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DIAGONALIZABLE CONTRACTIONS. I

B. A. LOTTO

(Communicated by Theodore W. Gamelin)

Abstract. We obtain a sufficient condition for an w-tuple T of commuting,

diagonalizable contractions on a finite-dimensional space to satisfy von Neu-

mann's inequality ||p(r)|| < ||p||cc for any polynomial p in n variables,

where ||pj|e» denotes the supremum of |p| over the unit poly disk in C . We

apply this condition to the case where T acts on a two- or three-dimensional

space. In addition, we prove that von Neumann's inequality for commuting, di-

agonalizable contractions on a three-dimensional space implies von Neumann's

inequality for arbitrary commuting contractions on a three-dimensional space.

1. Introduction

Von Neumann's inequality [11], a fundamental tool in operator theory, states

that ||p(r)|| < ||p||oo for any (linear) contraction T on a Hilbert space and any

polynomial p with complex coefficients. Here \\p\loo denotes the supremum
norm of p over the unit disk D. Attempts to generalize von Neumann's in-

equality have met with varying success. Ando [1] showed that von Neumann's
inequality holds for any pair T =(TX,T2) of commuting contractions and any

polynomials in two variables, where \\pWoo now refers to the supremum norm

over the unit bidisk D2 in C2. Varopoulos [10] proved that the generalization

to a triple of commuting contractions fails. Specific examples are given in the
addendum to [10] and in [2]. Drury [3] proved von Neumann's inequality for

an arbitrary «-tuple of commuting contractions on a two-dimensional Hilbert

space. Recently, Lewis and Wermer [6] rediscovered this fact in the special case
where the contractions are diagonalizable and asked whether the extra diagonal-

izability assumption is sufficient to ensure that von Neumann's inequality holds
for contractions on spaces of arbitrary dimension. Although this is not the case
(an example is presented in the companion to this paper [7]), we will show in

§2 that, with an additional hypothesis, the inequality does hold. We then show

in §3 that this hypothesis can always be satisfied in the two-dimensional case,

so that our theorem generalizes Drury's result. We also give in §3 an explicit,
easily computable method of checking the hypothesis in the three-dimensional
case. Our methods involve the use of the model theory of Sz.-Nagy and Foai§.
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2. The main theorem

We say that a subspace M of CN is a reducing subspace of the «-tuple

T = (Tx,... , Tn) of operators on C^ if both M and Mx axe invariant
under every 7}.

Theorem 1. Suppose that T = (Tx, ... ,T„) is an n-tuple of commuting, diag-

onalizable contractions on CN that has no nontrivial reducing subspace. If there

exists a diagonalizable contraction X on CN that commutes with every Tj such

that I - X*X has rank 1, then von Neumann's inequality holds for T.

The hypothesis that T have no nontrivial reducing subspace is not really a
restriction, as shown by the following proposition.

Proposition 2. Suppose that M is a reducing subspace for T. Then von Neu-

mann's inequality holds for T if and only if it holds for both T\M and T\M^ .

Proof. Since M reduces T, it also reduces p(T) for any polynomial p. We

have p(T)\M = p(T\M) and \\p(T)\\ = max(||/>(r)|M||, ||p(r)|JU^||) (and
similarly for M-1). The proposition follows immediately from these facts.   □

Fix an n-tuple T = (Tx,... , T„) of commuting, diagonalizable contractions

on C^ . Since any set of commuting, diagonalizable operators is simultaneously

diagonalizable, there is a basis V = {vx, ... , v^} of C^ consisting entirely of

eigenvectors for every 7). For w in C^ , let Dw denote the operator defined

by DwVj = WjVj and on the rest on CN by linearity. Note that each Tj is
of the form Dw for an appropriate choice of w and that p(T) is also of this
form for any polynomial p in n variables.

To prove von Neumann's inequality for T, it is enough (by scaling) to show

that if p is a polynomial with ||p||oo < 1, then p(T) is a contraction. Our first

lemma identifies contractions of the form Dw .

Lemma 3. Let w be in CN. Then Dw is a contraction if and only if the matrix

(1) ((l-WjWk)(Vj, vk))"k=l

is positive semidefinite.

