn(x)nx = anEh(X)

where a is a nonzero real number; that is, we require that the linearization of

Eh at x carry the normal vector nx determined by the gradient vector field at

x to a normal vector an£(i(x) at Eh(x). Since (for a gradient system) Euler's

method proceeds from x to En(x) by following the normal direction nx some

distance, the above equation will not hold in general (see Figure 0).

4. EULER VS. SECOND ORDER RUNGE-KUTTA

The above results do not hold in the case where f(x) has singularities. Con-

sider, for example, the ODE

(4.1) x=l--
x

defined on R - {0}. The phase portrait and integral curves for (4.1) are shown

in Figure 1. Any solution with initial data x(0) = xq £ (l,oo) satisfies

lim,_00 x(t) = oo, x = 1 is an unstable equilibrium point, and solutions with

Xo £ (-00, 1) - {0} hit the singular point at x = 0 in finite time.

If we apply Euler's method with stepsize h to (4.1), we obtain the map

(4.2) x-^x + h(l-l/x).
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Figure 1.   The phase portrait and integral curves of

(4.1).

The numerical approximation of a solution of (4.1) is obtained by choosing

xo £ R - {0} and iterating Eh. Note that the map (4.2) has an unstable fixed

point at x = 1, so this local property of the flow is preserved by Eh ; however,

the dynamics of Eh are much more complicated than the dynamics of the flow.

Theorem 4.1. For all h > 0 the nonwandering set of the map Eh of (4.2)

contains a subset A such that Eh\A is topologically semiconjugate to the subshift

of finite type with transition matrix

* [i i\ '

that is, there exists a continuous surjective map tp such that the following diagram

commutes:

A   —^-+   A

'[ 1*
Z*s/ *   ^s#

Moreover, (L& , a^) has topological entropy h(o^) = ln(-^2), hence h(E„) >

ln(^).

Proof. To prove the theorem we construct a pair of closed intervals Ix, I2 sat-

isfying

(4.3) Eh(Ix)Dl2,        Eh(I2)DlxUl2.

Let A„ - (7iU72)n£^""(7iU72). By (4.3) each A„ is a nonempty compact subset

of 7i U72, and these sets satisfy A„ D A„+x. Thus the desired set A = fl^lo A"
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/

-a i y Ii]-*■

Figure 2. Construction of the intervals Ix, I2.

is nonempty, compact, and Eh -invariant. The 2x2 transition matrix sf is

associated with A via

^    r l  if Eh(i,)Dij,

11     \ 0   otherwise.

By (4.3) sf is the matrix given in the statement of the theorem.

For x £ A we define tp(x) £ Zy by (<p(x))i = j if E'h(x) £ f■■, i > 0, j =
1, 2. The map tp : A —► 1.^ is easily seen to be continuous and commute with

the shift Otf. That tp is surjective follows from the definition of s>f.

Finally, note that the largest eigenvalue of srf is X = Lt^S , hence the topo-

logical entropy of (L^ , a^) is h(a^) = l^11^).

To construct the intervals Ix, I2, consider the graph of E„(x) in Figure 2.

Let bx denote the unique preimage of the fixed point x = 1 satisfying bx < 0.

Next observe that there is a unique point ax < 0 such that Eh(ax) = 0 and

that ax has a unique preimage a2 with <22 > 0. Finally let I\ = [ax, bx] and

h — [a2, 1]. Then by construction E„(I\) D 72 and Eh(h) D Ix UI2.    □

Remark. An upper bound on the topological entropy of Eh is ln(2). This is

most easily seen by complexifying the map E„ , i.e., Eh(z) = z + h (1 - \).
This is a meromorphic map of the Riemann sphere of degree 2, and hence has

topological entropy h(Eh(z)) = In2 (see §5). The map En(x) is a subsystem

of En(z),  and hence has topological entropy bounded above by In 2.

One might hope to do somewhat better by using a higher order method.

We recall that the second order Runge-Kutta method for a single first order
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autonomous ODE x = f(x) is defined by xn+x = xn + \[f(x) + f(x + h f(x))].

Applying this to equation (4.1) we obtain the map

(4-4) x^x + h(l-^-- ^  ,   *--).
v     ; V      2x     2(x2 + hx-h)J

Theorem 4.2. For all h > 0 the nonwandering set of the map Rh of (4.4)

contains a subset A such that Rh\\ is topologically semiconjugate to the one-

sided shift on three symbols, i.e., the subshift of finite type with transition matrix
"1    1    1"

.9=111.
1    1    1

(L& , agg) has topological entropy h(og§) = ln(3), hence h(Rn) > ln(3).

