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Abstract. In this paper, we classify Lorentzian isometry classes of parabolic

constant mean curvature cuts by conformal classes of nonzero holomorphic

quadratic differentials on C .

1. Introduction

In an earlier article by the first author [W] it is proved that one can classify

hyperbolic constant mean curvature cuts in Minkowski 3-space M2 ■' by holo-

morphic quadratic differentials on the unit disk D. It has been asked whether

the analogous conclusion could be made for parabolic constant mean curvature

cuts. In this paper, we give an affirmative answer to this question.

The method follows the same track as that in [W]. The crust of the issue

is the existence and uniqueness of solution to the following problem of partial

differential equation: given a holomorphic quadratic differential O, written as

4>(z)dz2 , on C, is it possible to find a unique smooth solution w e C°°(C) to

the equation

(1) Aw=e2w -\<p(z)\2e~2w

such that e2w - \4>(z)\2e~2w > 0 and e2w\dz\2 defines a complete Riemannian

metric on C ?

We will again use the method of sub- and supersolutions to solve this partial

differential equation. However, we no longer have a global subsolution for an

arbitrary O as in the hyperbolic case. In more precise words, there is no solu-

tion of the equation Ato = e2w defined on the whole complex plane C. Thus,

the sequence of functions obtained by solving (1) on exhausting compact subdo-

mains of C may not end up with a convergent subsequence. This difficulty can

be overcome indirectly by exploiting the solutions on hyperbolic domains, such

as disks. We will demonstrate in this paper that both sub- and supersolutions

for (1) can be constructed for any holomorphic quadratic differential O which

is not identically zero. Let us state our main results here.
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Theorem 1. Let O be a holomorphic quadratic differential on C. If O is not

identically zero, then the equation

(1) Aw = e2w - \<&\2e-2w

has a unique C°° solution w on C, such that e2w -\Q>\2e~2w > 0 and e2w\dz\2

is a complete Riemannian metric on C.

Theorem 2. Let E be the space of Lorentzian isometry classes of parabolic con-

stant mean curvature cuts and let QC0 be the space of equivalence classes of

nonzero holomorphic quadratic differentials on (C, \dz\2) under the action of

conformal transformations. Then there exist a bijection stf: E —► QCo from E

onto QC0.

A theorem of the first author plays an important role in our proof. We quote

it here. Its proof is discussed in [W] in detail. Note that A^ and ||0|| denote

the Laplacian and the norm of <P with respect to the Poincare metric ds2 on

D.

Theorem 3 (Wan). Let O be a holomorphic quadratic differential on D. Then

the equation
Apw = e2w - ||<D||2£r2u' - 1

has a unique C°° solution w such that e2wds2 is a complete Riemannian metric

on 0 and w satisfies
e2w - \\<&\\2e-2w >0.

2. Classification of parabolic mean curvature cuts

Let X be a spacelike surface in M2 •'. We say that Z is entire if the natural
projection

n:I->R2

is onto. And, it is known that (see [W, §2]), if Z is complete, then it is entire.

In addition, X is said to be a parabolic constant mean curvature cut if it is an

entire spacelike surface in M2 ■' with constant mean curvature, H > 0, and it

is conformally equivalent to C. From the discussion in [CT, M], that £ has

constant mean curvature is equivalent to that its Gauss map is harmonic into

the hyperbolic 2-space. We will take the disk model of the hyperbolic space,

(D, a2\du\2), where a(u) = 2/(1 - |w|2).
In this context, we can focus our study on harmonic maps from C to D,

m:C-»D. Then, u being harmonic implies the equations

(2) Alog|d«|2 = 2(|dw|2-|«3M|2)

and
Alog|«5M|2 = -2(|r3M|2-|«3M|2),

where

\du\2 = o2\uz\2,        \du\2 = a2\uz\2.

Let <1> be the quadratic differential defined by

O(z) = (p(z)dz2    where <p(z) = a(u(z))2uzUj.

