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0. INTRODUCTION AND STATEMENT OF RESULTS

Recently we have become aware [GP, PST] of the pointwise divergence of
the Fourier and Fourier-Bessel series of some piecewise constant functions in
three dimensions and higher. In this note we formulate these ideas in terms of
the Fourier transform. The main result gives precise necessary and sufficient
conditions for the pointwise convergence of the spherical partial sums of the
Fourier transform, as follows.

Theorem. Let f :R" — R be a real-valued function that is zero for {x: |x| > a}
and is defined by a C**? function inside the ball {x : |x| < a}, where k is
defined below. Denote the Fourier transform and its spherical partial sum by

= s [ e dx, fai= [ Fet - du.

|ul<R
() If n=1,2 then limgoo fx(0) = £(0).
(ii) If n > 3, then limgio fR(0) = f(0) if and only if
fdo=0, ..., / S 4o =0,

|x|=a |x|=a ark

where k = k(n) := [(n — 3)] and do is the surface measure on the sphere
of radius a. If j(f) :=min{j : 0 < j < k, flxl:a(aff/arf)da # 0}, then
lim supg;o, R77[fr(0) — f(0)] > 0, liminfgyee R™[fr(0) — f(0)] < O, where
v=3(n-3)-j(f)>0.

(iii) If f(x) = F(|x|) for some F € C?[0, a), then the Fourier inversion takes
place for any x #0 and n > 1:

limf(x)={f(x) f0<|x|#a,
Rico " L) Ixl=a,
without any supplementary conditions.

The above result allows one to treat the pointwise invertibility of Fourier
transforms without requiring that the Fourier transform be integrable. The
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conditions are sharp, in the sense that if any one of the surface integrals is
nonzero, then the spherical partial sum diverges when R | co at the indicated
rate.

1. NOTATION AND DEFINITIONS

The volume of the n-dimensional unit ball in R” is denoted v, =
n™2/T(1 + n/2) while the (n — 1)-dimensional measure of the unit sphere is
wn—1 = hv, . These may be computed in spherical coordinates as

1 n
Up = w,,_2/ / = lsin" 2 0drd6
o Jo

n
=w,,_2/ sin""26d6.
nJo

Hence w,_; fo" sin""20d6 = nv,. We note, for future reference, that v, =
2r/n)vy—y, n>3.
The spherical Bessel function in n dimensions [DM, p. 133] is defined by

Vi(r) = cosr,
J7 eireossin"™ 0 dg

Va(r) =
") Josin"20do

, —o<r<oc, n=2,3,....

Proposition 1.1. The spherical Bessel function satisfies

(1.0) Va(=r) = Va(r);
(1.1) V,,"+n:1V,,’+V,,=O, r#0,  Vn(0)=1;
(1.2) Vn’ = —7’ n+25
2
(1.3) Vn(r)=1—2—n+'“, r—0;
2"2I(n/2) (n—Nn 1
(1.4) Va(r) = [m] [cos (r— —4—) +0(;)] . rfoo.

Proof. The spherical Bessel functions are expressed in terms of the usual Bessel
functions J, through the relation

Valr) = 207901 (3)

Jin-2)/2(r)
W , r 76 0.

The relations (1.0)-(1.4) then follow from the corresponding properties of J,,
proved in [W]. O

In what follows we shall occasionally identify a function on [0, co) with its
role as a radial function on R". In particular, the independent variable can
be interpreted either as a vector or a scalar argument. This identification will
cause no confusion and will simplify the notation.
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The Dirichlet kernel in n dimensions is
1

D%(z) := —/ ell.2) g
R( ) (27[)” <R u

Wn—2 ke inzcosf o;an—2 n—1
=(-27t—)7 A e sS1n 0d0/1 dﬂ

R
_ nvn n—l
_———(2%)"/0 Va(uz)u"'du.

Proposition 1.2. The Dirichlet kernel has the following properties:

(1S) Di(z)= 2n/zr(zn('/lfl))1/¢2(n-n/2 [sin (Rz-(n-1%)+0 (%)] ,

z#0, n=1,2,..., R] x0;

1 d
n [ n—2 = .
(1'6) DR(Z)_zﬂZdZDR (Z)’ Z¢Oa n 3,4,--- s
(1.7) Di(—z)=Di(z), n=1,2,....