Proof. Let c be in C^ , and set v = C\V\-\-1- c^vn . Then

IN N \ N

P\\2 = [Y.CJVi ' S CkVk ) =   J2  CJ^VJ ' Vk)
\j=l k=l I       j,k=l

and

IN N \ N

\\DWV\\2 = [Y1 CJWJVJ ' H CkwkVk ) =   £  CjCkWj1Vj(Vj , vk).
\j=l fe=l /       j,k=l

If Dw is a contraction, then ||u||2 - ||A«t;||2 > 0. Substituting, we have

N

J2 C/*jfc(l - WjWk)(Vj ,vk)>0.
j,k=l

Since c was arbitrary, the matrix (1) is positive semidefinite.
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The argument is reversible, so the lemma is proved.   D

On the basis of Proposition 2, we will assume for the rest of this section that
T has no nontrivial reducing subspaces. A consequence of this assumption is

that there is no partition of the basis of eigenvectors V into two nonempty,

disjoint, elementwise orthogonal subsets, as the span of either subset would be

a nontrivial reducing subspace of T.

Lemma 4. Let w be in CN, and suppose that Dw is a contraction. Then either

Dw is a scalar multiple of the identity or \Wj\< 1 for 1 < j < N.

Proof. Clearly, \wj\ < 1 for all j. Suppose that \wj\ = I for some J. By
Lemma 3, the matrix

(2) ((l-WjWk)(Vj,vk))Njk=x

is positive semidefinite, so the same is true for any submatrix. Suppose that K
is such that (vj, Vk) ¥" 0. The submatrix of (2) formed by the 7th and Kth
rows and columns is

( 0 (1-WjWk)(Vj,VK)\

\(l -wKWj)(vK ,Vj)      (1 - \wK\2)\\vK\\2   ) '

The determinant of this submatrix equals -|(1 — wjWk)(vj , v/c)\2 but must be

nonnegative because of positive definiteness. Hence, (1 - wjWk)(vj , vk) = 0,

so 1 - wjWfc = 0 and wj = wk ■
We may iterate this procedure with wK in place of wj. It follows that

Wj = Wk for any K such that Vj and Vr axe linked by a sequence vj = vao,

• •• > vam = vk for which (vaj, vaj+{) ^ 0. But any v% can be linked to vj

by such a sequence, as the span of all such vectors is a nonempty, reducing

subspace of T. The lemma is therefore proved.   □

It follows from Lemma 4 that if Dw is a contraction, not a scalar multiple

of the identity, then it is unitarily equivalent to its Sz.-Nagy-Foai§ model [9],

which we now describe.

Let d denote the rank of the operator I - D^DW , and let H\ denote

the Hardy space of Cd-valued functions that are holomorphic in D and have

square-summable Taylor coefficients. Then Dw is unitarily equivalent to the
restriction of the backward shift operator S* to an invariant subspace K. (The
backward shift is the adjoint of the shift operator S of "multiplication by z"

on H%.) Under this unitary equivalence, the basis V of eigenvectors is mapped

to a basis of K consisting of eigenvectors for S*. These are of the form CjkWj,

where cj / 0 is in Cd and kn,j(z) = (1 - Wjz)~x is the reproducing kernel

function at Wj for scalar-valued H2. We note that the model operator (and

hence Dw) possesses an H°° functional calculus for which von Neumann's in-

equality is valid, that is, ||/(S*|JC)|| < ||/||oo for all / in H°°. (It is easy to

prove this last statement directly for Dw.) An easy computation shows that

/(Du,) = DAw) for / in H°° , where f(w) = (f(wx), ... , f(wN)).
If d = 1, then single-variable complex function theory can be brought into

play. In this case, we can improve substantially on Lemma 3.

Theorem 5. Suppose that there exists z in CN such that Dz is a contraction
and I -D*DZ has rank 1. The following are then equivalent for any w in CN :
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(i) Dw is a contraction.

(ii) The matrix ((I -WjWk)/(l - ZjZk))^k=i is positive semidefinite.

(iii) There is a function f in H°° with ||/||oo < 1 such that f(zj) = Wj.

