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ABSTRACT. Let y:SZ — CP" be an isometric minimal immersion of the
Riemann sphere S? into CP" with constant Kihler angle 6. In this paper,
we prove that Bolton et al.’s conjecture holds if 6 is not too close to % , that
is, ¥ is % holomorphic or belongs to the Veronese sequence if |cos 8| > % .

1. INTRODUCTION

Let N be a Kdhler manifold with the complex structure J and the standard
Kihler metric ( , ), let M be a Riemann surface; and let w: M — N be
an isometric minimal immersion of M into N. Then the Kihler angle 6
of w, which is an invariant of the immersion y related to J, is defined by
cos(@) = (Jey, e;), where {e;, e} is an orthonormal basis of M . The Kihler
angle gives a measure of the failure of ¥ to be a holomorphic map. Indeed
w is holomorphic if and only if § = 0 on N, while y is antiholomorphic
if and only if 6 = 7 on M. In [2] Chern and Wolfson pointed out that the
Kihler angle of y plays an important role in the study of minimal surfaces
in N. From this point of view, we would like to know all isometric minimal
immersions of the constants Kéhler angle in N .

In this paper, we shall discuss this problem when N is a complex projective
space with the Fubini-Study metric of constant holomorphic sectional curvature
4, denoted by CP". Let S?(K) be a 2-dimensional sphere of constant Gaussian
curvature K. Examples of minimal surfaces of constant Kihler angle in CP"
are given in [1] and [3]. For example, for each integer p with 0 < p < n,
there exist full isometric minimal immersions ¥, ,: S*(K, ,) — CP", where
Kn.p =4\[n+2p(n—2)]. Each y, , possesses holomorphic rigidity; that is,
two such immersions differ by a holomorphic isometry of CP".

Characterizing minimal surfaces of constant Kihler angle in CP”, Bolton et
al. [1] conjectured that, if the Kédhler angle of an isometric minimal immersion
w:S? — CP" is constant, then the Gaussian curvature of y is also constant,
when the immersion is neither holomorphic, antiholomorphic, nor totally real.
They gave an affirmative answer to this conjective for n < 4. We would like
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to discuss this conjecture under some additional conditions. We prove the
following

Main Theorem. Let CP" be an n-dimensional complex projective space of con-
stant holomorphic sectional curvature 4 and let S* be a topological 2-sphere.
Let y: S? — CP" be a linearly full isometric minimal immersion with constant
Kdihler angle 6. Then ¢ is + holomorphic or belongs to the Veronese sequence

Yn,p if |cosO] > 5.

2. CONJECTURE OF KAHLER ANGLE

Let yw:S2 — CP" be a linear full isometric minimal immersion. Let

¥, ..., Wn be the harmonic sequence determined by y with y = y, for
some ¢q =0,...,n. Let Ly, ..., L, be its associated sequence of complex
line subbundles of the trivial bundle S? x C"+! . If

8: THOS2® L, » L, 4, p=0,....,n—1,

are the associated bundle holomorphisms described on [1, p. 602] then the
ramification index r(9,) of 8, is a nonnegative integer. Let y, denote the
type (1, 0) energy density of y,. Then the Kahler angle of y,, denoted by
0, , satisfies

tp = (tan(64/2))* = yp-1/7p -
1
% = 271 ),

for g=0,...,n—1. Here z is a local complex coordinate on S2.
Suppose ¢, constant.

Lemma 1. If t, <p/(p+1) forsome pe{1,...,n}, then g<p—1.
Proof. By the hypothesis, (p + 1)y4—1/p < v4. From [1, Proof of Lemma 9.4,

p. 619]
1 p+1 _
m (5q'— —p—5q_1) /Sz'yq_]dZ/\dZ ZO

From this we can conclude that pd, — (p + 1)d;—1 > 0.
Suppose that ¢ > p > 1. Then, from [1, (3,24)], it follows that

—pog+ P+ 1)1 =P+ 1)g+(n-q)g-p)

We set
v¢dZNdz >0

(ﬁ%ﬂ—)q—z(k +1)r(8y)
k=0
- (- q)ar(0-) + IE :X:;(n ~ k)r(d)
Lt l)crll(: - 9+ D0,
(p+ 1n++n1— q)q F(0y-1) 2 0.

Hence pd, — (p + 1)d;—; < 0 which contradicts the estimate above. Hence
g<p-1.
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Lemma 2. If t; > (p+ 1)/p for some pe{l,...,n}, then g>n—p+1.
Proof. The proof is similar to the proof of Lemma 1.

Lemma 3. [cos6| > { ifand only if either t; < % or 1, > 3.
Proof. Trig identities prove Lemma 3.

Theorem. If |cos@| > % then y is part of the Veronese sequence, holomorphic,
or antiholomorphic.

Proof. By Lemma 3, ¢, < % or tg > %, say the former holds. Then the
hypothesis of Lemma 1 holds for p = 2, and therefore ¢ < 1. If ¢ =0, then
v is holomorphic. If ¢ = 1, then t, = 0 and ¢, are both constant, so y is
part of the Veronese sequence by [1, Remark 5.5, p. 612]. Similarly, if ¢, > % ,
then g>n—-2+1=n-1,soeither g=n—-1 or g = n. Again either y is
antiholomorphic or y is part of the Veronese sequence by [1, Remark 5.5, p.
612].
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