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ABSTRACT. It is a result of Peter Greim that if f is a strongly exposed point
of the unit ball of Lebesgue-Bochner function space LP(u, X), 1 <p < oo,
then f is a unit vector and f(¢)/||f(¢)| is a strongly exposed point of the unit
ball of X for almost all ¢ in the support of f.

We prove that the converse is also true.

Throughout we assume that X is a Banach space, 1 < p, g < oo with
l/p+1/g =1,and (Q, X, u) is a positive measure space. We use Sy and
By to denote the unit sphere and the unit ball in X respectively and use u*
to denote the outer measure associated with x. For a subset K of X we use
str-exp K to denote the set of strongly exposed points of K. Recall that x
is a strongly exposed point of K if x € K and there exists x* in X* which
strongly exposes K at x, that is, supx*(K) = x*(x) and, whenever {x,} C K
and lim, x*(x,) = x*(x), lim,x, =x.

Johnson [J] and Greim [G1, G2] studied the strongly exposed points in
Lebesgue-Bochner function spaces L”(u, X). In [G1, G2], it is shown that, for
f € str-exp By, x) , it is necessary and, in case X is smooth, is also sufficient
that, for almost all ¢ in the support of f (suppf), f(¢)/|lf(?)| € str-exp By
and ||f]| = 1. The purpose of this note is to show that these conditions are
sufficient in general (Theorem 7).

Strongly exposed points can be described in terms of slices. For K C X, the
slice of K determined by the functional x* in X* and J > 0 is the subset of
K given by

S(x*,K,d)={x€eK: x*(x)>supx*(K)—-4}.

It is obvious that x* strongly exposes K at x if and only if for any ¢ > 0
there is > 0 such that diam S(x*, K, d) < ¢ and x € S(x*, K, J), where
diam S(x*, K, J) is the diameter of the set S(x*, K, d).

The key to our discussion is the following characterization of strongly exposed
points “exclusively” in terms of slices (i.e., it does not use strongly exposing
functionals): an element x in K is a strongly exposed point of K if and only
if there exist ¢, > 0 and J, > 0, with lim,¢, = 0 and lim,d, = 0, and
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a bounded sequence {x;} C X*, such that x belongs to each S(x;, K, d,)
and diamS(x;, K, o) < &, for n > m > 1. Lemma 2 is a variation of this
observation for Lebesgue-Bochner function spaces.

Lemma 1. Let f € LP(u) such that f(t) >0 forall t in Q. If {f;} is a net in
LP(u, X) such that {|| fi(+)||} convergesto f in LP(u) then there is a net {g;}
in LP(u, X) such that ||g(t)|| = f(t), forall t and A, and lim, ||f; — g = 0.

Proof. Pick x in Sy. Foreach A, let E; = {t:t € Q and f(t) = 0} and

define
f(t)x ) te El )

&) = { FOLONLOI, t¢E;.

Then ||g ()l = f(¢) and ||£i(¢) — &@)| = [I4O] = f(2)] for all ¢ and A.
Hence, g, € LP(u, X) and lim, ||f; — gl = limy ||| ()l - fIl=0. Q.E.D.

For each f € L?(u, X), we denote by S(f) the set
{g: g€ LP(u, X) and ||g(t)|| = [/ (1)|| for all ¢ in Q}.

Lemma 2. Suppose [ € Spy(u, x). Then the following are equivalent.
(1) festr-expBr, x)-
(2) There exist €, >0 and 6, > 0, with lim,¢e, =0 and lim,d, =0, and
{Tn} in Brou, x)- satisfying
T.(f)>1-0y,, and for m < n, if g € S(f) and T,(g) >
1= 0m, then ||f - gl < é&m.
Moreover, if (2) is true, then every weak* cluster point of {T,} strongly exposes
Bu(”, x) at f .
Proof. 1t is obvious that (1) implies (2). To prove the converse is true, let T
be a weak* cluster point of {7,}. Then T(f)=1 and ||T|| < 1. Thus

