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Abstract. Given an indefinite quaternion algebra of reduced discriminant D

and an integer N relatively prime to D, one can construct Shimura curves

Sho(JV, D) and Shi (TV, D), which are analogues of X0(N) and XX(N). The

natural morphism Sh1(Ar, D) —> ShofA', D) induces a morphism Jq(N , D) -*

JX(N, D) between the Jacobians. We compute the kernel Z(7V, D) of this

latter map, which is finite.

Let 38 be an indefinite quaternion algebra over Q that is ramified at an even

number of primes lx ,...,/„ . Then 33 has reduced discriminant D = [J/ /«' •

Let N > 1 be an integer that is relatively prime to D. Suppose that p is a
prime dividing TV.

def
The algebra 3SP = 38 <g> Qp is isomorphic to the matrix algebra M2(QP).

Let

^P,m-[pmZp     Zp)

be the canonical Eichler order of level pmZp in M2(QP). We define the groups
r0(pm,Zp) and Ti(pm,Zp) to be

r0(pm,Zp)= SL2(Zp)ncfPym,

Tx(pm,Zp) = S[xeT0(pm,Zp)\x=(j)   j) modpmcfPy0y

Let tf be a Z-Eichler order in 38 of level N, and let pm he the exact power

of p dividing TV. For such a p, let ip : Q <-+ Qp be the canonical embedding.

This embedding can be extended to an embedding, also denoted by ip , of 38

in M2(QP), such that ip(tf) is the canonical Eichler order cfPym of level pmZp

[4, pp. 108-109]. The inverse image of T0(pm, Zp) under ip is tfx, the set
of elements of tf of (reduced) norm 1. We define the congruence subgroups

V0(N,D) and rx(N, D) as

TQ(N, D) = {* Gr*V*) 6 r0(pm,Zp) for all p|7V},

_T,(A/, 7)) = {x e cfx\ip(x) e rx(pm , Zp) for all p|/V}.

Received by the editors October 16, 1991.
1991 Mathematics Subject Classification. Primary 11G18.
This research is financially supported by the National University of Singapore Overseas Graduate

Scholarship.

© 1993 American Mathematical Society
0002-9939/93 $1.00+ $.25 per page

385



386 SAN LING

Since 38 is unramified at the infinite place of Q, it follows that J®qR

is isomorphic to M2(R). Upon fixing such an isomorphism, we obtain an

embedding i^ : tf' <-» SL2(R). The action of SL2(R) on the Poincare upper
half plane XT = {t e C| Im(z) > 0}

a a   b\     \      ar + b
c   d)>r)~c7+-d

implies that the groups Tj(N, D) (i = 0,1) also act on 2?. When D > 1 ,
the quotient {±l}r,(7V, D)\%? (i = 0, 1) has a natural structure of compact

connected Riemann surface. It is called a Shimura curve, which we shall de-

note by Sh,(7V, D). (When D = 1, the quaternion algebra 33 is the matrix

algebra M2(Q). The quotients {±ljr,(A/, 1)\X (i = 0, 1) are known to be
noncompact. Their compactifications are the classical modular curves X,(N)

(i = 0, 1) described in the introduction of [2].)

From the inclusion TX(N, D) C To(N, D), we get a natural morphism of

curves u : Shx(N, D) -» Sh0(/V, D).
Let 7,(JV, 7)) denote the Jacobian of Sh,(A/, D). Let

w*: J0(N, D)-+JX(N, D)

he the morphism of abelian varieties deduced from u via Pic functoriality. Its

kernel, called the Shimura subgroup, is a finite group; we denote it by S(7V, D).

The Shimura subgroup l.(N, D) when D = 1 (i.e., in the case of classical

modular curves) is studied in [3] when N is prime and in [2] for arbitrary N.

In this note, we study 2Z(N, D) for D > 1 .
As in the case of classical modular curves, we see readily that the mor-

phism u : Sh^N, D) —> Sh0(7V, D) is a Galois covering with Galois group

r0(A/,7))/{±}r1(7V,£)). We can identify T0(N, D)/VX(N, D) with (Z/NZ)X
as follows.

For xeT0(N,D), let

Consider the reduction dp(x) e (Zp/pmZp)x ~ (Z/pmZ)x . By the Chinese

Remainder Theorem, there exists a unique d(x) e (Z/NZ)X such that d(x) =

dp(x) modpm for all p\n . The homomorphism d : T0(N, D) -* (Z/NZ)X =
Y[(Z/pmZ)x , given byxn» d(x), is surjective and clearly has kernel Tx (N, D).

