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JACOBSON RADICALS OF NEST ALGEBRAS IN FACTORS

XINGDE DAI

(Communicated by Palle E. T. Jorgensen)

Abstract. Definition. Let fi be a nest in a separably acting type Hoc factor

Jf. An element P £ fi\{0, 1} is said to be a singular point of fi if it satisfies

either of the following conditions:

(1) There is a strictly increasing sequence {Q„ } C fi, lim„_oo Qn = P , and

P ~ Qn is infinite for each n e N. Also, there is a projection Q e fi such that

Q > P and Q - P is finite.
(2) There is a strictly decreasing sequence {Qn} Q P, lim„_.oo Qn = P,

and Qn - P is infinite for each n 6 IN. Also, there is a projection Q £ fi such

that Q < P and P - Q is finite.

Main Theorem.  Let fi be a nest in a separably acting factor Jf.

(1) If JK is of type IIoo , then a necessary and sufficient condition for the

Jacobson radical £%p of alg fi to be a norm-closed singly generated ideal of

alg fi is that the nest fi is countable and it does not contain a singular point.

(2) If JK is of type II i or type III, then a necessary and sufficient condition

for the Jacobson radical 31 p of alg fi to be a norm-closed singly generated ideal

of alg fi is that the nest fi is countable.

(3) In (1) and (2) the single generation is equivalent to countable generation.

1. Introduction

The nest algebra in a von Neumann algebra was introduced by Gilfeather

and Larson [5]. They extend the Ringrose Criterion [7] of the membership for

the Jacobson radical of a nest algebra into the von Neumann algebra setting.

In the 38(H) case Orr [6] characterized necessary and sufficient conditions

for a general nest to have the property that the Jacobson radical is norm-closed

singly generated. In this paper we will establish conditions for the Jacobson

radicals ^ of alg fi in separably acting type II and type III factors.

2. Preliminaries

Let Jf be a factor acting on separable Hilbert space Sf. By a nest in Jf

we mean a totally ordered family of (selfadjoint) projections containing {0, 7}
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which is closed in the strong operator topology. A nest /? is countable if it is a
countable set. The nest algebra related to a nest /? in a factor Jf is the set

alg£ = {T £ Jf : TP = PTP for each P £ fJ}.

Definition 1. Let /? be a nest in a separably acting type II,*, factor Jf. An

element P £ /?\{0, 7} is said to be a singular point of /? if it satisfies either

of the following conditions:

(1) There is a strictly increasing sequence {Qn} C /?, lim^oo Q„ = P, and

P - Q„ is infinite for each n £ N. Also, there is a projection Q £ ft such that

Q > P and Q - P is finite.
(2) There is a strictly decreasing sequence {(?„} c /?, lim„_00 Q„ = P, and

Qn - P is infinite for each « e N. Also, there is a projection Q 6 /? such that

Q < P and P - Q is finite.

The following theorem is our main result in this paper.

Theorem 1. Let ft be a nest in a separably acting factor Jf.

(1) If Jf is of type 11^ , then a necessary and sufficient condition for the
Jacobson radical 3?p of alg/? to be a norm-closed singly generated ideal of

alg /? is that the nest ft is countable and it does not contain a singular point.

(2) If Jf is of type IL or type III, then a necessary and sufficient condition
for the Jacobson radical 3$p of alg fi to be a norm-closed singly generated Ideal

of alg p is that the nest ft is countable.

(3) In (1) and (2) single generation is equivalent to countable generation.

Let Jf be a factor in 38(H) for a separable Hilbert space %f and /? be a

nest in Jf. We can write /? = {Nx : X £ A} for some closed set A c [0, 1]

which contains 0 and 1. A net {N^} in fi converges to Nto £ fl in the strong

operator topology if and only if X, converges to fo i° the regular topology

on [0, 1]. A projection E = M - N, M, N £ fi, M > N, is called a /?-
interval. The projections M, N are called the upper and lower end points of

E,  respectively.
The Jacobson radical of an arbitrary algebra is defined to be the intersection

of the kernels of all strictly transitive representations of the algebra. The radical

of a Banach algebra is a closed 2-sided topologically nil-ideal which contains

every topologically nil left or right ideal in the algebra. If sf is a unital Banach

algebra and 3$ is its radical, then

3i = {B £ sf : AB is quasinilpotent, A£sf}

= {B £sf : BA is quasinilpotent, A £sf}.