(iv) There is a function f in H°° with IJ/jjoo < 1 such that f(Dz) = Dw .

Proof. If (i) holds, then the matrix

((l-WjWk)(Vj,vk))Nhk=l

is positive semidefinite by Lemma 3. Using our model for Dz , we find that

(Vj, vk) = (Cjksj, ckka,k) = CjCk(l - ZjZk)~x

and we have

((1 - WjWk)(Vj,Vk)) = [CjCk >    k
V l - zjzk J j,k=l

= cn-WjWk\N    c

where C is the diagonal matrix whose diagonal is cx, ... , Cjv. Since no c,

equals 0, C is invertible and (ii) follows.
That (ii) implies (iii) is Pick s Theorem [4, p. 8]. Now (iv) follows from (iii)

by the remarks preceding the statement of the theorem, and (i) follows from (iv)
by the H°° version of von Neumann's inequality for the contraction Dz .   □

We note that Theorem 5 is a special case of the work in [8].

Corollary 6. Suppose that there exists z in CN such that Dz is a contraction

and I - D*Dz has rank 1. Then von Neumann's inequality holds for any n-tuple

of contractions of the form (DWl,... , DWn).

Proof. By Theorem 5, there are functions fx ,...,/„ in 77°° such that ||//||oo <

1 and fj(Dz) = DWj. Now if p is a polynomial in n variables, then

p(DWl , ... , DWn) = [p o (fx, ... , /„)] (Dz).

Since po (/,,... , /„) is in 77°° and ||p o (/,,... , /„)!!„ < H/?^ , the corol-
lary follows from the H°° version of von Neumann's inequality for Dz .   □

Theorem 1 is a restatement of Corollary 6.

3. Applications to dimensions two and three

We now consider the cases where the dimension of the underlying Hilbert

space is two or three.

Theorem 1. If T is any n-tuple of commuting, diagonalizable operators on a

two-dimensional space, then von Neumann's inequality holds for T.

Proof. Recall that vx and v2 axe the common eigenvectors of the operators
in T. If (vx ,v2) = 0, then Proposition 2 immediately yields von Neumann's

inequality. If (vx, v2) ^ 0, then T has no nontrivial reducing subspace. Let
X be any operator, not a scalar multiple of the identity, such that v i and v2

axe eigenvectors of X and ||X|| = 1. Then I - X*X ^ 0. But if v is any
vector such that ||ATt;|| = ||u||, then (I - X*X)v = 0. It follows that the rank of
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I - X*X equals 1. The hypotheses of Theorem 1 being satisfied, we conclude

that von Neumann's inequality holds for T.   u

Now suppose that T is an «-tuple of commuting, diagonalizable operators

acting on a three-dimensional space. If T has a nontrivial reducing subspace,
then von Neumann's inequality holds for T by Proposition 2 and the preceding

result for two dimensions. In the contrary case it is not always possible to apply
Theorem 1. For the next theorem, we assume (without loss of generality) that

the eigenvectors vx, v2, and Vj, have unit norm.

Theorem 8. The hypotheses of Theorem 1 can be satisfied if and only if

(3) |a£|2 + |ay|2 + \By\2 = \aBy\2 + 2^(a'By),

where a = (vx,v2), ft = (vx, v3), and y = (v2, i;3).

Proof. By the discussion preceding Theorem 5, it is enough to determine that (3)

is necessary and sufficient for vx, v2, t>3 to be unitarily equivalent to wi^,,

nik®2, mkai,, where |w;-| = 1, \Wj\ < 1, and feu, = (1 - \w\2)xl2kw is the
normalized reproducing kernel function.