IT|=1=T(f)=sup T(Brr(u,x))-

Suppose {f,} is a sequence in By, x) such that lim, T(f,) = 1. Then
lim, T(fy + f) =2. It follows that, in L?(u), lim, |||l fa(:)ll + [ F(-)lIll = 2. By
the uniform rotundity of L?(u), we have lim, || f,(:)|| = ||f(-)|| in L?(u). Thus
by Lemma 1 there is a sequence {g,} in S(f) such that lim, ||f,—g|| =0. Itis
obvious that lim, T(g,) = 1. For any ¢ > 0, choose m > 1 such that ¢, < ¢.
There is n; > m such that for k > n, we have T(g;) > 1 —6,, and 6 < Op, .
Foreach k > n,,since T isaweak* cluster pointof {7,} and T(gx) > 1—9n,
there is n > n; such that T,(g) > 1 -0, . Thus ||f — gl < ém < &. Hence,
lim, ||g, — f]l = 0. It follows that lim, | f, — f|| = 0. Therefore, T strongly
exposes By, x) at f. Q.E.D.

In the proof of Lemma 4, we will construct a sequence {7,} like the one
described in Lemma 2, but our {7,,} will be from L9(u, X*), which is naturally
a subspace of L?(u, X)*. Note that for any ¢ € L9(u, X*) and h € LP(u, X)
the action of ¢ on A is given by (¢, h) = [(¢(t), A(t))du(t) [DU]. For the
proof of Lemma 4 we need

Lemma 3. Suppose (Q, X, u) is a probability space and f € By, x) with
f(Q) C By. Let 0 < d <1 and g: Q — Sx-. If there are {t,} C Q,
{F,} CZ, and r > 0 satisfying:

(1) diamS(g(tn), Bx,r) < and f(F,) C S(g(tn), Bx, r), and

(2) F,NFy=@ for n#m and u(U, Fn) >1-24/3,
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then, for any measurable functions ¢: Q — Bx. and h: Q — By with ¢|U F, =
> &(tn)xr, and [o(p(t), h(t))du(t) > 1-rd/3, we have ||h — f|| < 36'/7.
Proof. Let E, = {t: t€ F, and h(t) ¢ S(g(tn), Bx, r)}. Then ||h(t)—f(2)| <

0 for te F,\E,, and (g(t,), h(¢t)) <1—r for t € E,. Since
1-_</ ), h(t)) du(t)

/Q\U,,En( p(t), h(1))du(t) + /U (p(1), h(t)) du(t)

<u (Q\UEn + /U i (Zg(tn)m, h(t)) du(t)
=u (Q\UEn +y /E (&(tn), h(1)) du(t)

S/t(Q\UE,, (1-r)u (UE) =1-ru (UE,,) :

n

we have u(lJ, E») <d/3. Thus

I - £l = /Q . O = SO du) + /u Ih(t) - F)IP du(t)

n n n

+ /Un 1) = FOIF duto)

<2y (Q\UFn> +0%u (U Fn\En> +2%u (UEn)
<2°25/3+ 0P +2P5/3 =275 + P < 3%6. Q.E.D.

If (Q,Z,u) is a probability space and f € By, x) with f(Q) C
str-exp By , then f must be a strongly exposed point of By, x) as shown
in Lemma 4.

Lemma 4. Suppose (2, X, u) is a probability space and f € By, x) with
f(Q) C Sx. If there is a function g: Q — Sx. such that, for every t € Q,
g(t) strongly exposes Bx at f(t), then there exist ¢, > 0 and J, > 0, with
lim, ¢, =0 and lim, 6, =0, and {g,} C Bro, x+) Satisfying:

(1) 8n(Q) C g(Q), and [(gn(t), f(2))du(t) > 1 ~0,, and

(2) for n>k>1,if heS(f) and [,(ga(t), h(t))du(t) > 1 — dy, then

If = hll < &.

Thus, by Lemma 2, we have f € str-exp By, x) -

Proof. We may assume that f(Q) is separable. For k > 1 and m > 1 set
ap = 2-% and

D(m, k) = {t: t € Q and diam S(g(¢), Bx, %) < oy }.