Then, by writing w — \\og\du\2 and simple calculations, one can easily see

that (2) can be rewritten as (1).
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Proof of Theorem 2. For any element in E, let it be represented by X, which is

a parabolic spacelike surface in M2 ■' with constant mean curvature one. Let

u be the Gauss map of X in terms of an isothermal coordinates z onto C.

Then a unique holomorphic quadratic differential O is defined as above. It is

easy to check that the natural map

j/:E-^QC0:j/({X})^[O]

is well defined.

Furthermore, e2w\dz\2 is the induced metric on X (see [AN]), where

w = jlog\du\2.

Together with the uniqueness of the solution to (1), it follows that the map j/
is injective.

On the other hand, for every O e QCo, one can see in §3 that there is a

solution w to (1). Then one can uniquely solve for htj , i, j = 1, 2, by the
equations

hxx+h22 = 2e2w,    hxx- h22 = 2Re((p),    hx2 = h2x = -Im(<£).

Define I and II by the equations

l = e2w\dz\2,        \\ = hijdxidx'.

Then the forms I and II satisfy the integrability conditions of the Fundamental

Theorem of Differential Geometry. This defines X up to isometries.   □

3. Solution of the equation

In this section, we will prove Theorem 1. The argument is a standard pro-

cedure of obtaining super- and subsolutions for the equation. It turns out that

the solution to the differential equation for the hyperbolic mean curvature cuts
is useful.

Let us first consider a subdomain ^, which has the unit disk 0 as its uni-
versal cover. There are two natural metrics on 1/, the Poincare metric ds2,

and the induced standard metric \dz\2 from C.

Proposition 4. Let $> be a holomorphic quadratic differential on %. Then (1)

has a solution w on %, such that e2w\dz\2 is a complete Riemannian metric
on %.

Proof. Let % be covered by D under the map p: D —> ̂, with the covering

transformation group (fundamental group) of % be Y. In other words, % —

D/T. Lift Q> to a holomorphic quadratic differential *? = p*Q> on D. In local
coordinates,

*F = y/(z)dz2,     with y/(y(z))y'(z)2 = ip(z) for all y eY.

Consider the equation

(3) Apw = e2™ - H^llV2^ - 1

on 0; by Theorem (Wan), a unique solution w exists, and e2™ds2 is a com-
plete Riemannian metric on D. Using the facts that

y,(y(z))y'(z)2 = W(z)    and    T^jM_ = _^_)
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it is then clear that w o y is also a solution for equation (3) and that it satisfies

the same completeness conditions. By the uniqueness of the solution, it follows

that
w = w o y    for all y e Y.

Now, since % with the hyperbolic metric is conformally equivalently to %

with the standard metric of C, we can write

emds2p = e2w\dz\2    for some w .

Hence, a simple substitution shows that (3) can be rewritten as (1).   □

In the following proposition, we are going to construct a distributional su-

persolution for (1).

Proposition 5. Let O be a holomorphic quadratic differential defined on C.

There is a function we e #l0C(C) which satisfies

Awe < e2w' - \®\2e~2w<

on C in distributional sense.

Proof. Choose two real numbers Rx , R2 such that 0 < Rx < R2. Later, in

Proposition 8, we will impose further requirements on Rx, R2. Let Qi , Q2

be the domains defined by

Qi = {z e C : \z\ < R2},        Q2 = {zeC: \z\ > Rx}.

By Proposition 4, one can find smooth solutions wx, w2 to (1) on fii and fi2

respectively. Let

{inffu/!, w2}     on Qi n Q2,

Wi on Qi - (Qi nQ2),

w2 on Q2 - (Qi n Q2).

Since e2w'\dz\2, i = 1, 2, are respectively complete Riemannian metrics on

Qi, i = 1, 2, the maximum principle implies that each e2Wi\dz\2 dominates

the corresponding Poincare metric on Q,■■, i = 1,2. Therefore, both wt,

/ = 1,2, blow-up near dQ,■, i = 1,2, respectively. So, together with the

continuity of wx at dQ2 and of w2 at dQx , we conclude that

Wi > w2    on a neighbourhood of <9£2i,

w2 > Wi     on a neighbourhood of dQ2.

