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Abstract. We show that extension problems for generalized Toeplitz kernels

may be completely reduced to extension problems for positive definite functions,

where the solution is well known. These considerations in particular imply

that generalized Toeplitz kernels may be represented as Fourier transforms of

positive operator-valued measures.

The notion of generalized Toeplitz kernels (g.T.k.) was introduced in [5],
where also a generalized Bochner theorem was proved in the discrete case. Since

then many papers concerning this topic appeared, for example, [2, 3]. The ex-
tension problem for the discrete case was discussed in [1] and for the continuous

case, for example, in [4]. The proofs for the extendibility and for the gener-

alized Bochner theorem use mainly lifting theorems for families of operators.

In this paper we want to show that these questions can be reduced directly to

appropriate questions for positive definite operator-valued functions.

Fix Hilbert spaces HX,H2, and let 0 < a < co, 1(a) := (-2a, 2a), Ix(a) :=
(-2a, 0), /2(a) := (0, 2a). An operator-valued generalized Toeplitz kernel K
on 1(a) x 1(a) is an operator-valued function with K(s, t) e L(Ha, HB) if

s e Ia(a), t e Ip(a) and if there are four weakly continuous functions

KBo: Ia(a)-IB(a) -> L(Ha,Hp),        a, 8 = 1,2,

such that K(s, t) = KBa(s-1) for 5 e Ia(a), t e IB(a), and Kx2(-t) = K2x(t)*
for ?e (0,4a); i.e., Kxx: (-2a, 2a) - L(HX), Kx2: (-4a, 0) - L(H2, //,),
K2X: (0, 4a) - L(//,, H2), K22: (-2a, 2a) - L(H2).

A g.T.k. is called positive definite if

Y Y <K^S - {^a{s) , <Pp(t))Hf  > 0
a,fi=\,2seh(a),telf{a)

for all pairs of functions tpa: I(a(a) —> Ha, a = 1, 2, with finite support.

Recall that an operator-valued function F: (-2a, 2a) —> L(H) with some

Hilbert space H is called positive definite if

(1) Y    (F(s-t)<p(s),4>(t))H>0
s,t€{-a,a)
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for all functions <p: (-a, a) —> H with finite support.

Suppose we are given a g.T.k. K on 1(a) x 1(a), 0 < a < oc. We associate

a function Fk : (-2a ,2a) -+ H, H := Hi® H2,to K defining

wo-GwJ'f*) Ktw0))'    ,€(-2a-2a)-
Here and in the following we use the canonical matrix representation of bounded

operators w.r.t. the decomposition H = Hi ® H2.

Proposition 1. The generalized Toeplitz kernel K is positive definite if and only

if Fk is positive definite.

Proof. The proof follows from a straightforward calculation, if we relate the

functions appearing in the definitions by

Since a g.T.k. K is weakly continuous by definition, Fk is weakly contin-

uous, too. For weakly continuous operator-valued positive definite functions

F on (-2a, 2a) there is always a positive definite extension F to the real

line (cf. [7]). As it was stated, for example, [6, Lemma 2], such functions are

automatically uniformly strongly continuous. More exactly,

\\(F(t)-F(t + h))<p\\A

<16\\F\\3\((F(0)-F(h))cp,<l>)\,       4>eH, t,heR.

If \h\ < 2a, we are allowed to omit the tildes on the right-hand side, since

F coincides with F on (-2a, 2a). In particular, the set of all p.d. extensions

F of F is strongly equicontinuous.

Suppose now that F is a positive definite extension of Fk , where K is a

positive definite g.T.k. Then we define an operator-valued function K by

K(t\-(    *"W       Fn(t + 2a)\
m-\F2X(t-2a)       F22(t)     J'        f€R-

Let KaB denote the entries of the corresponding matrix representation of K.

Then KaB(t) = KaB(t), a, B = 1, 2, if the right-hand side is defined. More-

over, K is an operator-valued positive definite function in the usual sense. Its

positive definiteness follows immediately from that one of F .

A positive definite function K, whose entries in the canonical matrix repre-
sentation coincide with the constituents of K, where the latter are defined, will

be called a positive definite extension of K.
The strongly continuous positive definite functions on E with values in L(H)

form a subset of a linear space E of all strongly continuous functions on R

with values in L(H). On E we introduce a locally convex topology by the

seminorms

E3F^\(F(t)<p,\p)„\,       teR,<f>,y/eH.

The corresponding induced topology is meant in the following if topological

questions are discussed for sets of strongly continuous positive definite func-

tions.
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Lemma 2. Suppose that K is a positive definite g.T.k. on 1(a) x 1(a), 0 < a <

oo. Then the set Jfa of all positive definite extensions of K is nonempty and

compact.

Proof. The assertion J!a ^ 0 was just shown.

To prove compactness, we consider an ultrafilter % on Jfa . Since

\(K(t)$,tp)\<\\K(0)\\U\\\\V\\

and since the operator K(0) is the same for all K e J(a because of weak conti-

nuity, the limit g(t;<f>, tp) = lim%/(K(t)<p, ip) exists. Moreover, g(t;<f>, ip) is
linear w.r.t. <p and antilinear w.r.t. tp . Thus it defines a continuous sesquilinear

form on H, i.e., there is a unique G(t) e L(H) such that

(3) g(t;<p,ip) = (G(t)(p,ip),       <p,y/eH, teR.

The operator-valued function t —> G(t) is positive definite. To see this, we

simply have to fix a function (j>: R —► H with finite support and to perform

the limit in (1). It remains to show that G is weakly continuous. Since the

function G' defined by

is positive definite and coincides with Fk on (-2a, 2a), its weak continuity

follows from that one of Fk , resp. K. Now it is easy to see that the weak

continuity of G' implies the weak continuity of G.

Since all K e Jfa are extensions of K, i.e., the entries of the appropriate
matrix functions are equal to the constituencies of K where the latter are de-
fined, the same is true for G, i.e., G e Jaa ■ Since g(t; <p, tp) = (G(t)<f>, tp) in

(3), we obtain finally G = lin% K, which completes the proof.   □

Theorem 1. Suppose that K is a positive definite g. T.k. on 1(a) x 1(a), 0 < a <
oo. Then the set j%a of all positive definite extensions of K is nonempty and

compact.

Proof. For a < oo the assertion is Lemma 2. For a = oo, we denote by

Mb, 0 < b < co , the set of all positive definite extensions of the restriction of

K to 1(b) x 1(b). Then -#oo = Do<6<oo-/^' ■ Since all sets ^ are compact

and nonempty, and, since J?b c J^v if b' < b, their intersection is nonempty

and compact.   □

Corollary 3. Any positive definite g. T.k. may be represented as the Fourier trans-

form of a positive operator-valued measure.

Proof. This follows immediately from our theorem and the fact that any weakly

continuous positive definite operator-valued function is the Fourier transform

of a positive measure.

Remark. Similar considerations as above apply to the discrete case, i.e., if

(-2a, 2a) is replaced by {-2a, -2a + 1, ... , 2a - 1, 2a} , where 2a is a

positive integer.
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