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Abstract. We prove

Theorem. The only automorphism of the ordered multiplicative group of positive

rational numbers is the trivial automorphism.

We also give other examples of multiplicative groups of real positive alge-

braic numbers whose only order-preserving automorphisms are trivial.

1

The following problem was proposed by Hofberger [1, Problem 13]: Deter-

mine the group of order-automorphisms of the multiplicative group of positive

rational numbers.

We prove that this group consists only of the identity automorphism.

The proof is an embarrassingly trivial application of two known theorems,
one easy and one a very deep theorem about transcendental numbers.

Hion's Theorem. If A and B are nontrivial subgroups of the additive group of

real numbers, endowed with the natural ordering, and $ is a homomorphism
of A into B that preserves order, then for some nonnegative real number r,

<p(a) = ra for all a € A .

Hion's Theorem is easy to prove; a reference is [3, p. 46].

A far deeper theorem due to Siegel (unpublished), Lang [5], and Ramachan-
dra [6] is

The Six Exponentials Theorem. If {xx, x2, x3, yx, y2} is a set of complex num-

bers with {xx, x2, x3} and {yx, y2} both linearly independent sets over Q, the

field of rational numbers, then at least one of e\p(x¡yj) (i = 1, 2, 3 ; 7 = 1,2)

is transcendental.
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The proof is easily accessible in [2, p. 119]. The Matscience Notes of Wald-
schmidt also provide a good reference to this latter topic [8].

2

Let K>o denote the multiplicative group of positive real numbers. We use

Hion's Theorem to obtain

Lemma. Let G and H be subgroups of the ordered multiplicative group R>n.

If 6: G —> H is an order-preserving homomorphism of G into H, then there is

a nonnegative real number r such that 6(g) = gr for every g e G.

Proof. Let X be the logarithm mapping; it is a surjective order-isomorphism

from the multiplicative group R>n onto the additive group R of all real num-

bers (with the usual order). Then X o 9 o A-1: X(G) —> X(H) is an order-

preserving homomorphism of the additive group X(G) into the additive group

X(H). By Hion's Theorem, there exists a nonnegative real number r such that
XoeoX-x(X(g)) = rX(g) = X(gr);thus, 0(g) = gr for all g eG.   D

Let Á be the field of all real algebraic numbers and A>0 = A n R>o .

Proposition 1. Let G, H, 8, and r be as in the lemma. If G, H ç A>o and
G contains three multiplicatively independent elements gx, g2, andg3, then r
is a nonnegative rational number.

Proof. If r were irrational, then {1, r} would be multiplicatively independent.
By the Six Exponentials Theorem, one of the numbers g[, g2, gr e A>o would

be transcendental, which is a contradiction.   D

Proposition 2. If 6 is an order-preserving group homomorphism of the multi-

plicative group Q>o into itself then, for some positive integer r, 6(g) = gr for

all g eG.
Proof. We use Proposition 1 with G = H = Q>0 . Let r = % with gcd(« , d) =

1. There exists a rational number f with gcd(a, b) = 1 such that 2"ld = f .

By considering the 2-adic values of both sides, it follows at once that d = 1.
Thus r is a positive integer.   D

The Theorem now easily follows:

Proof. If 6 is an automorphism, the above applies equally to 0~x . Hence j

is also an integer; therefore, r = 1.   D

We did not need the entire ordered multiplicative group of positive rational

numbers, just a subgroup containing a subset of three multiplicatively inde-

pendent elements. The Theorem and Proposition 2 hold equally under these

weaker assumptions. They also hold for any ordered multiplicative group G of

positive real algebraic numbers satisfying the hypotheses of Proposition 1 and

the condition that for every positive rational number r that is not an integer,
there is a g e G such that gr £ G.

It should be noted that we do not need the full force of the Six Exponentials
Theorem to prove just the Theorem and Proposition 2. A far simpler proof due
to Halberstam [4] shows that if r is irrational, then at least one of 2r, 3r, and

5r is not an integer. A minor modification of his proof shows that not all of

these numbers can be rational; this is all that is required to prove the Theorem

and Proposition 2 but not Proposition 1.
Can we remove the extra hypothesis on G in Proposition 1?
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The answer is yes. The key ingredient is again provided by Lang [5], Ra-

machandra [6], and Siegel, and is a corollary to the Six Exponentials Theorem:

If r is any irrational complex number and a  (/ 0, ±1) is algebraic, then at
72 3

least one of a', a: , and aT   is transcendental.