Note that the topological entropy is larger than for E„ despite the fact that

Rh is a higher order method.

Proof. The graph of Rh is shown in Figure 3. Note that in addition to the unsta-

ble fixed point at x - 1 the map possesses two additional unstable fixed points

at x = -h±V2h2+2h as Well as two additional singular points at x = ~h±^1+*h.

Let /, = r*-vf^,0], J2 = [0, -*+vf^],and 73 = [~*+Yf^, 1]. No-
tice that Rh  maps the interior of each interval 7,  onto R.  Now let ax =
_u_\l U2 _j_ "JU
-\ be the smallest fixed point of Rh and for i = 2, 3 define a, as the

unique preimage of ax lying in 7, (see Figure 3). Next let 63 = 1 be the largest

fixed point of f?A and for k = 1, 2 define bk as the unique preimage of /33

lying in Jk. Finally define Ik = [ak, bk], k = 1,2,3. Then for k - 1,2,3
we have Rh(h) 3 Ix u I2 u 73.    n

-*■  X

Figure 3. Construction of the intervals Ix, I2,13.
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We wish to remark that the second order Runge-Kutta algorithm we have ex-

amined is one member of the one-parameter family of second order algorithms

given by

X„+x=Xn+h   Sf(x„) + (l -S)f(xn+ 2(1 _s)f(Xn)j     ,

where 0 < s < 1 is the parameter (see, e.g., Lambert [L]). The choice 5 = \

yields the algorithm we have studied in Theorem 4.2.

Applying this algorithm to the ODE (4.1) we obtain the two-parameter family

of maps

(4.5) X -> X + h      1--;-rA=-T^—rz-r-r     .
K     ' \      x     (l-s)x2 + hx/2-h/2J

For any h > 0 and 0 < s < 1,   this map possesses unstable fixed points

at x = 1  and xf(s) = -—4/^) and singular points at x = 0 and

x£(s) = "^ffiy1"-. Observe that for h > 0 and 0 < 5 < 1 we have

x2~(s) < x[~(s) < 0 < xx+(s) < x£(s) < 1, and the graph of RhyS is qualitatively

the same as Figure 3. Thus for any 0 < s < 1 we can construct intervals Ix, I2,

and 73 in essentially the same way as in the proof of Theorem 4.2, and the

conclusions of Theorem 4.2 will hold for any member of this one-parameter

family of second order Runge-Kutta algorithms.

5. An analysis on the Riemann sphere

The chaotic behavior observed in the above cases is related in part to the

presence of a singularity in the vector field. Some additional insight can be

gained by exploring the numerical dynamics of the system

(5.1) z = f(z),

where / is a meromorphic function on the Riemann sphere C = Cu{oo} of

degree at least two. Thus f(z) = p(z)/q(z) where p and q are polynomi-

als, the degree of / is deg(f) = max{deg(p), deg(q)}, and we assume that

deg(/) > 2. Although our development allows for meromorphic vector fields, it

is important to note that our results hold in the special case that / is a poly-

nomial. Thus, in particular, the vector fields we study in this section do not

necessarily possess singularities.

We begin by recalling some results from complex analytic dynamics. See

Blanchard [BI] or Devaney [D] for a more complete discussion of this material.

A point z is a periodic point for a mapping F of C if there exists an

integer n > 0 such that Fn(z) = z. Here F" denotes the composition of F

with itself n times. The least such n is called the period of z. Of course if

n = 1 we call z a fixed point of F. A periodic point of period n is attracting

(resp. superattracting) if \(Fn)'(z)\ < 1 (resp. \(Fn)'(z)\ = 0). If F(z) is a

polynomial then co is a superattracting fixed point for F. A periodic point of

period n is repelling if \(F")'(z)\ > 1. The Julia set of F, denoted 7(F),
is the closure of the set of repelling periodic points of F. The Julia set of a

rational map is always nonempty, compact (in C) and completely invariant

(z £ 7(F) implies F(z) £ 7(F) and F~x(z) c 7(F)). Moreover, the Julia

set is a perfect set (hence it is uncountable).
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The dynamics of F restricted to the Julia set are extremely complicated.

Indeed, the topological entropy of F is h(F) = ln(deg(F)) (see [Bo] and

Newhouse [N]). Moreover, if F is a polynomial and the Julia set of F is

disconnected, then F\JlF) is conjugate to a shift on n = deg(F) symbols.

Consider now applying any Runge-Kutta numerical method Rh to the system

(5.1). For meromorphic f(z) with deg(/)>2, the resulting map z i-+ Rn(z)

will be a rational map of C of degree at least two. The above results from

complex dynamics easily yield the following conclusion.