Also, if a (A) denotes the spectrum of yt in sf , then B £ 3? if and only if

o(A + B) = o(A) for all A £ sf.
In [5], Gilfeather and Larson generalized the Ringrose Criterion [7] to the

radical 31 p of alg fl into the von Neumann algebra setting. They proved:

Theorem 2 (Gilfeather, Larson, Ringrose [5, 7]). If A £ alg/?, then A £ 3Zp if
and only if for each e > 0 there exists a finite set {£■,} of mutually orthogonal
(1-intervals with 2^7s, = 7 such that ||7i,-^7i,-|| < e for all i.
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3. Sufficiency

Let fi be a nest in a factor Jf. We will say that an element N in a nest fi

is a left limit point of /? if there is a strictly increasing sequence {Nn} in fi

such that A^ is the sot(strong operator)-limit of {Nn}.

We will use the following notation:

Ex(fi) = \J{N£fi:N is finite},

Ep(fi) = \J{NL : N £ fi and N1  is finite}.

Definition 2. Let fi be a nest in a type 11^ factor Jf .

(1) The nest is said to be of order type lx if it is an infinite set, and either

fi or its dual /?x satisfies the following conditions:

(a) Both Ei and Ep   of the nest are left limit points of the nest.

(b) The projection Ex is infinite and the projection Ep is finite.

(2) The nest is said to be of order type I2 if fi or its dual nest fl1- satisfies

the following condition:

The identity 7 is a limit point of the nest. If Q is in the nest, Q < I,

QL is infinite. There exists a finite nonzero projection P in the nest.

(3) fi is said to be of order type I if it is of order type lx or of order type

I2.

(4) fi is said to be of order type II if it is not of order type I.

The main results in [2] are concerned with the extension of the results in [1]

into the von Neumann algebra setting. The author proved the following

Theorem 3 [1]. Let fi be a nest in a separably acting factor Jf.

(1) Assume that Jf is of type IIoo. Then the factor Jf is a norm-principal

(or norm-closed singly generated) bimodule of alg fi if and only if the nest fi is

of order type II.
(2) Assume that Jf Is of type II1 or type III. Then the factor Jf is always

a norm-principal bimodule of alg fi.

Let fi be a nest in Jf and let P £ /?\{0, 7}. We define a set of projections
(ip in Jf by

flP = {P± + N:N<P,  N£fi}U{N-P:N>P,  N£fi}U{0,I}.

It is clear fiP is also a nest.

The nest [ip has some properties which are important to the purpose in this

paper.

Lemma 1. Let fi be a nest in Jf and let P £ /?\{0, 7}. Then

(i) (pP)p± = P;
(2) P(algfi)P = P(algfiP)P;
(3) P^(algfi)P± = P±(algfiP)P±-

Proof. Statement (1) is obvious.

Let T £ P(algfi)P and N e BP. If N > P1, then there is M £ fi, M <
P, and N = PL + M.  So  TN = PTPN = PTP(P± + M) = PTMN =
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PMTMN = NTN. If N < P^, then N = M - P for some M > P and
M £ fi. So TN = PTPN = 0 = NTN. So we have T £ alg fiP. Hence

(1) P(algfi)P cP(alg(iP)P.

By statement (1) and (1) we have

(2) P±(a\gfip)P± C P±(algp)P±.

Let T e P(algpP)P and A/~ e fi. If M < P, then Px + M £ fiP. So TA/ =
PTPM = PT(P± + M)P = P(PL + M)T(P± + M)P = MTM. If M > P,
then MP = PM = P,  so MTM = T= TM. So we have T £ alg/?,  and

(3) P(algfi)PDP(algfiP)P.

By statement (1) and (3) we have

(4) P±(algfiP)P± DP±(algfi)P±.

Lemma 1 is proven.   □

Lemma 2. Let B be a nest in a type IIoo factor Jf and let P £ B\{0, 7} which

is not a singular point.

(1) If there is a projection Q £ fi such that Q - P is finite and, for each
projection R < P, R £ fi and the projection P - R is infinite, then P has an

immediate predecessor P_ in fi and P - P- is an infinite atom of fi.

(2) If there is a projection Q £ fi such that P - Q is finite and, for each
projection R> P, R £ fi and the projection R- P is infinite, then P has an

immediate successor 7+ in fi and P+ - P is an infinite atom of /?.

Proof. By the definition of the singular point, it is clear.