It is obvious that D(m, k) c D(m + 1, k). Since, for every t € Q, g(t)
strongly exposes By at f(t), we have Q ={J,, D(m, k) for each k > 1. Thus
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for every subset A of Q, we have
(*) W (4) =lim g™ (A0 D(m, k)).

In particular, there is m; > 1 such that u*(D(m;, 1)) > 1 — a;/3. Choose
a measurable set E(1, 1) such that E(1,1) D D(m;, 1) and u(E(1,1)) =
u*(D(my, 1)). Let E(1,2) =Q\E(1, 1). Then {E(1, 1), E(1, 2)} is a par-
tition of Q.

Assume, for 1 < k < n, we have chosen m; < --- < m, and partitions
{E(k,1),E(k,2),...,E(k,k), E(k,k+1)} of Q sothat, for 1 <i<k,

(1) wE(k, D)) =pu*(4(k, D))

k
| where A(k, i) = E(k, i) (ﬂ D(m;, j)) , and
(x* j=i

@) YmER,))>1-3.
j=t

Since %_; u*(A(n, j)) > 1 —a;/3 and p(E(n, n+ 1))+ X" u*(A(n, )
=1, by (%) there is m,,; > m, such that

1
Y W Am, )N D(Musr, n+ 1)) > 1—% forl<i<n
Jj=1

and

n
W (E(n, n+ D)ND(Mayy, n+ 1)+ 3 1 (A, )ND(maer, n+1)) > 1- 228
j=1
Let Am+1,n+1)=En,n+1)ND(myyy,n+1),and let A(n+1, j) =
A(n, j)NnD(mpy1,n+1) for 1 < j<n. Then, for 1 < j<n+1, wecan
choose a measurable set E(n+ 1, j) such that

An+1,j)CEn+1,j)CE(n,j) and u(En+1,j)=u*An+1, ).

Let E(n+1,n+2) = QUIZE(n+1,)). Then {E(n+1,1),...,
En+1,n+1),E(n+1,n+2)} is a partition of Q which satisfies (*x)
for 1 < i< k =n+1. Byinduction, there are natural numbers m; < m; < ---
and partitions {E(k, 1),..., E(k,k + 1)} of Q such that (xx) is true for
1<i<k<n<o.

Now fix n > 1. Itisobviousthat f(A(n, k)) C U{S(g(¢), Bx, an/3my,): t €
A(n, k)} for 1 < k < n. Since {S(g(t), Bx, an/3my,): t € A(n, k)} is an
open covering of f(A(n, k)) which is separable, there is a sequence {t},};>1
in A(n, k) such that

s, k) < Us (e, Br. 52 ).
j n

Define
E(n,k, j)

=E(n,k)n f! {s (g(z{;k), By, %) \Us (g(tf,k), By, 3%1"—)} .

i<j




LEBESGUE-BOCHNER FUNCTION SPACES 1163

Then E(n, k, j) is measurable, and E(n,k, j)NE(n,i,j) =2 if i # k
or j # j'. Since A(n, k) c U;E(n,k,j) C E(n,k) and u(E(n, k)) =
u*(A(n, k)), we have

(%% %) y(UE(n,k,j)) = wE(n, k)).
j21

Thus by (x+) we have u(U{E(n,k,j):1<k<n and j2>1})>1-a,/3.

By definition, for all ¢ in E(n, k, j) we have (g(t),), f(t)) > 1 — an/3m,.

Hence,

( Z g(tik)XE(n,k,j)af)

1<k<n, j>1

><1-3‘:; )u(U{E(n,k,j):lskSnandjzl}).

n

Since, for each ¢ in Q, (g(#), f(¢)) = 1, there is a measurable function
gn: Q — g(Q) such that

E(n,k,j) = > &) xEmk. )

n
Uisisn iz 1<k<n, j>1

and
Qp

(gn, f) = /ﬂ (&al0). S0 dult) > 1= 2.

