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Abstract. In this paper, we consider the boundedness of Riesz potentials on

positively curved manifolds. As an application, we get the greatest lower bound

of the essential spectrum of a positively curved manifold.

For a complete Riemannian manifold M of dimension 77, the first eigen-

value is defined by the variational formula

"°-f   JMfi2dx

where / ranges over the smooth functions of compact support, and where V

is the gradient of the Riemannian metric of M. If A denotes the negative of

the Laplace-Beltrami operator of M (and hence is a positive operator) then it

is easy to show by spectral theory that po is the greatest lower bound of the

spectrum of M.

As known, if V(M), the volume of M, is finite then p0 = 0; if V(M) is
infinite then po is generally different from 0 for negatively curved manifolds

(see [2-5])—this fact is very important in analysis. In this paper, we consider

the boundedness of Riesz potentials on M; as an application, we get po = 0

for positively curved manifolds.

For the Riesz potential A~Q/2, we know that for M = R", the Hardy-

Littlewood-Sobolev embedding theorem holds, i.e., ||A~Q/2(/)||? < C„jP^\\f\\p
(l/q = l/p- a/77, 0 < a < n , 1 < p, q < 00), see [7]; for a Cartan-Hadamard

manifold M, the Strichartz-Lohoue theorem holds, i.e., ||A~Q/2(/)||g <

Cn.pH/lIp (1 < p < 00, 0 < q < n), see [6, 8]. But for positively curved
manifolds, we have

Theorem. If Ric(M) > 0 and M is noncompact, then A~"/2 is Lp —> Lq

bounded iff Vx(r) > C„r" and l/q - l/p - a/n, where 1 < p, q < 00, 0 <
q < 77.

Here Vx(r) is the volume of the geodesic ball with center x and radius r.

The theorem shows that for noncompact positively curved manifolds, A~n/2 is

not bounded in general because Vx(r) > Cnr" is usually not true, for example,
for M = Rx xr1 .
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Proof of Theorem. We have (see [1, Chapter 1] or [8])

A-a'2(f)(x)= f Ia(x,y)f(y)dy,
JM

Ia(x, y) = T-1 (£) J°° sa'2hs(x, y)s~x ds,

where hs(x, y) is the heat kernel. We know that (see [9])

hs(x ,y)<Cx Vx-x(Js~)exp(-cxd2(x, y)/s),

hs(x,y) > C2V-x(Js)exp(-c2d2(x,y)/s),

where d(x, y) is the geodesic distance between x and y , and

V~X(R) > Cn(R/r)Vx-x(r),        Vx(r) > (r/R)"Vx(R),

where R> r > 0. So

= C„,af71(ci(x,y)ya(x,y)

and

7Q(x, y) < C.a jf°W^'^exp (^^) y

for 0 < a < 1. Now, if Vx(r) > Cnrn and l/q = l/p - a//?, we can easily

prove

l|A-a/2(/)||g<C„,p||/||p

for 0 < a < 1 by an easy modification of the proof of Theorem 1 of Chapter

V of [7]. Then an iterative process yields the general result for 0 < a < n.

Conversely, if A~a/2 is Lp —► LQ bounded, taking / = XB(x0,r) where xo is a

fixed point of Af, we can get

VXa(r)llp>Cn,P,qraVXa(r)q

because for x £ 7?(Xq , r) where Xq is a suitable point such that d(xo, Xq) =

3r; hence we have A-«/2(/)(x) > Cn,af* and VXo(r)/Cn < VXo(r) < CnVXo(r).

So
Vx{!p-llq(r)>Cn,p,qr°.

Now VXo(r) ~ rn(r -> 0) and VXa(r) < rn(r -* oo), thus l/p-l/q must be a/n

and VXo(r)>C„,p,qrn.
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Corollary. If Ric(M) > 0 then p0 = 0-

Proof. It is known for V(M) < oo. Now suppose V(M) = +00, i.e., M is

noncompact. If pQ > 0, we have tf\Mf)h > ||/||2. Taking / = A~xl2(g),
we get

\\A-l/2(g)\\2<Cn\\V(A-x'2)(g)\\2<Cn\\g\\2

by the L2-boundedness of the Riesz transform (see [8]). This means that the

Riesz potential A-1/2 is L2-bounded in contraction to the above theorem.

Since po = 0 is not an eigenvalue, the above corollary also shows that po = 0

is just the greatest lower bound of the essential spectrum of M.
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