Lemma 3. Let fi be a nest in a type H^ factor Jf and let P £ /?\{0, 7} with

both P and PL infinite. Assume that fi has no singular point. Then fiP is an

order type II nest in Jf.    □

Proof. Define

X~P= f\{Q£p:P-Qis finite},

X+ = \J{Q £ /?: Q - P is finite}.

For the projections just defined, we have the following cases.

For Xp , we have:

(1) Xp =0 and P - Xp is infinite.

(2) Xp > 0 and P - Xp is finite.

(3) Xp > 0 and P - Xf, is infinite.

For Xp , we have:

(1) Xp~ = I and X+p-P is infinite.
(2) Xp" < I and Xp - P is finite.
(3) Xp<I and Xp - P is infinite.

It is clear that the case (l)-(2) is the dual of (2)-(l); the case (l)-(3) is the

dual of (3)-(l); and the case (2)-(3) is the dual of (3)-(2). Notice that a nest

is of order type II if and only if its dual has order type II and a nest has no
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singular point if and only if its dual has no singular point. It suffices to discuss

the following six cases: (l)-(l), (l)-(2), (l)-(3), (2)-(2), (2)-(3), and (3)-(3).

Case (l)-(l). It is clear that Pp is of order type II.

Case (l)-(2). Since Xp^-P is finite and Px is infinite, by Lemma 2, (Xp~)+-Xp
must be an infinite atom. So, Pp is of order type II.

Case (l)-(3). It is clear.

Case (2)-(2). In this case Xp~ - Xp is finite and P and P1 are infinite. So by

Lemma 2 again (Xp~)+ - Xp~ and Xf. - (Xp)- are infinite atoms. So, Pp is of

order type II.

Case (2)-(3). Similar to Case (2)-(2).

Case (3)-(3). It is clear.
Lemma 3 is proven.   □

Let J*c be the (only) norm-closed nontrivial ideal in a type IIqo factor Jf.

In [2] the author proved

Lemma 4 [2]. Let /? be a nest in a type IIqo factor Jf. A necessary and sufficient

condition for J^ to be a norm-closed singly generated bimodule of alg /? is that

the nest does not satisfy either one of the following conditions:

• The 0 projection is a limit point of the nest and any nonzero projection

in p is infinite.
• The identity I is a limit point of the nest and, for any projection Q <

I, Q£ P,  QL is infinite.

Proposition 1. Let P be a nest in a type II^ factor Jf and let P £ P\{0,1}.

Assume that /? has no singular point. Then there exists an operator GP £

P(algP)P-L c 31 p such that

PJfP1^ = P(algP)P± = P(3?p)P± = [(algp)GP(algP)].

Proof. (1) Assume both P and P1 are infinite. By Lemma 3 and Theorem 3,

there is an operator R £JK such that Jf = \(algPP)R(algpp)\.
Recall that P^ £ Pp; we have

PJfPx = P(algp)P± = P[(algpP)R(algPP)]P±

= [P(algPP)PRP±(algPP)P±]

= [P(algpP)P(PRP±)P±(algpP)P±].

Let GP = PRP^-. By Lemma 1 we have

PJfPL = P(a\gp)P^ = P(3Zp)PL

= \P(alg P)PGPP± (alg /?)7>x] = [(algp)GP(algP)].

(2) Assume that P is finite. (The case when P1 is finite is a dual case to
this. We omit it.) Then PJfPL = P<JCP^. Since /? has no singular point, we

have only two possible cases:
(a) There is a projection Q e /?,  P < Q,  and Q - P is finite.
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(b) For each projection Q > P, Q £ /?, the projection Q - P is infinite.

Then by Lemma 2 P is a left end point of an infinite atom of p.

It is clear that in either case the nest /?/> satisfies the condition in Lemma 4.

By Lemma 4 there exists an operator R £jf such that

Jre = [(dgfiP)R(dgfif)].

Therefore,

PJfP1 = PJfcPL = P[(algpP)R(algpP)]P^.

Now the same technique we used in part (1) applies. Proposition 1 is proven.   □

Proposition 2. Let P be a countable nest in a separably acting factor Jf. If for

each P £ /?\{0, 7} we have P(algP)P± = [(alg/?)G/>(alg/?)] for some operator

Gp £ alg/?, then the Jacobson radical 32p is a norm-principal ideal of alg p.

Proof. The proof is the same as that of Proposition 4 in [1]. The reader is

referred to the proof in [1].