By the lemma, if 6 is any endomorphism of an ordered multiplicative group

G of positive real numbers all of which are algebraic, then, for some real number

r > 0, 6(a) = ar for all a e G. By the result just stated, either G = {1} or r

is rational (since 6 o 6, etc., are also endomorphisms). Thus

Theorem. If G ¿ {1} is an ordered multiplicative group of positive real numbers

all of which are algebraic, then Aat(G, •, <)  is isomorphic to a subgroup of

(Q+,-).

3

The same ideas allow us to construct many multiplicative groups of real pos-

itive algebraic numbers whose only order-preserving group automorphism is the

identity.
We begin by establishing some easy facts.
Let G be a subgroup of the multiplicative group R>o, r e R>n, and Gr =

{gr\geG}.

(3.1). // r = \ with gcd(n, d) = 1 and G = Gr, then G = Gd.

Proof. Since G = Gr, it follows that Gd = Gn . Write 1 = an + bd with a and
b integers. Let g e G, so g = (ga)n(gb)d. Since G" = Gd, there is h e G

such that g" = hd. Hence g = (hagb)d e Gd .   D

(3.2). Assume G ^ Gd for all positive integers d greater than 1. If r e Q>o
and G = Gr, then r=l.

Proof. Let r = % with gcd(«, d) = 1. If d > 1, then G = Gd by (3.1).
This is absurd, so d = 1 and r = n. Then G = Gr = G", and n = 1 by
assumption.    D

(3.3). If G ^ Gp for every prime p, then G ^ Gd for every integer d > 1.

Proof. If d > 1, let p be a prime divisor d. Then Gd çGp çG.   G

Let G be a multiplicative subgroup of A>o. If v is any valuation of any

subfield AT of A containing G, then v(G) = {v(g) \ g e G} is a subgroup of
the additive group Q, as is well known (see, e.g., [7]).

Extending Proposition 2, we show

Proposition 3. Let K be any subfield of A having one valuation v with value

group v(K) = \Ti, e > 1 (for example, if [K : Q] < oo). If G is any multiplica-

tive subgroup of A">o = Kn A>0, then the identity is the only order-automorphism

ofG.
Proof. Let p be any prime and v any valuation of K with value group v(K) =

\%. If G = Gp then v(G) = pv(G) and iterating, for each n > 1, v(G) =
p"v(G). Thus, given g e G, for each n > 1 there exists hn e G such that

v(g) =pnv(h„). If v(g) = f and v(h„) = ^ with m, dne Z,then m =pnd„
for every n > 1, which is impossible. Thus, for each prime p , G ^ Gp . By
(3.3), G t¿ Gd for each d > 1.  By Proposition 1, if 6 is an ordered-group
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automorphism of G, then there exists r e Q>n such that 6(g) = gr for every

g eG. By (3.2), r — 1, so 6 is the identity mapping.   D

To conclude, we observe that it is possible (and well known) to construct

subfields K of A with the property required in Proposition 3 but of infinite

degree over Q. This construction uses a particular case of the following exis-

tence theorem of Hasse-Krull [7, p. 270].

Hasse-Krull Theorem. Let K be a number field of finite degree over Q. Suppose

d is a positive integer greater than 1, and let vx, ... ,vk be valuations of K.
Assume that integers ey > 1 and fii > 1 (j = I, ... , r¡; i = 1, ... ,k)

are given such that Y!¡=\ eufu = d for each i = 1,..., k. Then there exists

a field k of degree d over K such that each valuation v¡ has r¡ extensions

viX,... , £>,>,. to K, the valuation v¡j having ramification index e,; and inertial

degree fa.

We will only use this result for k = 1.
Let p be any prime, dx an integer greater than 1, ep = 1, and fx = dx.

Then there exists a field Kx of degree dx over Q such that the /j-adic valuation

of Q has only one extension vx to Kx and vx(Kx) = Z. Let #1 = Kx n A,
and let vx be the restriction of vx to Kx ; so vx(Kx) = Z.

Assume that Q = K0 c Kx c K2 c • • • c Kn are subfields of A such that Kn

has exactly one valuation vn extending the /?-adic valuation and v„(K„) = Z.

Given dn+x > 0, en+x = 1, and fn+x = dn+x, the above argument shows that

there exists a subfield Kn+X of A of degree dn+x over Kn such that v„ has

exactly one extension to Kn+X ; moreover, vn+x(Kn+x) = Z.

Let K = Un>0A^ and let v be the unique valuation of K extending the

p-adic valuation. Then v(K) = Z.
Proposition 3 is applicable to any subgroup G of Ä>o . In particular, choose

gn e Kn>>o\Kn-x for each « > 1 . Then the multiplicative group G generated

by {gn I n > 1} , like Q>n, is not finitely generated, and the identity is the only

ordered-group automorphism of G.
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