Hence,

(2) r0(yv,D)/r1(/^,D)^(z/^vz)x.

Let U be the group of complex numbers of modulus 1. We prove in § 1 the

main theorem of this paper.

Theorem 1. The Shimura subgroup Z(A/, D) of Jo(N, D) is canonically iso-

morphic to the group of homomorphisms g : (Z/NZ)X —► U such that g(d) = 1
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if d = -I or d2 + td + 1 = 0, where

'{0,1}   if, for all l\D,  (-4/1) # 1 * (-3/1),

{0}        if, for all l\D,  (-4/0*1,

but there exists l\D such that (-3//) = 1,

t£ j  {1}        if, for all l\D,  (-3/0*1,

but there exists l\D such that (-4/1) = 1,

. 0 if there exist l\D and l'\D such that (-3/1) = 1 = (-4/1').

Corollary 1. Let D > 1, let 4>(N) denote the number of elements of (Z/NZ)X ,
and:

(i) let k be the number of prime divisors of N distinct from 2 and 3;

(ii) let m2 be equal to 2 if, for all I dividing D, (-4/1) * 1, and -1 is a
square mod N (i.e., if 4 \ N and each prime factor p * 2 of N is congruent
to 1 mod 4), and let m2 be equal to 1 otherwise;

(iii) let m3 be equal to 3 if for all I dividing D, (-3/1) * 1, and X2+X+l
has a root mod N (i.e., if9\N and each prime factor p * 3 of N is congruent

to 1 mod 3), and let m3 be equal to 1 otherwise.

Then we have

Card(I(W,fl)) = {*(,V)/<2m*'"5)   (Was.
I 1 ifN < 4.

Corollary 2. Let D > I, let N = X\pr" be the prime power decomposition of

N, and:
(i) let r'p be equal to rp - 1 if p ±2;
(ii) let r'2 be equal to max(0, r2 - 2);

(iii) let t?o be equal to lcmp\N((p - l)pr'p);

(iv) let mx be equal to 2 if N is the product of I or 2 by a power of an odd
prime, and let mi be equal to 1 otherwise;

(v) let m2 and m3 be as in Corollary 1.

Then the exponent of the group l.(N, D) (i.e., the smallest integer e such
that e~L(N, D) = 0) is given by

_ f e0/(mim2m3)   ifN>5,

6 ~ I 1 ifN<4.

Corollary 3. For D > I, the only integers N for which the order of S(7V, D) is
1 are

'1,2,3,4,6   for any D > 1,

5, 10 if, for all l\D,  (-4/1)^1,

1 if, for all l\D, (-3//)*l,

. 13 if, for all l\D, (-3/1) * 1 * (-4/0-

Corollary 4. When N approaches infinity, the exponent and a fortiori the order

ofL(N, D) go to infinity.

1. Proof of Theorem 1

Let T be a discrete subgroup of SL2(R) of finite covolume. Suppose that the

Riemann surface X = T\%* is compact and let J(X) be the Jacobian. Then
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the argument in [2, §1.5] produces a canonical injective group homomorphism

(3) ipr: J(X)^Uom(T,U),

where U is the group of complex numbers of modulus 1.

The groups To(N, D) and TX(N, D) can be regarded as discrete subgroups

of SL2(R) (via /'oo) of finite covolume. With T = Fo(N, D), we obtain from

(3) the injection

ip : J0(N, D) -* Hom(r0(/V, D), U),

and that an element x e Jo(N, D) belongs to the Shimura subgroup L(N, D)

if and only if the kernel of ip(x) contains TX(N, D). Using the identification

(2), we deduce from xp a canonical injection

(4) xp' : 1(N, D) -+ Hom((Z//vrZ)x , U).

Furthermore, a homomorphism h : Tq(N , D) —> U belongs to the image of xp

if and only if its kernel contains all the elliptic elements of r0(N, D).
From [4, IV 3A], the elliptic elements of r0(Ar, D) can only be of order 2

or 3, i.e., they satisfy either x2 + 1 = 0 or x2 + x + 1 = 0. There are elliptic

elements of order 2 (resp. 3) if and only if (-4/1) * 1 (resp. (-3/1) * 1) for

all l\D. Consequently, a homomorphism g : (Z/NZ)X —> U belongs to the

image of xp' if and only if its kernel contains S', where S' contains -1 and

the roots in Z/NZ of the polynomials X2 + tX + 1 = 0 for

'{0,1}   if, for all l\D,  (-4/1) * 1 * (-3//),

{0}        if, for all l\D,  (-4//)* 1,

but there exists l\D such that (-3/1) = 1,

te ] {1}        if, for all l\D,  (-3//)* 1,

but there exists l\D such that (-4//) = 1,

. 0 if there exist l\D and l'\D such that (-3//) = 1 = (-4/1').

