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HOMOLOGY OF AZUMAYA ALGEBRAS
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(Communicated by Maurice Auslander)

Abstract. If R is a commutative A:-algebra, any Azumaya i?-algebra has the

same Hochschild homology as R does.

Let R be a commutative ring. An Azumaya algebra over R is a (noncommu-

tative) .R-algebra A which is a finitely generated faithful projective ,R-module,

such that the canonical map A ®R Aop -> EndR(A) is an isomorphism (equiv-

alent^ A ¡Sir F is a central simple F -algebra for every R —> F with F a field.

(See [B, II.5, Example 14 ff].) For the étale topology on R, an Azumaya alge-

bra is locally a matrix algebra; if A has rank n2 there exists a faithfully flat

étale iî-algebra S such that A ®R S = Mn(S) by [GB, 5.1]. Thus it is reason-
able to expect Azumaya algebras to satisfy some kind of homological Morita

invariance conditions, and our result says just that. Suppose that k is a com-

mutative subring and that we consider Hochschild homology HHJf of R and

A as /c-algebras.

Main Theorem. If A is an Azumaya algebra over a k-algebra R, then there

are "'reduced trace map"" isomorphisms HH^(A) —> HH^(R). If A has rank

n2, the composition HH^(R) -> HH*(A) 3 HH^(R) induced by R C A is
multiplication by n.

For example, if P is an f.g. faithful projective .R-module then A = HLndR(P)

is Azumaya over R. In this case we recover the usual Morita invariance:

HH$EndR(P) s HHÏ(R).

Corollary. If A is an Azumaya algebra of rank n2 over R and l/n e R, then
R —> A induces an isomorphism HC*(R) = HC,(A).

If we take k = R, we get an improvement of a result of Larsen [L].
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Corollary. If A is an Azumaya k-algebra, then HH¿(A) = 0 for i ^ 0, and
A /[A, A] s k. By the SBI sequence, there is an isomorphism HC,(A) =

HC*(k).

To prove our main theorem we need the following variation of Theorem 0.1

of [GW],

Étale Descent Theorem. Let R c S be an étale extension of commutative k-
algebras, and let A bean R-algebra. Then the natural product is an isomorphism

HH*¡(A) ®RS^ HH*{A ®R S).

The proof of this variant is the same (mutatis mutandis) as the proof in

[GW]. Applying this to the Azumaya case at hand, and using the usual trace

map for A®RS = M„(S) yields

HH.(A) ®rS = HH*(A ®R S) 2 HHt(S).

Another application of étale descent yields HH*(R) ®RS = HHt(S). We may
therefore consider HH»(A) and HH*(R) as .R-submodules of HH*(S). Once
we prove that they are the same submodule, we can take the reduced trace map

to be the composite HHt(A) c HH»(A ®RS) = HHt(S) ; since the image lands
in HH*(R), the trace map is independent of the choice of S.

If two submodules differ, they differ locally. Since locally every Azumaya

algebra contains a maximal étale subalgebra (see [GB, 5.7]), and HH*(A[l/t]) =
HH,(A) ®R R[l/t], the general case reduces to the special case in which R c
S c A, A®RS = Mn(S) and S is étale of rank n over R.

This reduction being made, S c A induces a map from HH*(S) to HH9(A)

c HH*(S). If x € HHt(R) and seS, this map sends x®s € HH,(R)®RS =
HHt(S) to x <5j> Tr(i). Indeed, there is a commutative diagram:

HH*(S) -► HH*(A)   -►       HH*'A) ®RS=- HH*(Mn(S))

1» Tr

HHÏ(R) -► HHÏ(S)

But Tr: S —> R is onto, so the image of HH»(S) is HHt(R). This proves that

HHt(R) c HH*(A) as .R-submodules of HH*(S). Tensoring with S makes
this map an isomorphism, so by faithfully flat descent it must already be an
isomorphism. This finishes the proof of our main theorem.
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