Proposition 5.1. Any Runge-Kutta algorithm z i-> Rk(z) applied to the system

(5.1) has topological entropy h(R„) > ln2.

Remark. This result is independent not only of the stepsize h but also of the

vector field /. In particular, the result holds for polynomial vector fields /,

so the presence of a singularity is not required in order that numerical dynamics

exhibit chaotic behavior. More can be said. If one applies Euler's method to

z = p(z) where p(z) is a polynomial of degree d, then the resulting map

has degree d, hence topological entropy ln(cT'). Applying second order Runge-

Kutta yields a map of degree d2, thus doubling the topological entropy.

An issue we have not addressed is the effect of roundoff error. Again there is

insight to be gained by considering systems on the Riemann sphere. The Julia

set has the property that if z £ 7(F) and if U is any neighborhood of z,

then the set C - U/^o-^'(^) contains at most two points. Thus the forward

iterates Um)^'(^) of any neighborhood of a point in J(F) cover virtually

the entire Riemann sphere. If one uses a numerical method N to obtain a

numerical solution to an initial value problem z = f(z), z(0) = z0, and if

the iterates {N"(zq)} come close to the Julia set of N, then a small roundoff

error can cause the numerical solution to diverge more than one would expect

looking only at truncation and roundoff error.

It is tempting to think that one can always offset this effect by reducing the

stepsize by an appropriate amount. This is not generally the case, however.

Indeed, any unstable equilibrium point for z = f(z) will be an unstable fixed
point for the numerical scheme N(z) and will therefore be an element of the

Julia set of N. We wish to note that the situation in our setting (numerical

approximations to flows) is rather different than in the case of Newton's method

applied to polynomials (see, e.g., Smale [Sm], Sutherland [Sut]). For Newton's

method one expects generally that the Julia set will have measure zero and the

basins of any periodic sinks will have relatively small measure. (The issue of

whether the Julia set can have positive measure without being all of C is not

completely resolved.) Moreover, z = oo is a repellor for Newton's method

(applied to a polynomial), so in general one expects to converge to a root after

making a relatively small number of choices of starting value.

Let us consider, on the other hand, the behavior at z = oo of the planer

system

(*) z = a0 + axz -l-\-adzd =p(z),

where d = deg p(z) > 2. If we make the change of coordinates w = \ then

(**) w = -(a0w2 + axw H-vad/wd~2),

so we see that z — co is not an equilibrium point for (*).   The numerical
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behavior of (*), however, has a rather different character. Indeed, for p(z) a

polynomial of degree at least 2 and any Runge-Kutta algorithm R, the map

z i-> R(z) is given by a polynomial and thus has z = co as a superattracting

fixed point. Hence R(z) always has an open set of initial conditions that lie in

the basin of co.

One possible way to address this problem is to use a variable stepsize method,

i.e., allow h = h(z) to vary depending on z. The above discussion shows,

however, that one cannot choose h(z) to be a rational function of z since the

resulting numerical scheme is also a rational map.

6. Conclusion

We have examined the global dynamical behavior of Euler's method and sec-

ond order Runge-Kutta when applied to a single ordinary differential equation

possessing a singularity at the origin. In both cases the resulting numerical dy-

namics exhibit chaotic behavior in the form of a subshift of finite type with

positive topological entropy. A somewhat surprising result, however, is that the

topological entropy of the dynamics for second order Runge-Kutta exceeds that

of Euler's method.
An analysis in the complex setting using techniques from complex analytic dy-

namics reveals that increasing the order of a Runge-Kutta method can increase

the degree of the mapping, and hence the topological entropy. Moreover, in the

complex setting with a polynomial vector field p(z) of degree at least 2 we have

seen that co cannot be an equilibrium point for the flow. For any Runge-Kutta

scheme, however, co is a superattracting fixed point and thus possesses a basin

of attraction which is an open set in C

In attempting to understand the global dynamics of a given complicated dy-

namical system one often wishes to integrate a system of ODE's for a long
period of time with many choices of initial data. For some systems (e.g., gra-

dient systems) the global behavior of the numerics can be expected to be fairly

representative of the dynamics of the underlying system (at least in any compact

region of the phase space). The same is true, of course, of the local picture near

a stable equilibrium point, but as our examination of systems in the complex

plane shows one can expect that the global numerics are not representative of

the original system of ODE's. A better understanding of the dichotomy of be-

haviors between flows arising from polynomial vector fields on C on the one

hand, and their corresponding numerics on the other, should provide informa-

tion which helps in devising strategies for dealing with the anomolous behavior

we observe in Runge-Kutta algorithms.
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