Let (pa(z) = (a- z)/(l - az) for \a\ < 1. An easy (but tedious) calculation

shows that

/„t        Wlr     \ /Jl~aW\l „,|l-fltB/|;- \
(nkw , t] fcu,') - yi Y_aW *f.(u>), 1  i_fltD> *y.(u>'))

whenever |n| = |w'| = 1 and \w\, \w'\ < 1. In other words, changing the w's

by tpa changes the fc^'s unitarily if we allow coefficients to be multiplied by
unimodular constants.  An application of (p^ followed by multiplication by

suitable unimodular constants shows that the triple nifc®,,  »2&t»2.  "3^3 is

unitarily equivalent to a triple Ci^r,. dkZ2, h, where |£i| = \C2\ = 1 and

I'll. Iz2l< 1.
Now if vi, v2, vt, is unitarily equivalent to a triple of this form, we have

(4) a = (vu v2) = C,C2(1 - |z1|2)'/2(l - \z2\2)xl2/(l - zxz2),

(5) B = (vi,v3) = Zi(l-\zi\2)i'2,

(6) y = (v2,vi) = t2(l-\z2\2)l/2.

It follows that

(7) z,z2=l-^y/Q,

so

(8) (l-|)S|2)(l-|7|2) = |z1z2|2^|l-^/a|2.

Expanding this last equation and rearranging gives (3).

On the other hand, suppose a, B , and y satisfy (3). It will be enough to

find Ci and £2 unimodular constants and zx and z2 in D satisfying (4), (5),

and (6). We claim that none of a, B, or y can equal 0. For if, say, a = 0,
then either B = 0 or y = 0 by (3). In either case, we can find a nontrivial

reducing subspace for T. (If a = ft = 0, for example, then Cui is such

a subspace.) This contradicts our assumptions on T. Set \z\\ = (1 - \B\2)XI2
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and |z2| = (1 - M2)1/2 ; both of these are defined by Cauchy-Schwarz inequality

and less than 1 by the above claim. Now £i and £2 can be determined by (5)

and (6), respectively. The assumption that (3) holds yields (8), so if we take Z\
to be positive we can then choose the argument of z2 to make (7) hold. These
choices give our unitary equivalence, and we are done.   D

We have not been able to determine whether von Neumann's inequality holds

for arbitrary n-tuples of commuting, diagonalizable contractions on a three-
dimensional space. This question is important in light of the following result.

Theorem 9. If von Neumann's inequality holds for all n-tuples of commuting,

diagonalizable contractions on a three-dimensional space, then it holds for all

n-tuples of commuting contractions on a three-dimensional space.

Theorem 9 follows from the following lemma, which implies that a coun-

terexample to von Neumann's inequality could be perturbed to a counterexam-

ple consisting of diagonalizables.

Lemma 10. Any n-tuple of commuting operators on C3 can be perturbed to com-
muting diagonalizables.

We note that an analogous statement holds in the two-dimensional case [3].

Proof. Let T = (T\,... , T„) be an n-tuple of commuting operators on C3.

If any 7) has two distinct eigenvalues, then the matrices of Ti, ... , Tn with
respect to a basis that realizes the Jordan form of Tj are all block diagonal.
We can then perturb each n-tuple of blocks to commuting diagonalizables us-

ing, if necessary, the two-dimensional result just mentioned. We thus obtain a

perturbation of 7 consisting of commuting diagonalizables.
We may therefore assume that every Tj has a single eigenvalue. After sub-

tracting a constant multiple of the identity from 7, (which does not affect the

possibility of perturbation), we may assume that every 7; is nilpotent.

Now the only matrices that commute with

(0    1    0\
0   0    1

\0   0   0)

are polynomials of this matrix. Hence, if any 7, has this as its Jordan form,

then Tk = pk(Tf) for some polynomial pk . If we now perturb 7, to a diago-

nalizable Tj and then replace Tk by pk(Tj), the resulting n-tuple will be the

desired perturbation consisting of diagonalizables.

The other possibility is that Tj = 0 for all j. Now the only nilpotent

matrices of order two that commute with

/0   1    0\
0   0   0

\0   0   0)

are of one of the forms

(0   a   b\ (0   a'   0\
0   0   0      or       0    0    01 .

\0   0   0/ \0   V   0)
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Since these matrices do not commute with each other if bb' # 0, we must have
that every 7, is of the same form, either the one on the left or the one on

the right. In either case, every 7, is a polynomial in two fixed, commuting
matrices. As any two commuting matrices can be perturbed to commuting
diagonalizables [5], we can replace 7, by its polynomial in these perturbations

as above to get the desired perturbation of commuting diagonalizables. The

lemma is now proved.   □
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