Let ¢, = 3(a,)!/? and 6, = a,/3m,. To complete the proof it remains to
verify the following claim.

Claim. For n > k> 1,if h e S(f) and fg(g,,(t), h(t))du(t) > 1 - é;, then
If =hll < é&. ‘

For 1<i<k and j>1,since t,;, € A(n, i) C D(my, k) (see (xx)(1)), we
have that

diam S(g(t),), Bx, 1/my) < o .
By (*x) and (**x), we have

u(U{E(n, i,j):1<i<kandj> 1})

_ N> 1o %k 5 2%k
—Z,u(E(n,l))>l 3 > 1-5

i=1
It is obvious that

f(E(n,i,J)) cS(gt,), Bx,an/3my) C S(g(t},), Bx, 1/my)
and :
E(n,i,j) = Z &) XEM. i, j)-
1<i<k, j>1
By Lemma 3, we can conclude that, if & € S(f) and [,(ga(t), h(?))du(t) >
1 — ay/3my, then | f — h|| < 3(ax)'/?; in other words, if h € S(f) and
Jo(n(t), h(t))du(t) > 1-0; , then || f—h|| < & . Thus the claim holds. Q.E.D.

Ulgigk,jzl

The general case can be reduced to special case in Lemma 4 by using Lemmas
5 and 6.
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Lemma 5. Suppose (Q, X, u) is a positive finite measure space and f € Spp(,, x) »
and suppose there is M > 0 such that 1/M < ||f(t)| <M forall t in Q. Let
@)= f@)/If D for t € Q, and let po = p/u(Q). Then f € str-exp By, x)
if and only if fo € str-exp B, x) -

Proof. Suppose fy € str-exp Brs(u,,x). Then there is T € Sy, x)» which
strongly exposes By, x) at fo. There is a function g from Q to X* such
that g is weak* measurable (that is, for every x in X the real-valued function

g(+)(x) is measurable), ||g(-)|| € Srs(x,), and for any ¢ € L?(u, X) [EV, IT],

- / (1), 0(1)) dp(t).
Q

By Theorem 2 [G2], we have ||g(¢)|| = 1 and g(¢) strongly exposes By at fo(¢)
for almost all ¢ in Q. Let A(¢) = || f(¢)||P~'g(¢) forall ¢ in Q. Then |A(-)]|
strongly exposes By, at || f()|,and A(t) strongly exposes Bx at f(2)/|f(2)ll
for almost all ¢ in Q. By Theorem 2 [G2] the functional in LP(u, X)* repre-
sented by h strongly exposes B, x) at f.

The proof of the converse is similar. Q.E.D.

Lemma 6 (see [S, Theorem, p. 154]). Suppose {X;}icr is a family of Banach
spaces. Let f = (f(i))ier € IP(X;). Then f isa strongly exposed point of the
unit ball of IP(X;) if and only if ||f|| = 1 and f(i)/||f(i)| € str-exp By, for
every i e supp f .

Theorem 7. Suppose f is an elementin LP(u, X). If |fl|=1 and f(t)/||f ()]l
€ str-exp By for almost all t € supp f, then f € str-exp Bry(,, x) -

Proof. Let Ey = f~1(0), and, for each integer n > 1, let
Ey={t:teQ, 2" <|f(0| <2"}

and

Eyo1={t:teQ, 27" < |If(D)| < 271}.
It is obvious that {E,}o<s<oo 1S a partition of Q such that, for each n, 0 <
n<oo,thereis M >0 with 1/M < | f(¢t)|| < M, forall ¢t in E,, and f is
zero on Ej. Let u, be the restriction of 4 to E,, and let X, = LP(u,, X).
Then the partition {E,} induces an isometry 7 from L?(u, X) onto [7(X,),
which is given by

h) = {hlg,}n>1 for hin LP(u, X).

By Lemmas 4 and 5, f|g,/||flE,| € str-exp Bry(,,, x) Whenever f|g, # 0. By
Lemma 6 we have f € str-exp Bry(, x) - .
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