By Theorem 3 and Propositions 1 and 2, the sufficient part of Theorem 1 is

proven.   □

4. Necessity

In this section we will first show that if the Jacobson radical is a norm-

principal ideal of alg /?,  then the nest must be countable.

Proposition 3. Let /? be a nest in a separably acting factor Jf. If 32p is a norm-

closed countably generated ideal of alg/?,  then the nest P must be countable.

Proof. Let /? = {Nx : X £ A c [0, 1]} . Let <p : (alg/?) x [0, 1] -♦ R+ be Erdos's
diagonal function of /?, defined as follows. Given A £ alg/? and t £ (0, 1),

faA, t) = inf{\\N[Xx , X2]AN[Xx, X2]\\ : Xx, X2 £ A, Xx < t < X2} ,

faA, 0) = inf{||A^A4|| : X £ A, 0 < X},

faA, 1) = inf{||(7^ - Nf)A(Ijr - Nx)\\ : X £ A, X < 1}.

Assume that & = {G„} is a countable subset in 32p and let Gef. Employ-

ing the diagonal function (p and the same method in the proof of Proposition

6 in [1], we prove that Sq = {X £ A : faG, X) ^ 0} is a countable set. So
Sg = U Sg„ is a countable subset of A. Let Jg denote the norm-closed ideal

generated by & and let A £ Jg>. Applying the same method in the proof of

Proposition 6 in [1] or in [6], we prove that SA C S%.

Assume /? is an uncountable nest. We will show that J^ is a proper subset

of 32p. Since A is an uncountable compact subset of A, there exists a point

?o € A\(Sg> U {0, 1}) and t0 is a two-sided limit point of A. Let {a«}^! be a
strictly increasing sequence in A converging to to and let {/?«}£Li be a strictly

decreasing sequence in A converging to to ■

Denote En = ArQn+1 - Nan and Fn = Npn - Npn+r Then for each n £ N

there exist non-0 projections E'n < En and 7^' < Fn such that E'n ~ Ff, for

each n £ N. Let Qn be a partial isometry with initial projection F'n and final

projection E'n. Define an operator 7?0 = Y,T= i Qn- ^ne °Perator 7?0 is in 32p

and to £ Sr0 , so to £ Sg. This contradicts the selection of to. Proposition 3

is proven.   □
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Next we will prove that if a nest /? in a type ILo factor has a singular point,

then the radical 32p cannot be even countably generated.

Let F be a fixed nonzero finite projection in the type Hoc. factor Jf. Then

there exists a faithful normal semifinite tracial weight g on Jf such that

g(F) = 1 (cf. [4, Proposition 8.5.5]). For an operator T £ Jf, if its range

projection 7?^ is finite, we define a range measure of T by p(T) = q(Rt)-

If the range projection is infinite, we define p(T) = oo. In [2] we proved the

following

Lemma 5 [2]. Let T and S be finite range operators. Then:
(1) p(TS)<min{p(S),p(T)}.

(2) p(T + S)<p(S) + p(T).
(3) If Q is a partial projection and p(Q) > p(T),  then \\Q - T\\ > 1.
(4) If {Nn} is a sequence of projections such that JV„-»0 in the strong opera-

tor topology and T e Jf has finite range projection Rp, then lim p(N„T) = 0.

The following theorem together with Proposition 3 completes the proof of

the necessary part of Theorem 1. Theorem 4 also provides a crucial step for

the proof of Theorem 1 (3).

Theorem 4. Let p be a nest in a separably acting type 11^ factor Jf. As-

sume P has a singular point and & be a sequence of operators in 32p. Then

[(alg P)ff(alg P)\ is a proper subset of Jf.

Proof. (1) Let f? = {Gn} be an arbitrary given sequence of operators in 32p.

Assume that P is a singular point of p. We can assume that /? and P satisfy

Definition 1(1). (The other case is the dual to this.)

Assume that 32p = [(alg/?)^(alg/?)]. According to the assumption we have

(Q-Pi)(32p)(Q-Px)

= [((Q-Px)(algp)(Q-Px))((Q-PxW(Q-Pi))((Q-Pi)(algP)(Q-Px))]

= [(a\g((Q- Px )P))((Q- PiW(Q~ Pi ))(alg((C2-7J1)/?))],

where alg((Q - Px)P) is the nest algebra in the (type II^) factor (Q - P\) x

■^(Q-Pi) related to the nest (Q-PX)P. It is clear that (Q - Px)(32'p)(Q - Px)
is the Jacobson radical of alg((Q - PX)P). So our assumption implies that the

countable set (Q - Px)&(Q - Px) is a generating set for the radical 32^Q_P^p.