This proves Theorem 1.

2. Orders and exponents of X(N, D)

2.1. Order of 1(N, D). Let p2(Z/NZ) and p3(Z/NZ) denote the groups of
square roots and cube roots of unity in Z/NZ, respectively. We make use of

the two following lemmas to determine the order of Z(N, D).

Lemma 1. Assume that there exists a e Z/NZ such that a2 + 1 = 0. The

subgroup of (Z/NZ)X generated by the roots of X2 +1 is equal to p2(Z/NZ) U
p2(Z/NZ)a; it contains -1. The order of this group is 2k+x (where k is as in

Corollary 1).

Lemma 2. Assume that X2 + X + 1 has a root in Z/NZ. The subgroup of

(Z/NZ)X generated by these roots is then equal to p3(Z/NZ). The order of this

group is 3k.

The above are Lemmas 2 and 3 in [2]. The proofs are given there.

Corollary 1 now follows immediately from Theorem 1 and Lemmas 1 and 2.
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2.2. Exponent of Z( JV, D). Let e he the exponent of I(N, D) and let N >
5 . We prove Corollary 2 by considering the two following cases:

(a) When m2 — 2. In this case, N is of the form JV' or 2N', with N' *
1 and each prime factor of N' congruent to 1 mod 4m3, and X(JV, D) is

isomorphic to the quotient of the group

^=n((z/^z)x(z/^z))
p\N'   V X i      ' '

by the unique subgroup of order 2 that has a nonzero projection on each factor

Z/((p - l)/2m3)Z. If N' has at least two distinct prime factors (mx = 1),

then e is equal to eA , the exponent of A . If N' is a prime power (mx - 2),

then e = eA/2. Consequently,

e = £d_ =      e°      =      e°
mx     mi • 2m3     mxm2m3'

(b) When m2 = 1. In this case, the subgroup E(JV, D) is isomorphic to

(Z/NZ)X/{±l}pm(Z/NZ). If m3 = 1, then e = e^/mx since the exponent

of (Z/JVZ)X/{±1} is e§/mx . If m3 = 3, then 2\N and an argument similar

to the one in (a) shows that e — eo/3mx — eo/mxm3. Therefore, we have

e = e0/mxm2m3.

2.3. The case where e = 1 . For each odd prime divisor p of N, the exponent

rp of p in the prime power decomposition of N is at most 1 ; otherwise, p

would divide e. Moreover, p - 1 divides mxm2m3e and a fortiori 12, hence

pe{3,5,7,13}. Furthermore, the exponent r2 of 2 is at most 2; otherwise

2 would divide e .

The integer N cannot be divisible by 2-7, 2-13, 5 • 7, or 5-13 since
m3 - 1 and 3\e in these cases. It is not divisible by 3-5, 3-7, 3-13, 7-13,
22 • 3, or 22 • 5 since 2\e in these cases. Hence, N can only be 1-7, 10, and
13.

For 1 < JV < 4 and N = 6, we have Z(N, D) = {1} from Corollary 1.

When N = 5, we have e0 = 4, mx = 2, and m3 = 1. We need m2 = 2 to

ensure e = 1. This means that (-4/1) * 1 for all / dividing D.

When N = 1, we have eo = 6, mx —2, and m2 = 1 . In order to have

e — 1, we need m3 = 3, which is the case provided (-3/1) * 1 for all /

dividing D.
When A/ = 10, we have ^ = 4, mi = 2, and m3 = 1 . To have e = 1 , we

require m2 = 2, which is true when (-4/1) * 1 for all / dividing D.

When N = 13, we have ^ = 12 and m\ = 2. We need m2 — 2 and
w3 = 3 so that e = I. This means that (-4//) * 1 and (-3//) * 1 for all /
dividing D.

This completes the proof of Corollary 3.

2.4. Behaviour of exponent when N approaches infinity. It is clear from Corol-

lary 2 that if the exponent of 2Z(N, D) is bounded then the prime divisors of

TV are bounded and so are the exponents of the prime divisors. Hence, the set

of positive integers N for which the exponent of 1,(N, D) is bounded is finite.

This means that e tends to infinity as N approaches infinity.
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