Proof. Property (1.5) follows from the asymptotic property (1.4) of Bessel func-
tions. In particular, for n > 1, D}(z) is unbounded when R 1 co. Property
(1.6) follows by applying the recurrence formula (1.2):

R
ngy_ _ NUn n_3n—2(d
Di(z) = (27:)"/0 u ———(———dz) Va—a(uz)du

z
_ =1 dm
= Tmzdz R (%)
Property (1.7) is immediate from the definition of Dj(z). O

2. PROOF OF CONVERGENCE/ DIVERGENCE AT THE ORIGIN

The spherical partial sum of the Fourier transform at x =0 is

= f -_-_L_ —i{u,x)
0= [ fwdn= g [ [ e duas

= f(x)D;")(—x) dx.

|x|<a
In case n =1, D}(x) = (sinRx)/nx and for any C' function f
. 4 sin Rx
lim [ S f)dx = £10)

from the one-dimensional theory of the Fourier integral.
In case n =2, Dj(x)= RJi(Rx)/2nx and the spherical partial sum is

S(x)D3(x) dx = /0 " RI(R2)(M.[)dz,

Ix|<a

where M, f denotes the mean value on the sphere of radius z centered at
(0, 0). Without loss of generality, we may suppose that f(0) = 0, since other-
wise we may subtract that nonzero value and deal with the improper integral

/aRJI(Rz)dz =Jo(0)— Jo(Ra) = 1, R1oo.
0
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We now integrate by parts, using Jj = —J;, which reduces consideration to
/ m(z)RJ\(Rz)dz = Ji(aR)m / Jo(az)m

The first term tends to zero by the asymptotics of Jy. To analyze the second,
note that by the asymptotics of Jp, it tends to zero for any power m’'(z) = z?,
p=1,2,.... Butthe continuous function m’ can be uniformly approximated
by a plolynomial on the interval [0, a] from which the result follows for all
fecCt.

To study the convergence/divergence in higher dimensions, we use the prop-
erties of the Dirichlet kernel to write

SWDRX)dx = ,-1 [ (M, DRI dr

_ Wp—1
2n
C‘)n 1

|x|<a

/ a2 L
(Mo f)a"2Dl 2(a)

“”' ‘/ Dy 2(r ("M, f1dr.

Here we have used the notation M,f for the mean value of f over the
sphere of radius a centered at 0 € R". This formula reduces the conver-
gence/divergence question to the behavior of the boundary term and that of a
radial function in two lower dimensions, namely,

d d
3-n % r,.n-2 - p= _
r dr[r M. f] rdrM,f+ (n=-2)M.,f.

If n = 3 the second term tends to f(0), by the one-dimensional theory of
Fourier transforms. If, in addition, M, f = 0, then the entire sum converges
to f(0). Otherwise, when M,f # O, the first term is const x sin Ra, which
oscillates between nonzero limits when R 1 co.

Similarly if n = 4 the second term tends to f(0) by the two-dimensional
case. If M,f = 0 then the spherical partial sum converges to f(0). Otherwise
the boundary term behaves as const xR!/2sin(aR—n/4), R 1 co, which proves
the divergence in this case.

If n > 4 we iterate the above procedure N times to obtain

Dn 2k
SOODj0dx = - wnlz 9

x|<a
Wn1 [ Lo
+ W/o Dy (r)EfN(")d",
where the successive terms are defined by

1d 1d

N
o) =ML R = 1AM e S = (1) M),

If n is odd, we perform this N = (n—1)/2 times. The final integral converges
to f(0) by the one-dimensional theory. If all of the surface integrals are zero,
then it follows that all of the terms in the above summation are zero and we have
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proved the required convergence. Otherwise, let v be the first index for which
f|x|= ,9f7/0r da # 0. From the asymptotic form (1.5) of the Dirichet kernel

we see that this sum consists of at most k — v nonzero terms, the first of which
is asymptotic to const xD% 2*2(a), which behaves as R"3-2)/2 R 1 0.
The remaining terms are estimated by O(R’), for j < (n—3-2v)/2. We have
proved that R~ fr(0) has the required fluctuation properties, in particular, the
failure of convergence.

If n is even, we perform this N = (n — 2)/2 times. The final integral
converges to f(0) by the two-dimensional theory. The remaining discussion is
exactly as in the case of n odd, as in the preceding paragraph. The proof is
complete. O

3. PROOF OF CONVERGENCE FOR RADIAL FUNCTIONS

Given F(r), 0 <r <a, we define the n-dimensional Fourier transform by

il — 1 —i(p,x)

Fn(,“) - (27[)" |x|<a F(le) dx

— 1 “ —iprcos @ .n—1 ; n—2

= (21:)"/0 F(r)e r"~'sin" " 0drdf
nv,

= W/o F(ryr"="W,(ur)dr.