It is also clear that the projection (Q - PX)P is a singular point in the nest

(Q - PX)P. Therefore, we can simply assume that 7*1 = 0 and Q = I. We

assume this is the case. Under this new assumption 7J-L is finite and P is

infinite, and

PJfPL = P(algp)P± = PJ?CPL = P32pP±

= P[(algPW(algP)]P±=Sx+S2+Si,

where

Sx = \(PalgpP)(Pf?P)(PalgPP^)\,

S2 = [(P alg p P^P^P1)^1 alg pP1)],

J?i = [(P alg PPL)(P^PL)(PL alg pP^)].
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(2) Now we construct an operator (a partial isometry) T0 £ PJfP1^ which

is not in P[(alg P)& (alg P^P1. This will complete the proof. We will use the
techniques we developed in [2]. We have two cases.

Case 1. There is a strictly decreasing sequence of projections {Qn} C /? such

that 5-lim„^oo Qn = P. Let Q be the faithful normal semifinite tracial weight

on Jf such that q(P±) = 1, and let p be the related range measure. Then

p(P±) = 1. We can assume that the sequence {P„} possesses the property

p(P„+x - Pn) > 1- Denote an = p(Q„ - Qn+X), where Qx = I. It is a routine

exercise to verify that J2%x otj = l. Notice that p(PGnP±Qk) < 1 for n, k £ N

and lim P„ = P. For fixed n, k £ N and e > 0, by Lemma 5 there is an nk £ N

such that p(P^PG„P±Qk) < e for each m > nk. For e = jf(l - £)|.=, aj) we

select nk such that p(P„\PGjPLQk) < ^(1 - Y!)=xa)) for each J < k and

m > nk. We can select the subsequence {Pnk} to be strictly increasing. Since

P„k+I - P„k y P^- y Qk - Qk+X, there exists a partial isometry Vk with initial

projection Qk - Qk+X and final projection Fk < P„k+I - P„k- So we have a

sequence of partial isometries {Vk} with initial projections and final projections

mutually orthogonal. We define T0 = YlT=x %■ The operator To is a partial

isometry and To £ PJfP±. It is clear that P^ToQk = 7>x7b is also a partial

isometry with p(PnLJ0Qk) = 1 - Yl)Zl aJ for k ^ 2-

Claim. d(T0, J^2) > 1.

Proof of the claim. Let n0 be an arbitrary number in N. Let Aj, Bj £

alg/? and Tj £ P¥?PL for j = 1,2,..., fin. Then the operator in the

form of Yl'jix AjTjBj is norm-dense in J^. Take an arbitrary such operator

YffLxAjTjBj. Since Tj £ P&P^ = {PGkPL}, there is a k(j) £ N such
that Tj = PGk(j)P^-. Let ko = max{max[rc(;') : j = 1, 2, ..., fin], no}- Then

ffl<i(l-jJ,o^ l<j<ko.
By Lemma 5 we have

<IH^PjPj)QkoI <T,^phAJTJBjQ^)±5>(<r;)

= ^ro) = ^(7>x7oQ^).

By Lemma 5 again,

pdn-f^AjTjBAQ^   >1.

So, \\T0 - iZfLx AJTJBA\ > !• That is' d(T0,^2) > 1-
Next we prove that r0 £ [(alg/?).f(alg/?)]. It suffices to prove that

lim117^7?Q^|| = 0 for each element in J2! or in J^. This is clear by the

Ringorose Criterion.
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Case 2. There is a projection Q' e /?, Q' > P, and Q' - P is a finite atom.
In this case we can simply assume that P1 is the finite atom. By the Ringrose

Criterion (Theorem 2), we have PLf?PL = {0}. Since the factor is of type

Hoc, we can refine the nest into a new nest /?' by inserting a strictly decreasing

sequence of projection {Q„} with limit point P into the nest p. The nest /?'

is in Case 1. Using the same construction (with /?') as in the proof of Case 1,

we prove that there exists an operator To £ PJ^cP1^ such that

pdT°-iLAJTJBj) *l

So d(To,J2) > 1. Since J^ = {0} and lim||Px7v|| = 0 for each element in

J2! by the Ringorose Criterion again, we have proven Case 2. Theorem 4 is

proven.   □
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