Thus, we is continuous on C and indeed smooth in a neighbourhood of <9£2i U

dQ2. Finally, it is clear that, being an infimum of solutions, we e H^C) is a

supersolution in the weak sense.   □

There are few steps to construct a subsolution for (1). The idea is to exploit

the above-obtained solution w2 and the solution ^ log j0| to construct a suitable

subsolution. These steps can be described by the following propositions and

lemma.

Proposition 6. For any nonidentitically zero holomorphic quadratic differential

on C, j log \<f>\ is a classical solution of (I) except the zero set of O and a weak

subsolution on C.

Proof. The first conclusion can trivially be verified by direct computation.

Moreover, the second one follows from the well-known fact that log|</>| is a

weak subharmonic function on C .    □
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Lemma 7. Let c > 0 be any constant, and let w2 and Q2 be described as in

the proof of Proposition 5. The function w2- c is a subsolution of (I) on Q2.

Proof. Let F(z,w) = e2w - \^(z)\2e~2w . Then

^-(z,w) = 2e2w + 2\<&(z)\2e-2w > 0.
aw

It then follows that, for c > 0,

A(tu2 - c) = Aw2 = F(z, w2) > F(z ,w2-c),

which exactly says that w2 - c is a subsolution.   □

Proposition 8. Let O be a holomorphic quadratic differential defined on C. If

it is not identically zero, there is a function ws e #ij,c(C) which satisfies

Aws > e2w> - |<D| V2™5

on C in distributional sense.

Proof. Let O = <f>(z)dz2. Since the zero of </> is isolated, without loss of

generality, we may assume every zero of <P lies outside Qx. Therefore, \ log |</>|

is well defined on Q|. Moreover, it has a minimum on the compact annulus

& in Qx where

m = {z e C : R' < \z\ < R"},        RX<R' < R" < R2.

Observe that w2 has a maximum on the annulus ^ , so we can choose c > 0

such that

5 log |</)| > w2 - c    on^1.

We then define ws as

w f ilog|^(z)| if \z\<R",

\ suv{{log\(p(z)\, w2(z) - c}    if \z\>R'.

It is well defined because our choice of c guarantees that the two expressions

coincide on the compact annulus 3% . It is then elementary to see that ws is a

subsolution of (1) in weak sense.   □

Let us consider the general situation of using sub- and supersolutions to find

a regular solution. Let F(x, u) be a C°°-function defined on M x R, where

M is a complete Riemannian manifold. Furthermore, assume it is known that

^>0    for all (x,u)eMxR.

Proposition 9. If there exist u, Tie C°(M) n H:l0C(M), such that u<u and

( Au < F(x, Ti),

\ Au > F(x, u)

are satisfied weakly, then there is a u e C°°(M) such that

Au = F(x,u)     and    u<u<u.

Proof. There is a standard argument in the case that M is compact. For the

general case, one can consult [W, Theorem 9].   D
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At this point, we have established enough machinaries to conclude our The-

orem 1.

Proof of Theorem 1. From the construction in §§1 and 2, we have both super-

solution and subsolution for (1). It is obvious that, if we take the constant c

in Proposition 8 large enough, we have the inequality ws < we. Thus, as a

consequence of Proposition 9, a regular solution w exists and ws <w <we.

It can also be shown that the metric e2wds2 is complete. The details follow

from the calculation below. Let a(s) be any curve which diverges to oo on C.

Then

f ew\dz\ >  jew*\dz\ >  f eW2~c\dz\     (at infinity)
Ja Ja J a

>e~c [ew>\dz\.
Ja

As the integral on the last line blows up, so does the one on the first. Thus, the

metric must be complete.

Once we have known that the above metric is complete, it is not difficult to

show as in [W] that the solution w is unique.   □
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