Lemma 3.1. The n-dimensional Fourier transform satisfies

(i) En(u) = O(1/uD/2), pp— o0
(i) Fu(u) = —F;_,(u)/27, p#0.

Proof. From the recurrence formula (1.2) for the spherical Bessel function, we

have
s, . nu, [° nin=-2d
Fu(p) = _W/(; F(r)r e drVn—z(,U’)d"
n(n —2)v,

= - 2D (F@armataw) + [ F W)

From the asymptotic behavior (1.4) of the spherical Bessel function, V,(ua)
= O(1/u"=1/2) | The final integral can be integrated-by-parts once again and
the first result follows.

To prove the second, write

- _ —nvn( n-3
Fn(u)———(m T / F()r=3V,_s(ru)dr
= - —l'ﬁpf—z(ﬂ)- 0

2nu
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With this established, we pass to the n-dimensional spherical partial sum

/ Ey(uyuVa(ruydu

o / 2 Vi(r) du

_ nun

=5 [Fn(R)R” 2Va(rR) - / Fua( )d (u"= 2V(r#))du]

When R T oo, the first term tends to zero for r # 0 by the above estimates.
The second term for r # 0 can be written using the recurrence formula (1.2)

as
R
muy (Rp g d (pazin=2)d
2n/0 Fn—Z(ﬂ)dﬂ (u 7 d#Vn_z(ru) du.
The Bessel differential equation (1.1), written in the form

d d
i (ﬂ”‘3ﬁ n_z(ru)) + "3V, o (re) = 0,

is then used to simplify the integrand to obtain

) R
n_(n_% /0 Faa(w)p" Voo (ru) dp.

We have proved that for r #0 and n=3,4, ...
R —~
lim v, [ Fa(u ™ Vatru) du
RToo 0

R
= lim (n — 2)v,_2 / Foa ()" V_a(rt) .
R1oo 0

This allows us to pass from convergence in dimension n — 2 to convergence
in dimension n. In case of one dimension, convergence follows from the one-
dimensional theory of the Fourier transform:

R R R R
lim v,/ Vi(ru)Fi(u)du = lim 2/ cosurF(u)du
R1oo 0 Rtoo 0

=3f(r+0)+ f(r-0], 0<r<cc.

Applying the above argument gives convergence in dimensions 3, 5, 7,... . In
case of two dimensions, convergence follows from the theory of the Hankel
transform (for example, [S, p. 52])

R N R R
lim 2v, / Va(ur)uFz(p)dp = lim 27 / Jo(ur)pFy(p)dp
=3[f(r+0)+ f(r-0)], 0<r<oc.

The above reduction now allows us to conclude convergence in dimensions
4,6,8,.... 0O
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4. EXAMPLES AND OBSERVATIONS
1. The simplest example of the above divergence phenomenon is for the
indicator function of the ball in R3. The Fourier transform is
P 1 : 1 a
f(u) = =—= e iWX) gy = / sinrurdr
W)= 227 Ji<a 2720 Jy S
_ 1| (acosau sinau
sY) 12 13

The spherical partial sum is

R R )
1ol = dn [t du=-2 [ [acosay-sma/‘J da
0 T Jo 1

The second term is a convergent improper integral and the first integral is ex-
plicitly evaluated. Thus we have

), u#0.

fR(0)=l—%sinRa+o(l), R1oo.

Therefore we see explicitly that
. 2 .. 2
hr}gizlpr(O) =1+ = hg}gffR(O) =1 .

This is reminiscent of the Gibbs phenomenon for one-dimensional Fourier
series, where the graphs of the partial sums fill out an entire interval. In the
present situation we have the additional fact that the partial sums diverge at a
point. This is impossible for the one-dimensional Fourier series of a piecewise
smooth function.

2. The above example can be modified to demonstrate the failure of local-
ization in higher-dimensional Fourier analysis. Let the indicator function of
the annulus be defined by f(x) =1 for a < |x| < b, and f(x) = 0 elsewhere.
Clearly f(x) =0 in the ball |x| < a. But from the computations in the above
example, we have liminfgo f2(0) < 0 < limsupg;., fz(0); the spherical par-
tial sum at the origin oscillates indefinitely although the function is zero in a
neighborhood of the origin.

3. By going to higher dimensions we can produce a function that is zero in
a neighborhood of the origin and whose spherical partial sum is unbounded.
Indeed, following part (ii) of the main theorem, we can choose f so that the
unboundedness will be of the order R""~3/2 R 1 oo in dimension .
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